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Preface

This book describes regression methods for count data, where the response
variable is a nonnegative integer. The methods are relevant for analysis of
counts that arise in both social and natural sciences.

Despite their relatively recent origin, count data regression methods build
on an impressive body of statistical research on univariate discrete distribu-
tions. Many of these methods have now found their way into major statistical
packages, which has encouraged their application in a variety of contexts. Such
widespread use has itself thrown up numerous interesting research issues and
themes, which we explore in this book.

The objective of the book is threefold. First, we wish to provide a synthesis
and integrative survey of the literature on count data regressions, covering both
the statistical and econometric strands. The former has emphasized the frame-
work of generalized linear models, exponential families of distributions, and
generalized estimating equations; the latter has emphasized nonlinear regres-
sion and generalized method of moment frameworks. Yet between them there
are numerous points of contact that can be fruitfully exploited. Our second
objective is to make sophisticated methods of data analysis more accessible to
practitioners with different interests and backgrounds. To this end we consider
models and methods suitable for cross-section, time series, and longitudinal
data. Detailed analyses of several data sets as well as shorter illustrations, im-
plemented from a variety of viewpoints, are scattered throughout the book to
put empirical flesh on theoretical or methodological discussion. We draw on
examples from, and give references to, works in many applied areas. Our third
objective is to highlight the potential for further research by discussion of is-
sues and problems that need more analysis. We do so by embedding count data
models in a larger body of econometric and statistical work on discrete variables
and, more generally, on nonlinear regression.

The book can be divided into four parts. Chapters 1 and 2 contain introduc-
tory material on count data and a comprehensive review of statistical methods
for nonlinear regression models. Chapters 3, 4, 5, and 6 present models and
applications for cross-section count data. Chapters 7, 8, and 9 present meth-
ods for data other than cross-section data, namely time series, multivariate, and
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longitudinal or panel data. Chapters 10, 11, and 12 present methods for common
complications, including measurement error, sample selection and simultane-
ity, and semiparametric methods. Thus the coverage of the book is qualitatively
similar to that in a complete single book on linear regression models.

The book is directed toward researchers, graduate students, and other prac-
titioners in a wide range of fields. Because of our background in econometrics,
the book emphasizes issues arising in econometric applications. Our training
and background also influence the organizational structure of the book, but
areas outside econometrics are also considered. The essential prerequisite for
this book is familiarity with the linear regression model using matrix algebra.
The material in the book should be accessible to people with a background in
regression and statistical methods up to the level of a standard first-year gradu-
ate econometrics text such as Greene’s Econometric Analysis. Although basic
count data methods are included in major statistical packages, more advanced
analysis can require programming in languages such as SPLUS, GAUSS, or
MATLAB.

Our own entry into the field of count data models dates back to the early
1980s, when we embarked on an empirical study of the demand for health in-
surance and health care services at the Australian National University. Since
then we have been involved in many empirical investigations that have influ-
enced our perceptions of this field. We have included numerous data-analytic
discussions in this volume, to reflect our own interests and those of readers
interested in real data applications. The data sets, computer programs, and re-
lated materials used in this book are available through Internet access to the
website http://www.econ.ucdavis.edu/count.html. These materials supplement
and complement this book and will help new entrants to the field, epecially
graduate students, to make a relatively easy start.

We have learned much on modeling count data through collaborations
with coauthors, notably Partha Deb, Shiferaw Gurmu, Per Johansson, Kajal
Mukhopadhyay, and Frank Windmeijer. The burden of writing this book has
been eased by help from many colleagues, coauthors, and graduate students. In
particular, we thank the following for their generous attention, encouragement,
help, and comments on earlier drafts of various chapters: Kurt Brännäs, David
Hendry, Primula Kennedy, Tony Lancaster, Scott Long, Xing Ming, Grayham
Mizon, Neil Shephard, and Bob Shumway, in addition to the coauthors already
mentioned. We especially thank David Hendry and Scott Long for their de-
tailed advice on manuscript preparation using Latex software and Scientific
Workplace. The manuscript has also benefited from the comments of a referee
and the series editor, Alberto Holly, and from the guidance of Scott Parris of
Cambridge University Press.

Work on the book was facilitated by periods spent at various institutions.
The first author thanks the Department of Statistics and the Research School of
Social Sciences at the Australian National University, the Department of Eco-
nomics at Indiana University–Bloomington, and the University of California,
Davis, for support during extended leaves at these institutions in 1995 and
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1996. The second author thanks Indiana University and the European University
Institute, Florence, for support during his tenure as Jean Monnet Fellow in 1996,
which permitted a period away from regular duties. For shorter periods of stay
that allowed us to work jointly, we thank the Department of Economics at Indi-
ana University, SELAPO at University of Munich, and the European University
Institute.

Finally we would both like to thank our families for their patience and
forbearance, especially during the periods of intensive work on the book. This
work would not have been possible at all without their constant support.

A. Colin Cameron
Davis, California

Pravin K. Trivedi
Bloomington, Indiana





CHAPTER 1

Introduction

God made the integers, all the rest is the work of man.
Kronecker

This book is concerned with models of event counts. An event count refers
to the number of times an event occurs, for example the number of airline
accidents or earthquakes. An event count is the realization of a nonnegative
integer-valued random variable. A univariate statistical model of event counts
usually specifies a probability distribution of the number of occurrences of the
event known up to some parameters. Estimation and inference in such models
are concerned with the unknown parameters, given the probability distribution
and the count data. Such a specification involves no other variables and the
number of events is assumed to be independently identically distributed (iid).
Much early theoretical and applied work on event counts was carried out in
the univariate framework. The main focus of this book, however, is regression
analysis of event counts.

The statistical analysis of counts within the framework of discrete paramet-
ric distributions for univariate iid random variables has a long and rich history
(Johnson, Kotz, and Kemp, 1992). The Poisson distribution was derived as a
limiting case of the binomial by Poisson (1837). Early applications include
the classic study of Bortkiewicz (1898) of the annual number of deaths from
being kicked by mules in the Prussian army. A standard generalization of the
Poisson is the negative binomial distribution. It was derived by Greenwood and
Yule (1920), as a consequence of apparent contagion due to unobserved het-
erogeneity, and by Eggenberger and Polya (1923) as a result of true contagion.
The biostatistics literature of the 1930s and 1940s, although predominantly
univariate, refined and brought to the forefront seminal issues that have since
permeated regression analysis of both counts and durations. The development
of the counting process approach unified the treatment of counts and dura-
tions. Much of the vast literature on iid counts, which addresses issues such
as heterogeneity and overdispersion, true versus apparent contagion, and iden-
tifiability of Poisson mixtures, retains its relevance in the context of count
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data regressions. This leads to models such as the negative binomial regression
model.

Significant early developments in count models took place in actuarial sci-
ence, biostatistics, and demography. In recent years these models have also
been used extensively in economics, political science, and sociology. The spe-
cial features of data in their respective fields of application have fueled deve-
lopments that have enlarged the scope of these models. An important mile-
stone in the development of count data regression models was the emergence
of the “generalized linear models,” of which the Poisson regression is a spe-
cial case, first described by Nelder and Wedderburn (1972) and detailed in
McCullagh and Nelder (1989). Building on these contributions, the papers
by Gourieroux, Monfort, and Trognon (1984a, b), and the work on longitu-
dinal or panel count data models of Hausman, Hall, and Griliches (1984),
have also been very influential in stimulating applied work in the econometric
literature.

Regression analysis of counts is motivated by the observation that in many,
if not most, real-life contexts, the iid assumption is too strong. For example, the
mean rate of occurrence of an event may vary from case to case and may depend
on some observable variables. The investigator’s main interest therefore may
lie in the role of covariates (regressors) that are thought to affect the parameters
of the conditional distribution of events, given the covariates. This is usually
accomplished by a regression model for event count. At the simplest level
we may think of this in the conventional regression framework in which the
dependent variable, y, is restricted to be a nonnegative random variable whose
conditional mean depends on some vector of regressors, x.

At a different level of abstraction, an event may be thought of as the real-
ization of a point process governed by some specified rate of occurrence of the
event. The number of events may be characterized as the total number of such
realizations over some unit of time. The dual of the event count is the inter-
arrival time, defined as the length of the period between events. Count data
regression is useful in studying the occurrence rate per unit of time conditional
on some covariates. One could instead study the distribution of interarrival
times conditional on covariates. This leads to regression models of waiting
times or durations. The type of data available, cross-sectional, time series, or
longitudinal, will affect the choice of the statistical framework.

An obvious first question is whether “special” methods are required to handle
count data or whether the standard Gaussian linear regression may suffice. More
common regression estimators and models, such as the ordinary least squares
in the linear regression model, ignore the restricted support for the dependent
variable. This leads to significant deficiencies unless the mean of the counts is
high, in which case normal approximation and related regression methods may
be satisfactory.

The Poisson (log-linear) regression is motivated by the usual considera-
tions for regression analysis but also seeks to preserve and exploit as much
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as possible the nonnegative and integer-valued aspect of the outcome. At one
level one might simply regard this as a special type of nonlinear regression that
respects the discreteness of the count variable. In some analyses this specific
distributional assumption may be given up, while preserving nonnegativity.

In econometrics the interest in count data models is a reflection of the gene-
ral interest in modeling discrete aspects of individual economic behavior. For
example, Pudney (1989) characterizes a large body of microeconometrics as
“econometrics of corners, kinks and holes.” Count data models are specific types
of discrete data regressions. Discrete and limited dependent variable models
have attracted a great deal of attention in econometrics and have found a rich
set of applications in microeconometrics (Maddala, 1983), especially as econo-
metricians have attempted to develop models for the many alternative types of
sample data and sampling frames. Although the Poisson regression provides a
starting point for many analyses, attempts to accommodate numerous real-life
conditions governing observation and data collection lead to additional elabo-
rations and complications.

The scope of count data models is very wide. This monograph addresses
issues that arise in the regression models for counts, with a particular focus on
features of economic data. In many cases, however, the material covered can
be easily adapted for use in social and natural sciences, which do not always
share the peculiarities of economic data.

1.1 Poisson Distribution

The benchmark model for count data is the Poisson distribution. It is useful at
the outset to review some fundamental properties and characterization results
of the Poisson distribution (for derivations see Taylor and Karlin, 1994).

If the discrete random variable Y is Poisson-distributed with intensity or rate
parameter µ, µ > 0, and t is the exposure, defined as the length of time during
which the events are recorded, then Y has density

Pr[Y = y] = e−µt (µt)y

y!
, y = 0, 1, 2, . . . (1.1)

where E[Y ] = V[Y ] = µt . If we set the length of the exposure period t equal
to unity, then

Pr[Y = y] = e−µµy

y!
, y = 0, 1, 2, . . . (1.2)

This distribution has a single parameter µ, and we refer to it as P[µ]. Its kth

raw moment, E[Y k], may be derived by differentiating the moment generating
function (mgf) k times

M(t) ≡ E[etY ] = exp{µ(et − 1)},
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with respect to t and evaluating at t = 0. This yields the following four raw
moments:

µ′
1 = µ

µ′
2 = µ + µ2

µ′
3 = µ + 3µ2 + µ3

µ′
4 = µ + 7µ2 + 6µ3 + µ4.

Following convention, raw moments are denoted by primes, and central mo-
ments without primes. The central moments around µ can be derived from the
raw moments in the standard way. Note that the first two central moments,
denoted µ1 and µ2, respectively, are equal to µ. The central moments satisfy
the recurrence relation

µr+1 = rµµr−1 + µ
∂µr

∂µ
, r = 1, 2, . . . . (1.3)

where µ0 = 0.
Equality of the mean and variance will be referred to as the equidispersion

property of the Poisson. This property is frequently violated in real-life data.
Overdispersion (underdispersion) means the variance exceeds (is less than) the
mean.

A key property of the Poisson distribution is additivity. This is stated by the
following countable additivity theorem (for a mathematically precise statement
see Kingman, 1993).

Theorem. If Yi ∼ P[µi ], i = 1, 2, . . . are independent random variables, and if∑
µi < ∞, then SY =∑ Yi ∼ P[

∑
µi ].

The binomial and the multinomial can be derived from the Poisson by ap-
propriate conditioning. Under the conditions stated,

Pr [Y1 = y1, Y2 = y2, . . . , Yn = yn | SY = s]

=
[

n∏
j=1

e−µ j µ
y j

j

y j !

]/[(∑
µi
)s

e−∑µi

s!

]

= s!

y1!y2! . . . yn!

(
µ1∑
µi

)y1
(

µ2∑
µi

)y2

. . .

(
µn∑

µi

)yn

.

= s!

y1!y2! . . . yn!
π

y1
1 π

y2
2 . . . π yn

n , (1.4)

where π j = µ j/
∑

µi . This is the multinomial distribution m[s; π1, . . . , πn].
The binomial is the case n = 2.

There are many characterizations of the Poisson distribution. Here we con-
sider four. The first, the law of rare events, is a common motivation for the
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Poisson. The second, the Poisson counting process, is very commonly encoun-
tered in introduction to stochastic processes. The third is simply the dual of
the second, with waiting times between events replacing the count. The fourth
characterization, Poisson-stopped binomial, treats the number of events as rep-
etitions of a binomial outcome, with the number of repetitions taken as Poisson
distributed.

1.1.1 Poisson as the “Law of Rare Events”

The law of rare events states that the total number of events will follow, ap-
proximately, the Poisson distribution if an event may occur in any of a large
number of trials but the probability of occurrence in any given trial is small.

More formally, let Yn,π denote the total number of successes in a large
number n of independent Bernoulli trials with success probability π of each
trial being small. Then

Pr[Yn,π = k] =
(

n

k

)
π k(1 − π )n−k, k = 0, 1, . . . , n.

In the limiting case where n → ∞, π → 0, and nπ = µ > 0, that is, the
average µ is held constant while n → ∞, we have

lim
n→∞

[(
n

k

)(
µ

n

)k(
1 − µ

n

)n−k]
= µke−µ

k!
,

the Poisson probability distribution with parameter µ, denoted as P[µ].

1.1.2 Poisson Process

The Poisson distribution has been described as characterizing “complete ran-
domness” (Kingman, 1993). To elaborate this feature the connection between
the Poisson distribution and the Poisson process needs to be made explicit. Such
an exposition begins with the definition of a counting process.

A stochastic process {N (t), t ≥ 0} is defined to be a counting process if
N (t) denotes an event count up to time t . N (t) is nonnegative and integer-
valued and must satisfy the property that N (s) ≤ N (t) if s < t , and N (t) − N (s)
is the number of events in the interval (s, t]. If the event counts in disjoint time
intervals are independent, the counting process is said to have independent
increments. It is said to be stationary if the distribution of the number of events
depends only on the length of the interval.

The Poisson process can be represented in one dimension as a set of points
on the time axis representing a random series of events occurring at points of
time. The Poisson process is based on notions of independence and the Poisson
distribution in the following sense.

Define µ to be the constant rate of occurrence of the event of interest, and
N (s, s + h), to be the number of occurrence of the event in the time interval
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(s, s + h]. A (pure) Poisson process of rate µ occurs if events occur indepen-
dently with constant probability equal to µ times the length of the interval. The
numbers of events in disjoint time intervals are independent, and the distribu-
tion of events in each interval of unit length is P[µ]. Formally, as the length of
the interval h → 0,

Pr[N (s, s + h) = 0] = 1 − µh + o(h)

Pr[N (s, s + h) = 1] = µh + o(h),
(1.5)

where o(h) denotes a remainder term with the property o(h)/h → 0 as h → 0.
N (s, s + h) is statistically independent of the number and position of events in
(s, s + h]. Note that in the limit the probability of two or more events occurring
is zero; 0 and 1 events occur with probabilities of, respectively, (1−µh) and µh.
For this process it can be shown (Taylor and Karlin, 1994) that the number of
events occurring in the interval (s, s + h], for nonlimit h, is Poisson distributed
with mean µh and probability

Pr[N (s, s + h) = r ] = e−µh(µh)r

r !
r = 0, 1, 2, . . . (1.6)

Normalizing the length of the exposure time interval to be unity, h = 1, leads
to the Poisson density given previously. In summary, the counting process N (t)
with stationary and independent increments and N (0) = 0, which satisfies (1.5),
generates events that follow the Poisson distribution.

1.1.3 Waiting Time Distributions

We now consider a characterization of the Poisson that is the flip side of that
given in the immediately preceding paragraph. Let W1 denote the time of the
first event, and Wr , r ≥ 1, the time between the (r − 1)th and r th event. The
nonnegative random sequence {Wr , r ≥ 1} is called the sequence of interarrival
times, waiting times, durations, or sojourn times. In addition to, or instead of,
analyzing the number of events occurring in the interval of length h, one can
analyze the duration of time between successive occurrences of the event, or
the time of occurrence of the r th event, Wr . This requires the distribution of Wr ,
which can be determined by exploiting the duality between event counts and
waiting times. This is easily done for the Poisson process.

The outcome {W1 > t} occurs only if no events occur in the interval (0, t].
That is,

Pr[W1 > t] = Pr[N (t) = 0] = e−µt , (1.7)

which implies that W1 has exponential distribution with mean 1/µ. The waiting
time to the first event, W1, is exponentially distributed with density fW1 (t) =
µe−µt , t ≥ 0. Also,

Pr[W2 > t |W1 = s] = Pr[N (s, s + t) = 0 | W1 = s]

= Pr[N (s, s + t) = 0]

= e−µt ,
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using the properties of independent stationary increments. This argument can
be repeated for Wr to yield the result that Wr , r = 1, 2, . . . , are iid exponential
random variables with mean 1/µ. This result reflects the property that the
Poisson process has no memory.

In principle, the duality between number of occurrences and time between
occurrences suggests that count and duration data should be covered in the same
framework. Consider the arrival time of the r th event, denoted Sr ,

Sr =
r∑

i=1

Wi , r ≥ 1. (1.8)

It can be shown using results on sums of random variables that Sr has gamma
distribution

fSr (t) = µr tr−1

(r − 1)!
e−µt , t ≥ 0. (1.9)

The above result can also be derived by observing that

N (t) ≥ r ⇔ Sr ≤ t. (1.10)

Hence

Pr[N (t) ≥ r ] = Pr[Sr ≤ t]

=
∞∑
j=r

e−µt (µt) j

j!
. (1.11)

To obtain the density of Sr , the cumulative density function (cdf) given above is
differentiated with respect to t . Thus, the Poisson process may be characterized
in terms of the implied properties of the waiting times.

Suppose one’s main interest is in the role of the covariates that determine
the Poisson process rate parameter µ. For example, let µ = exp(x′β). Hence,
the mean waiting time is given by 1/µ = exp(−x′β), confirming the intuition
that the covariates affect the mean number of events and the waiting times in
opposite directions. This illustrates that from the viewpoint of studying the
role of covariates, analyzing the frequency of events is the dual complement of
analyzing the waiting times between events.

The Poisson process is often too restrictive in practice. Mathematically
tractable and computationally feasible common links between more general
count and duration models are hard to find (see Chapter 4).

In the waiting time literature, emphasis is on estimating the hazard rate, the
conditional instantaneous probability of the event occurring given that it has not
yet occurred, controlling for censoring due to not always observing occurrence
of the event. Fleming and Harrington (1991) and Andersen, Borgan, Gill, and
Keiding (1993) present, in great detail, models for censored duration data based
on application of martingale theory to counting processes.

We focus on counts. Even if duration is the more natural entity for analysis,
it may not be observed. If only event counts are available, count regressions
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still provide an opportunity for studying the role of covariates in explaining the
mean rate of event occurrence. However, count analysis leads in general to a
loss of efficiency (Dean and Balshaw, 1997).

1.1.4 Binomial Stopped by the Poisson

Yet another characterization of the Poisson involves mixtures of the Poisson
and the binomial. Let n be the actual (or true) count process taking nonnegative
integer values with E[n] = µ, and V[n] = σ 2. Let B1, B2, . . . , Bn be a sequence
of n independent and identically distributed Bernoulli trials, in which each B j

takes one of only two values, 1 or 0, with probabilities π and 1−π , respectively.
Define the count variable Y = ∑n

i=1 Bi . For n given, Y follows a binomial
distribution with parameters n and π . Hence,

E[Y ] = E[E[Y | n]] = E[nπ ] = πE[n] = µπ

V[Y ] = V[E[Y | n]] + E[V[Y | n]] = (σ 2 − µ)π2 + µπ.
(1.12)

The actual distribution of Y depends on the distribution of n. For Poisson-
distributed n it can be found using the following lemma.

Lemma. If π is the probability that Bi = 1, i = 1, . . . , n, and 1 − π the proba-
bility that Bi = 0, and n ∼ P[µ], then Y ∼ P[µπ ].

To derive this result begin with the probability generating function (pgf),
defined as g(s) = E[s B], of the Bernoulli random variable

g(s) = (1 − π ) + πs, (1.13)

for any real s. Let f (s) denote the pgf of the Poisson variable n, E[sn], that is,

f (s) = exp(−µ + µs). (1.14)

Then the pgf of Y is obtained as

f (g(s)) = exp[−µ + µg(s)]

= exp[−µπ + µπs], (1.15)

which is the pgf of Poisson-distributed Y with parameter µπ . This charac-
terization of the Poisson has been called the Poisson-stopped binomial. This
characterization is useful if the count is generated by a random number of
repetitions of a binary outcome.

1.2 Poisson Regression

The approach taken to the analysis of count data, especially the choice of the
regression framework, sometimes depends on how the counts are assumed to
arise. There are two common formulations. In the first, they arise from a direct
observation of a point process. In the second, counts arise from discretization
(“ordinalization”) of continuous latent data. Other less-used formulations ap-
peal, for example, to the law of rare events or the binomial stopped by Poisson.
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1.2.1 Counts Derived from a Point Process

Directly observed counts arise in many situations. Examples are the number of
telephone calls arriving at a central telephone exchange, the number of monthly
absences at the place of work, the number of airline accidents, the number of
hospital admissions, and so forth. The data may also consist of interarrival
times for events. In the simplest case, the underlying process is assumed to
be stationary and homogeneous, with iid arrival times for events and other
properties stated in the previous section.

1.2.2 Counts Derived from Continuous Data

Count-type variables sometimes arise from categorization of a latent continu-
ous variable as the following example indicates. Credit rating of agencies may
be stated as “AAA,” “AAB,” “AA,” “A,” “BBB,” “B,” and so forth, where
“AAA” indicates the greatest credit worthiness. Suppose we code these as
y = 0, 1, . . . , m. These are pseudocounts that can be analyzed using a count
regression. But one may also regard this as an ordinal ranking that can be mod-
eled using a suitable latent variable model such as ordered probit. Chapter 3
provides a more detailed exposition.

1.2.3 Regression Specification

The standard model for count data is the Poisson regression model, which is a
nonlinear regression model. This regression model is derived from the Poisson
distribution by allowing the intensity parameter µ to depend on covariates
(regressors). If the dependence is parametrically exact and involves exogenous
covariates but no other source of stochastic variation, we obtain the standard
Poisson regression. If the function relating µ and the covariates is stochastic,
possibly because it involves unobserved random variables, then one obtains a
mixed Poisson regression, the precise form of which depends on the assumptions
about the random term. Chapter 4 deals with several examples of this type.

A standard application of Poisson regression is to cross-section data. Typi-
cal cross-section data for applied work consist of n independent observations,
the i th of which is (yi , xi ). The scalar dependent variable, yi , is the number of
occurrences of the event of interest, and xi is the vector of linearly independent
regressors that are thought to determine yi . A regression model based on this
distribution follows by conditioning the distribution of yi on a k-dimensional
vector of covariates, x′

i = [x1i , . . . , xki ], and parameters β, through a continu-
ous function µ(xi ,β), such that E[yi | xi ] = µ(xi ,β).

That is, yi given xi is Poisson-distributed with density

f (yi | xi ) = e−µi µ
yi

i

yi !
, yi = 0, 1, 2, . . . (1.16)

In the log-linear version of the model the mean parameter is parameterized as

µi = exp
(
x′

iβ
)
, (1.17)



10 1. Introduction

to ensure µ > 0. Equations (1.16) and (1.17) jointly define the Poisson (log-
linear) regression model. If one does not wish to impose any distributional
assumptions, the Eq. (1.17) by itself may be used for (nonlinear) regression
analysis.

For notational economy we write f (yi | xi ) in place of the more formal
f (Yi = yi | xi ), which distinguishes between the random variable Y and its re-
alization y. By the property of the Poisson, V[yi | xi ] = E[yi | xi ], implying
that the conditional variance is not a constant, and hence the regression is in-
trinsically heteroskedastic. In the log-linear version of the model the mean
parameter is parameterized as (1.17), which implies that the conditional mean
has a multiplicative form given by

E[yi | xi ] = exp
(
x′

iβ
)

= exp(x1iβ1) exp(x2iβ2) · · · exp(xkiβk),

with interest often lying in changes in this conditional mean due to changes
in the regressors. The additive specification, E[yi | xi ] = x′

iβ = ∑k
j=1 x jiβi ,

is likely to be unsatisfactory because certain combinations of βi and xi will
violate the nonnegativity restriction on µi .

The Poisson model is closely related to the models for analyzing counted data
in the form of proportions or ratios of counts sometimes obtained by grouping
data. In some situations, for example when the population “at risk” is changing
over time in a known way, it is helpful to reparameterize the model as follows.
Let y be the observed number of events (e.g., accidents), N the known total
exposure to risk (i.e., number “at risk”), and x the known set of k explanatory
variables. The mean number of events µ may be expressed as the product of
N and π , the probability of the occurrence of event, sometimes also called the
hazard rate. That is, µ(x) = N (x)π (x,β). In this case the probability π is
parameterized in terms of covariates. For example, π = exp(x′β). This leads
to a rate form of the Poisson model with the density

Pr[Y = y | N (x), x] = e−µ(x)µ(x)y

y!
, y = 0, 1, 2, . . . (1.18)

Variants of the Poisson regression arise in a number of ways. As was men-
tioned previously, the presence of an unobserved random error term in the con-
ditional mean function, denoted νi , implies that we specify it as E[yi | xi , νi ].
The marginal distribution of yi will involve the moments of the distribution of
νi . This is one way in which mixed Poisson distributions may arise.

1.3 Examples

Patil (1970) gives numerous applications of count data analysis in the sciences.
This earlier work is usually not in the regression context. There are now many
examples of count data regression models in statistics and econometrics which
use cross-sectional, time series or longitudinal data. For example, models of
counts of doctor visits and other types of health care utilization; occupational
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injuries and illnesses; absenteeism in the workplace; recreational or shopping
trips; automobile insurance rate making; labor mobility; entry and exits from
industry; takeover activity in business; mortgage prepayments and loan defaults;
bank failures; patent registration in connection with industrial research and
development; and frequency of airline accidents. There are many applications
also in demographic economics, in crime victimology, in marketing, political
science and government, sociology and so forth. Many of the earlier applications
are univariate treatments, not regression analyses.

The data used in many of these applications have certain commonalities.
Events considered are often rare. The “law of rare events” is famously exem-
plified by Bortkiewicz’s 1898 study of the number of soldiers kicked to death
in Prussian stables. Zero event counts are often dominant, leading to a skewed
distribution. Also, there may be a great deal of unobserved heterogeneity in
the individual experiences of the event in question. Unobserved heterogeneity
leads to overdispersion; that is, the actual variance of the process exceeds the
nominal Poisson variance even after regressors are introduced.

Several examples are described in the remainder of this section. Some
of these examples are used for illustrative purposes throughout this book.
Figure 1.1 illustrates some features of the data for four of these examples.

Figure 1.1. Frequency distribution of counts for four types of events.
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1.3.1 Health Services

Health economics research is often concerned with the link between health-
service utilization and economic variables such as income and price, especially
the latter, which can be lowered considerably by holding a health insurance
policy. Ideally one would measure utilization by expenditures, but if data come
from surveys of individuals it is more common to have data on the number of
times that health services are consumed, such as the number of visits to a doctor
in the past month and the number of days in hospital in the past year, because
individuals can better answer such questions than those on expenditure.

Data sets with healthcare utilization measured in counts include the National
Health Interview Surveys and the Surveys on Income and Program Participation
in the United States, the German Socioeconomic Panel (Wagner, Burkhauser,
and Behringer, 1993), and the Australian Health Surveys (Australian Bureau
of Statistics, 1978). Data on the number of doctor consultations in the past 2
weeks from the 1977–78 Australian Health Survey (see Figure 1.1) are analyzed
using cross-section Poisson and negative binomial models by Cameron and
Trivedi (1986) and Cameron, Trivedi, Milne, and Piggott (1988). Figure 1.1
highlights overdispersion in the form of excess zeros.

1.3.2 Patents

The link between research and development and product innovation is an im-
portant issue in empirical industrial organization. Product innovation is difficult
to measure, but the number of patents is one indicator of it. This measure is
commonly analyzed. Panel data on the number of patents received annually by
firms in the United States are analyzed by Hausman, Hall, and Griliches (1984)
and in many subsequent studies.

1.3.3 Recreational Demand

In environmental economics one is often interested in alternative uses of a nat-
ural resource such as forest or parkland. To analyze the valuation placed on
such a resource by recreational users, economists often model the frequency
of the visits to particular sites as a function of the cost of usage and the eco-
nomic and demographic characteristics of the users. For example, Ozuna and
Gomaz (1995) analyze 1980 survey data on the number of recreational boating
trips to Lake Somerville in East Texas. Again, Figure 1.1 displays overdisper-
sion and excess zeros.

1.3.4 Takeover Bids

In empirical finance the bidding process in a takeover is sometimes studied
either using the probability of any additional takeover bids, after the first, using
a binary outcome model, or using the number of bids as a dependent variable
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in a count regression. Jaggia and Thosar (1993) use cross-section data on the
number of bids received by 126 U.S. firms that were targets of tender offers
during the period between 1978 and 1985 and were actually taken over within
52 weeks of the initial offer. The dependent count variable yi is the number of
bids after the initial bid received by the target firm. Interest centers on the role of
management actions to discourage takeover, the role of government regulators,
the size of the firm, and the extent to which the firm was undervalued at the
time of the initial bid.

1.3.5 Bank Failures

In insurance and finance, the frequency of the failure of a financial institution or
the time to failure of the institution are variables of interest. Davutyan (1989)
estimates a Poisson model for data summarized in Figure 1.1 on the annual
number of bank failures in the United States over the period from 1947 to 1981.
The focus is on the relation between bank failures and overall bank profitability,
corporate profitability, and bank borrowings from the Federal Reserve Bank.
The sample mean and variance of bank failures are, respectively, 6.343 and
11.820, suggesting some overdispersion. More problematic is the time series
nature of the data, which is likely to violate the Poisson process framework.

1.3.6 Accident Insurance

In the insurance literature the frequency of accidents and the cost of insurance
claims are often the variables of interest because they have an important impact
on insurance premiums. Dionne and Vanasse (1992) use data on the number
of accidents with damage in excess of $250 reported to police between August
1982 and July 1983 by 19,013 drivers in Quebec. The frequencies are very
low, with a sample mean of 0.070. The sample variance of 0.078 is close to
the mean. The paper uses cross-section estimates of the regression to derive
predicted claims frequencies, and hence insurance premiums, from data on
different individuals with different characteristics and records.

1.3.7 Credit Rating

How frequently mortgagees or credit-card holders fail to meet their financial
obligations is a subject of interest in credit ratings. Often the number of defaulted
payments are studied as a count variable. Greene (1994) analyzes the number
of major derogatory reports, made after a delinquency of 60 days or more on
a credit account, on 1319 individual applicants for a major credit card. Major
derogatory reports are found to decrease with increases in the expenditure–
income ratio (average monthly expenditure divided by yearly income); age,
income, average monthly credit-card expenditure, and whether the individual
holds another credit card are statistically insignificant. As seen in Figure 1.1,
the data are overdispersed, calling for alternatives to the Poisson regression.
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1.3.8 Presidential Appointments

Univariate probability models and time-series Poisson regressions have been
used to model the frequency with which U.S. presidents were able to appoint
U.S. Supreme Court Justices (King, 1987a). King’s regression model uses the
exponential conditional mean function, with the number of presidential ap-
pointments per year as the dependent variable. Explanatory variables are the
number of previous appointments, the percentage of population that was in the
military on active duty, the percentage of freshman in the House of Represen-
tatives, and the log of the number of seats in the court. It is argued that the
presence of lagged appointments in the mean function permits a test for serial
independence. King’s results suggest negative dependence. However, it is an
interesting issue whether the lagged variable should enter multiplicatively or
additively. Chapter 7 considers this issue.

1.3.9 Criminal Careers

Nagin and Land (1993) use longitudinal data on 411 men for 20 years to study
the number of recorded criminal offenses as a function of observable traits of
criminals. The latter include psychological variables (e.g., IQ, risk preference,
neuroticism), socialization variables (e.g., parental supervision or attachments),
and family background variables. The authors model an individual’s mean rate
of offending in a period as a function of time-varying and time-invariant char-
acteristics, allowing for unobserved heterogeneity among the subjects. Further,
they also model the probability that the individual may be criminally “inactive”
in the given period. Finally, the authors adopt a nonparametric treatment of
unobserved interindividual differences (see Chapter 4 for details). This sophis-
ticated modeling exercise allows the authors to classify criminals into different
groups according to their propensity to commit crime.

1.3.10 Doctoral Publications

Using a sample of about 900 doctoral candidates, Long (1997) analyzes the
relation between the number of doctoral publications in the final three years of
Ph.D. studies and gender, marital status, number of young children, prestige
of Ph.D. department, and number of articles by mentor in the preceding three
years. He finds evidence that the scientists fall into two well-defined groups,
“publishers” and “nonpublishers.” The observed nonpublishers are drawn from
both groups because some potential publishers may not have published just by
chance, swelling the numbers who will “never” publish. The author argues that
the results are plausible, as “there are scientists who, for structural reasons, will
not publish” (Long, 1997, p. 249).

1.3.11 Manufacturing Defects

The number of defects per area in a manufacturing process are studied by Lam-
bert (1992) using data from a soldering experiment at AT&T Bell Laboratories.
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In this application components are mounted on printed wiring boards by solder-
ing their leads onto pads on the board. The covariates in the study are qualitative,
being five types of board surface, two types of solder, nine types of pads, and
three types of panel. A high proportion of soldered areas had no defects, lead-
ing the author to generalize the Poisson regression model to account for excess
zeros, meaning more zeros than are consistent with the Poisson formulation.
The probability of zero defects is modeled using a logit regression, jointly with
the Poisson regression for the mean number of defects.

1.4 Overview of Major Issues

We have introduced a number of important terms, phrases, and ideas. We now
indicate where in this book these are further developed.

Chapter 2 covers issues of estimation and inference that are relevant to the
rest of the monograph but also arise more generally. One issue concerns the two
leading frameworks for parametric estimation and inference, namely, maximum
likelihood and the moment-based methods. The former requires specification
of the joint density of the observations, and hence implicitly of all population
moments, whereas the latter requires a limited specification of a certain number
of moments, usually the first one or two only, and no further information about
higher moments. The discussion in Chapter 1 has focused on distributional
models. The latter approach makes weaker assumptions but generally provides
less information about the data distribution. Important theoretical issues con-
cern the relative properties of these two broad approaches to estimation and
inference. There are also issues of the ease of computation involved. Chapter 2
addresses these general issues and reviews some of the major results that are
used in later chapters. This makes the monograph relatively self-contained.

Chapter 3 is concerned with the Poisson and the negative binomial models
for the count regression. These models have been the most widely used starting
points for empirical work. The Poisson density is only a one-parameter density
and is generally found to be too restrictive. A first step is to consider less re-
strictive models for count data, such as the negative binomial and generalized
linear models, which permit additional flexibility by introducing an additional
parameter or parameters and breaking the equality restriction between the con-
ditional mean and the variance. Chapter 3 provides a reasonably self-contained
treatment of estimation and inference for these two basic models, which can be
easily implemented using widely available packaged software. This chapter also
includes issues of practical importance such as interpretation of coefficients and
comparison and evaluation of goodness of fit of estimated models. For many
readers this material will provide an adequate introduction to single-equation
count regressions.

Chapter 4 deals with mixed Poisson and related parametric models that are
particularly helpful when dealing with overdispersed data. One interpretation
of such processes is as doubly stochastic Poisson processes with the Poisson
parameter treated as stochastic (see Kingman, 1993, chapter 6). Chapter 4 deals
with a leading case of the mixed Poisson, the negative binomial. Overdispersion
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is closely related to the presence of unobserved interindividual heterogeneity,
but it can also arise from occurrence dependence between events. Using cross-
section data it may be practically impossible to identify the underlying source of
overdispersion. These issues are tackled in Chapter 4, which deals with models,
especially overdispersed models, that are motivated by “non-Poisson” features
of data that can occur separately or jointly with overdispersion, for example,
an excess of zero observations relative to either the Poisson or the negative
binomial, or the presence of censoring or truncation.

Chapter 5 deals with statistical inference and model evaluation for single-
equation count regressions estimated using the methods of earlier chapters. The
objective is to provide the user with specification tests and model evaluation
procedures that are useful in empirical work based on cross-section data. As in
Chapter 2, the issues considered in this chapter have relevance beyond count-
data models.

Chapter 6 provides detailed analyses of two empirical examples to illus-
trate the single-equation modeling approaches of earlier chapters and espe-
cially the interplay of estimation and model evaluation that dominates empirical
modeling.

Chapter 7 deals with time series analysis of event counts. A time series count
regression is relevant if data are T observations, the t th of which is (yt , xt ),
t = 1, . . . , T . If xt includes past values of yt , we refer to it as a dynamic count
regression. This involves modeling the serial correlation in the count process.
The static time series count regression as well as dynamic regression models
are studied. This topic is still relatively underdeveloped.

Multivariate count models are considered in Chapter 8. An m-dimensional
multivariate count model is based on data on (yi , xi ) where yi is an (m × 1)
vector of variables that may all be counts or may include counts as well as other
discrete or continuous variables. Unlike the familiar case of the multivariate
Gaussian distribution, the term multivariate in the case of count models covers
a number of different definitions. Hence, Chapter 8 deals more with a number
of special cases and provides relatively few results of general applicability.

Another class of multivariate models uses longitudinal or panel data, which
are analyzed in Chapter 9. Longitudinal count models have attracted much
attention in recent work, following the earlier work of Hausman, Hall, and
Griliches (1984). Such models are relevant if the regression analysis is based
on (yit, xit), i = 1, . . . , n; t = 1, . . . , T, where i and t are individual and time
subscripts, respectively. Dynamic panel data models also include lagged y vari-
ables. Unobserved random terms may also appear in multivariate and panel
data models. The usefulness of longitudinal data is that without such data
it is extremely difficult to distinguish between true contagion and apparent
contagion.

Chapters 10 through 12 contain material based on more recent develop-
ments and areas of current research activity. Some of these issues are actively
under investigation; their inclusion is motivated by our desire to inform the
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reader about the state of the literature and to stimulate further effort. Chapter 10
deals with the effects of measurement errors in either exposure or covariates,
and with the problem of underrecorded counts. Chapter 11 deals with models
with simultaneity and nonrandom sampling, including sample selection. Such
models are usually estimated with nonlinear instrumental variable estimators.

In the final chapter, Chapter 12, we review several flexible modeling ap-
proaches to count data, some of which are based on series expansion methods.
These methods permit considerable flexibility in the variance–mean relation-
ships and in the estimation of probability of events. Some of them might also
be described as “semiparametric.”

We have attempted to structure this monograph keeping in mind the inter-
ests of researchers, practitioners, and new entrants to the field. The last group
may wish to gain a relatively quick understanding of the standard models and
methods; practitioners may be interested in the robustness and practicality of
methods; and researchers wishing to contribute to the field presumably want an
up-to-date and detailed account of the different models and methods. Wherever
possible we have included illustrations based on real data. Inevitably, in places
we have compromised, keeping in mind the constraints on the length of the
monograph. We hope that the bibliographic notes and exercises at the ends of
chapters will provide useful complementary material for all users.

In cross-referencing sections we use the convention that, for example, section
3.4 refers to section 4 in Chapter 3.

Appendix A lists the acronyms that are used in the book. Some basic mathe-
matical functions and distributions and their properties are summarized in
Appendix B. Appendix C provides some software information.

Vectors are defined as column vectors, with transposition giving a row vector,
and are printed in bold lowercase. Matrices are printed in bold uppercase.

1.5 Bibliographic Notes

Johnson, Kotz, and Kemp (1992) is an excellent reference for statistical prop-
erties of the univariate Poisson and related models. A lucid introduction to
Poisson processes is in earlier sections of Kingman (1993). A good introduc-
tory textbook treatment of Poisson processes and renewal theory is Taylor and
Karlin (1994). A more advanced treatment is in Feller (1971). Another compre-
hensive reference on Poisson and related distributions with full bibliographic
details until 1967 is Haight (1967). Early applications of the Poisson regres-
sion include Cochran (1940) and Jorgenson (1961). Count data analysis in the
sciences is surveyed in a comprehensive three-volume collective work edited
by Patil (1970). Although volume 1 is theoretical, the remaining two volumes
cover many applications in the natural sciences.

There are a number of surveys for count data models; for example, Cameron
and Trivedi (1986), Gurmu and Trivedi (1994), and Winkelmann and Zimmer-
mann (1995). In both biostatistics and econometrics, and especially in health,
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labor, and environmental economics, there are many applications of count mod-
els, which are mentioned throughout this book and especially in Chapter 6.
Examples of applications in criminology, sociology, political science, and in-
ternational relations are Grogger (1990), Nagin and Land (1993), Hannan and
Freeman (1987), and King (1987a, b). Examples of application in finance are
Dionne, Artis and Guillen (1996) and Schwartz and Torous (1993).



CHAPTER 2

Model Specification and Estimation

2.1 Introduction

The general modeling approaches most often used in count data analysis –
likelihood-based, generalized linear models, and moment-based – are presented
in this chapter. Statistical inference for these nonlinear regression models is
based on asymptotic theory, which is also summarized.

The models and results vary according to the strength of the distributional
assumptions made. Likelihood-based models and the associated maximum like-
lihood estimator require complete specification of the distribution. Statistical
inference is usually performed under the assumption that the distribution is
correctly specified.

A less parametric analysis assumes that some aspects of the distribution of
the dependent variable are correctly specified while others are not specified,
or if specified are potentially misspecified. For count data models considerable
emphasis has been placed on analysis based on the assumption of correct speci-
fication of the conditional mean, or on the assumption of correct specification of
both the conditional mean and the conditional variance. This is a nonlinear gen-
eralization of the linear regression model, where consistency requires correct
specification of the mean and efficient estimation requires correct specification
of the mean and variance. It is a special case of the class of generalized linear
models, widely used in the statistics literature. Estimators for generalized linear
models coincide with maximum likelihood estimators if the specified density
is in the linear exponential family. But even then the analytical distribution of
the same estimator can differ across the two approaches if different second mo-
ment assumptions are made. The term pseudo- (or quasi-) maximum likelihood
estimation is used to describe the situation in which the assumption of correct
specification of the density is relaxed. Here the first moment of the specified
linear exponential family density is assumed to be correctly specified, while the
second and other moments are permitted to be incorrectly specified.

An even more general framework, which permits estimation based on any
specified moment conditions, is that of moment-based models. In the statistics
literature this approach is known as estimating equations. In the econometrics
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literature this approach leads to generalized method of moments estimation,
which is particularly useful if regressors are not exogenous.

Results for hypothesis testing also depend on the strength of the distribu-
tional assumptions. The classical statistical tests – Wald, likelihood ratio, and
Lagrange multiplier (or score) – are based on the likelihood approach. Ana-
logues of these hypothesis tests exist for the generalized method of moments
approach. Finally, the moments approach introduces a new class of tests of
model specification, not just of parameter restrictions, called conditional mo-
ment tests.

Section 2.2 presents the simplest count model and estimator, the maximum
likelihood estimator of the Poisson regression model. Notation used throughout
the book is also explained. The three main approaches – maximum likelihood,
generalized linear models, and moment-based models – and associated esti-
mation theory are presented in, respectively, sections 2.3 through 2.5. Testing
using these approaches is summarized in section 2.6. Throughout, statistical
inference based on first-order asymptotic theory is given, with results derived
in section 2.7. Small sample refinements such as the bootstrap are deferred to
later chapters.

Basic count data analysis uses maximum likelihood extensively, and also
generalized linear models. For more complicated data situations presented in
the latter half of the book, generalized linear models and moment-based models
are increasingly used.

This chapter is a self-contained source, to be referred to as needed in reading
later chapters. It is also intended to provide a bridge between the statistics and
econometrics literatures. The presentation is of necessity relatively condensed
and may be challenging to read in isolation, although motivation for results is
given. A background at the level of Greene (1997a) or Johnston and DiNardo
(1997) is assumed.

2.2 Example and Definitions

2.2.1 Example

The starting point for cross-section count data analysis is the Poisson regression
model. This assumes that yi , given the vector of regressors xi , is independently
Poisson distributed with density

f (yi | xi ) = e−µi µ
yi

i

yi !
, yi = 0, 1, 2, . . . , (2.1)

and mean parameter

µi = exp
(
x′

iβ
)
, (2.2)

where β is a k × 1 parameter vector. Counting process theory provides a mo-
tivation for choosing the Poisson distribution; taking the exponential of x′

iβ in
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(2.2) ensures that the parameter µi is nonnegative. This model implies that the
conditional mean is given by

E[yi | xi ] = exp
(
x′

iβ
)
, (2.3)

with interest often lying in changes in this conditional mean due to changes
in the regressors. It also implies a particular form of heteroskedasticity, due to
equidispersion or equality of conditional variance and conditional mean,

V[yi | xi ] = exp
(
x′

iβ
)
. (2.4)

The standard estimator for this model is the maximum likelihood estimator
(MLE). Given independent observations, the log-likelihood function is

L(β) =
n∑

i=1

{
yi x′

iβ − exp
(
x′

iβ
)− ln yi !

}
. (2.5)

Differentiating (2.5) with respect to β yields the Poisson MLE β̂ as the solution
to the first-order conditions

n∑
i=1

(
yi − exp

(
x′

iβ
))

xi = 0. (2.6)

These k equations are nonlinear in the k unknowns β, and there is no analytical
solution for β̂. Iterative methods, usually gradient methods such as Newton-
Raphson, are needed to compute β̂. Such methods are given in standard texts.

Another consequence of there being no analytical solution for β̂ is that
exact distributional results for β̂ are difficult to obtain. Inference is accordingly
based on asymptotic results, presented in the remainder of this chapter. There
are several ways to proceed. First, we can view β̂ as the estimator maximizing
(2.5) and apply maximum likelihood theory. Second, we can view β̂ as being
defined by (2.6). These equations have similar interpretation to those for the
ordinary least squares (OLS) estimator. That is, the unweighted residual (yi −µi )
is orthogonal to the regressors. It is therefore possible that, as for OLS, inference
can be performed under assumptions about just the mean and possibly variance.
This is the generalized linear models approach. Third, because (2.3) implies
E[(yi − exp(x′

iβ))xi ] = 0, we can define an estimator that is the solution to the
corresponding moment condition in the sample, that is, the solution to (2.6).
This is the moment-based models approach.

2.2.2 Definitions

We use the generic notation θ ∈ Rq to denote the q × 1 parameter vector to
be estimated. In the Poisson regression example the only parameters are the
regression parameters, so θ=β and q = k. In the simplest extensions an ad-
ditional scalar dispersion parameter α is introduced, so θ′ = (β′α)′ and q =
k + 1.
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We consider random variables θ̂ that converge in probability to a value θ∗,

θ̂
p→ θ∗,

or equivalently the probability limit (plim) of θ̂ equals θ∗,

plim θ̂ = θ∗.

The probability limit θ∗ is called the pseudotrue value. If the data generating
process (dgp) is a model with θ = θ0, and the pseudotrue value actually equals
θ0, so θ0 = θ∗, then θ̂ is said to be consistent for θ0.

Estimators θ̂ used are usually root-n consistent for θ∗ and asymptotically
normally distributed. Then the random variable

√
n(θ̂ − θ∗) converges in dis-

tribution to the multivariate normal distribution with mean 0 and variance C,

√
n(θ̂ − θ∗)

d→ N[0, C], (2.7)

where C is a finite positive definite matrix. It is sometimes notationally conve-
nient to express (2.7) in the simpler form

θ̂
a∼ N[θ∗, D], (2.8)

where D = 1
n C. That is, θ̂ is asymptotically normal distributed with mean θ∗

and variance D = 1
n C. The division of the finite matrix C by the sample size

makes it clear that as the sample size goes to infinity the variance matrix 1
n C

goes to zero, which is to be expected because θ̂
p→ θ∗.

The variance matrix C may depend on unknown parameters, and the result
(2.8) is operationalized by replacing C by a consistent estimator Ĉ. In many
cases C = A−1BA′−1, where A and B are finite positive definite matrices. Then
Ĉ = Â−1B̂Â′−1, where Â and B̂ are consistent estimators of A and B. This
is called the sandwich form, because B is sandwiched between A−1 and A−1

transposed. A more detailed discussion is given in section 2.5.1.
Results are expressed using matrix calculus. In general the derivative ∂g(θ)/

∂θ of a scalar function g(θ) with respect to the q × 1 vector θ is a q × 1 vector
with j th entry ∂g(θ)/∂θ j . The derivative ∂h(θ)/∂θ′ of a r × 1 vector function
h(θ) with respect to the 1 × q vector θ′ is an r × q matrix with jkth entry
∂h j (θ)/∂θk .

2.3 Likelihood-Based Models

Likelihood-based models are models in which the joint density of the depen-
dent variables is specified. For completeness a review is presented here, along
with results for the less standard case of maximum likelihood with the density
function misspecified.

We assume that the scalar random variable yi , given the vector of regressors xi

and parameter vector θ, is distributed with density f (yi | xi ,θ). The likelihood
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principle chooses as estimator ofθ the value that maximizes the joint probability
of observing the sample values y1, . . . , yn . This probability, viewed as a function
of parameters conditional on the data, is called the likelihood function and is
denoted

L(θ) =
n∏

i=1

f (yi | xi ,θ), (2.9)

where we suppress the dependence of L(θ) on the data and have assumed
independence over i . This definition implicitly assumes cross-section data but
can easily accommodate time series data by extending xi to include lagged
dependent and independent variables.

Maximizing the likelihood function is equivalent to maximizing the log-
likelihood function

L(θ) = ln L(θ) =
n∑

i=1

ln f (yi | xi ,θ). (2.10)

In the following analysis we consider the local maximum, which we assume to
also be the global maximum.

2.3.1 Regularity Conditions

The standard results on consistency and asymptotic normality of the MLE hold
if the so-called regularity conditions are satisfied. Furthermore, the MLE then
has the desirable property that it attains the Cramer-Rao lower bound and is
fully efficient. The following regularity conditions, given in Crowder (1976),
are used in many studies.

1. The pdf f (y, x,θ) is globally identified and f (y, x,θ(1)) = f (y, x,

θ(2)), for all θ(1) =θ(2).
2. θ ∈ Θ, where Θ is finite dimensional, closed, and compact.
3. Continuous and bounded derivatives of L(θ) exist up to order three.
4. The order of differentiation and integration of the likelihood may be

reversed.
5. The regressor vector xi satisfies

(a) x′
i xi < ∞

(b) E[w2
i ]∑

i E[w2
i ]

= 0 for all i , where wi ≡ x′
i
∂ ln f (yi | xi ,θ)

∂θ

(c) limn→∞
∑n

i=1 E[w2
i |	i−1]∑n

i=1 E[w2
i ]

= 1 where 	i−1 = (x1, x2, . . . , xi−1).

The first condition is an obvious identification condition, which ensures
that the limit of 1

nL has a unique maximum. The second condition rules out
possible problems at the boundary of Θ and can be relaxed if, for example, L
is globally concave. The third condition can often be relaxed to existence up
to second order. The fourth condition is a key condition that rules out densities
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for which the range of yi depends on θ. The final condition rules out any
observation making too large a contribution to the likelihood. For further details
on regularity conditions for commonly used estimators, not just the MLE, see
Newey and McFadden (1994).

2.3.2 Maximum Likelihood

We consider only the case in which the limit of 1
nL is maximized at an interior

point of Θ. The MLE θ̂ML is then the solution to the first-order conditions

∂L
∂θ

=
n∑

i=1

∂ ln fi

∂θ
= 0, (2.11)

where fi = f (yi | xi ,θ) and ∂L/∂θ is a q × 1 vector.
The asymptotic distribution of the MLE is usually obtained under the assump-

tion that the density is correctly specified. That is, the dgp for yi has density
f (yi | xi ,θ0), where θ0 is the true parameter value. Then, under the regularity
conditions, θ̂

p→ θ0, so the MLE is consistent for θ0. Also,

√
n(θ̂ML − θ0)

d→ N[0, A−1], (2.12)

where the q × q matrix A is defined as

A = − lim
n→∞

1

n
E

[
n∑

i=1

∂2 ln fi

∂θ∂θ′

∣∣∣∣∣
θ0

]
. (2.13)

A consequence of regularity conditions three and four is the information
matrix equality

E
[

∂2L
∂θ∂θ′

]
= −E

[
∂L
∂θ

∂L
∂θ′

]
, (2.14)

for all values of θ ∈ Θ. This is derived in section 2.7. Assuming independence
over i and defining

B = lim
n→∞

1

n
E

[
n∑

i=1

∂ ln fi

∂θ

∂ ln fi

∂θ′

∣∣∣∣∣
θ0

]
, (2.15)

the information equality implies A = B.
To operationalize these results one needs a consistent estimator of the vari-

ance matrix in Eq. (2.12). There are many possibilities. The (expected) Fisher
information estimator takes the expectation in (2.13) under the assumed den-
sity and evaluates at θ̂. The Hessian estimator simply evaluates (2.13) at θ̂
without taking the expectation. The outer-product estimator evaluates (2.15)
at θ̂ without taking the expectation. It was proposed by Berndt, Hall, Hall, and
Hausman (1974) and is also called the BHHH estimator. A more general form
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of the variance matrix of θ̂ML, the sandwich form, is used if the assumption of
correct specification of the density is relaxed (see section 2.3.4).

As an example, consider the MLE for the Poisson regression model presented
in section 2.1. In this case ∂L/∂β =∑i (yi − exp(x′

iβ))xi and

∂2L/∂β∂β′ = −
∑

i

exp
(
x′

iβ
)
xi x′

i .

It follows that we do not even need to take the expectation in (2.13) to obtain

A = lim
n→∞

1

n

[∑
i

exp
(
x′

iβ0
)
xi x′

i

]
.

Assuming E[(yi −exp(x′
iβ0))2|xi ] = exp(x′

iβ0), that is, correct specification of
the variance, leads to the same expression for B. The result is most conveniently
expressed as

β̂ML
a∼ N

(
β0,

(
n∑

i=1

exp
(
x′

iβ0
)
xi x′

i

)−1)
. (2.16)

In this case the Fisher information and Hessian estimators of V[θ̂ML] coincide,
and differ from the outer-product estimator.

2.3.3 Profile Likelihood

Suppose the likelihood depends on a parameter vector λ in addition to θ, so the
likelihood function isL(θ,λ). The profile likelihood or concentrated likelihood
eliminates λ by obtaining the restricted MLE λ̂(θ) for fixed θ. Then

Lpro(θ) = L(θ, λ̂(θ)). (2.17)

This approach can be used in all situations, but it is important to note that
Lpro(θ) is not strictly a log-likelihood function and that the usual results need
to be adjusted in this case (see, for example, Davidson and MacKinnon, 1993,
chapter 8).

The profile likelihood is useful if λ is a nuisance parameter. For example,
interest may lie in modeling the conditional mean parameterized by θ, with
variance parametersλ not intrinsically of interest. In such circumstances there is
advantage to attempting to estimateθ alone, especially ifλ is of high dimension.

For scalar θ the profile likelihood can be used to form a likelihood ratio
100(1 − α)% confidence region for θ , {θ : Lpro(θ ) > L(θ̂ , λ̂) − χ2

1 (α)}, where
L(θ̂ , λ̂) is the unconstrained maximum likelihood. This need not be symmetric
around θ̂ , unlike the usual confidence interval θ̂ ± zα/2se[θ̂ ], where se[θ̂ ] is the
standard error of θ̂ .

Other variants of the likelihood approach can be used to eliminate nuisance
parameters in some special circumstances. The conditional likelihood is the
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joint density of θ conditional on a sufficient statistic for the nuisance parameters
and is used, for example, to estimate the fixed effects Poisson model for panel
data. The marginal likelihood is the likelihood for a subset of the data that may
depend on θ alone. For further discussion see McCullagh and Nelder (1989,
chapter 7).

2.3.4 Misspecified Density

A weakness of the ML approach is that it assumes correct specification of the
complete density. To see the role of this assumption, it is helpful to begin with an
informal proof of consistency of the MLE in the usual case of correctly specified
density.

The MLE solves the sample moment condition ∂L/∂θ= 0, so an intuitive
necessary condition for consistency is that the same moment condition holds in
the population or E[∂L/∂θ] = 0, which holds if E[∂ ln fi/∂θ] = 0. Any density
f (y | x,θ) satisfying the regularity conditions has the property that∫

∂ ln f (y |θ)

∂θ
f (y |θ) dy = 0; (2.18)

see section 2.7 for a derivation. The consistency condition E[∂ ln f (y | x,θ)/
∂θ] = 0 is implied by (2.18), if the expectations operator is taken using the
assumed density f (y | x,θ).

Suppose instead that the dgp is the density f ∗(yi | zi ,γ) rather than the
assumed density f (yi | xi ,θ). Then, Eq. (2.18) no longer implies the consistency
condition E[∂ ln f (y | x,θ)/∂θ] = 0, which now becomes∫

∂ ln f (y | x,θ)

∂θ
f ∗(y | z,γ) dy = 0,

as the expectation should be with respect to the dgp density, not the assumed
density. Thus, misspecification of the density may lead to inconsistency.

White (1982), following Huber (1967), obtained the distribution of the MLE
if the density function is incorrectly specified. In general θ̂ML

p→ θ∗, where the
pseudotrue valueθ∗ is the value ofθ that maximizes plim 1

n

∑n
i=1 ln f (yi | xi ,θ)

and the probability limit is obtained under the dgp f ∗(yi | zi ,γ). Under suitable
assumptions,

√
n(θ̂ML − θ∗)

d→ N
[
0, A−1

∗ B∗A−1
∗
]
, (2.19)

where

A∗ = − lim
n→∞

1

n
E∗

[
n∑

i=1

∂2 ln fi

∂θ∂θ′

∣∣∣∣∣
θ∗

]
(2.20)
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and

B∗ = lim
n→∞

1

n
E∗

[
n∑

i=1

∂ ln fi

∂θ

∂ ln fi

∂θ′

∣∣∣∣∣
θ∗

]
, (2.21)

where fi = f (yi | xi ,θ) and the expectations E∗ are with respect to the dgp
f ∗(yi | zi ,γ).

The essential point is that if the density is misspecified the ML estimator is in
general inconsistent. Generalized linear models, presented next, are the notable
exception. A second point is that the MLE has the more complicated variance
function with the sandwich form (2.19), because the information matrix equality
(2.14) no longer holds. The sandwich estimator of the variance matrix of θ̂ML

is Â−1B̂Â−1. Different estimates of Â and B̂ can be used (see section 2.3.2)
depending on whether or not the expectations in A∗ and B∗ are taken before
evaluation at θ̂ML. The robust sandwich estimator does not take expectations.

2.4 Generalized Linear Models

Although the MLE is in general inconsistent if the density is incorrectly spec-
ified, for some specified densities consistency may be maintained even given
partial misspecification of the model. A leading example is maximum likeli-
hood estimation in the linear regression model under the assumption that yi

is independently N[x′
iβ0, σ

2] distributed. Then β̂ML equals the OLS estimator,
which may be consistent even given nonnormality and heteroskedasticity, as
the essential requirement for consistency is correct specification of the condi-
tional mean: E[yi | xi ] = x′

iβ0. A similar situation arises for the Poisson regres-
sion model. Consistency essentially requires that the population analogue of
Eq. (2.6) holds:

E[
(
yi − exp

(
x′

iβ0
))

xi ] = 0.

This is satisfied, however, if E[yi | xi ] = exp(x′
iβ0). More generally such re-

sults hold for maximum likelihood estimation of models with specified density
a member of the linear exponential family, and estimation of the closely related
class of generalized linear models.

Although consistency in these models requires only correct specification
of the mean, misspecification of the variance leads to invalid statistical infer-
ence due to incorrect reported t-statistics and standard errors. For example,
in the linear regression model the usual reported standard errors for OLS are
incorrect if the error is heteroskedastic rather than homoskedastic. Adjustment
to the usual computer output needs to be made to ensure correct standard er-
rors. Furthermore, more efficient generalized least squares (GLS) estimation is
possible.

We begin with a presentation of results for weighted least squares for linear
models, results that carry over to generalized linear models. We then introduce
generalized linear models by considering linear exponential family models.
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These models are based on a one-parameter distribution, which in practice is
too restrictive. Extensions to two-parameter models have been made in two
ways – the linear exponential family with nuisance parameter and generalized
linear models. Further results for generalized linear models are then presented
before concluding with extended generalized linear models.

2.4.1 Weighted Linear Least Squares

Consider the linear regression model for yi with nonstochastic regressors xi .
In the linear model the regression function is x′

iβ0. Suppose it is believed
that heteroskedasticity exists and as a starting point can be approximated by
V[yi ] = vi where vi is known. Then one uses the weighted least squares (WLS)
estimator with weights 1/vi , which solves the first-order conditions

n∑
i=1

1

vi

(
yi − x′

iβ
)
xi = 0. (2.22)

We consider the distribution of this estimator if the mean is correctly specified
but the variance is not necessarily vi . It is helpful to express the first-order
conditions in matrix notation as

X′V−1(y − Xβ) = 0, (2.23)

where y is the n × 1 vector with i th entry yi , X is the n × k matrix with i th

row x′
i , and V is the n × n weighting matrix with i th diagonal entry vi . These

equations have the analytical solution

β̂WLS = (X′V−1X)−1X′V−1y.

To obtain the mean and variance of β̂WLS we assume y has mean Xβ0 and
variance matrix Ω. Then it is a standard result that E[β̂WLS] = β0 and

V[β̂WLS] = (X′V−1X)−1X′V−1ΩV−1X(X′V−1X)−1. (2.24)

One familiar example of this is OLS. Then V = σ 2I and V[β̂WLS] = (X′X)−1

X′ΩX(X′X)−1, which simplifies to σ 2(X′X)−1 if Ω= σ 2I. A second familiar
example is GLS, with V =Ω, in which case V[β̂WLS] = (X′Ω−1X)−1.

It is important to note that the general result (2.24) represents a different
situation to that in standard textbook treatments. One begins with a working
hypothesis about the form of the heteroskedasticity, say vi , leading to a working
variance matrix V. If V is misspecified then β̂WLS is still unbiased, but it is
inefficient and most importantly has a variance matrix of the general form
(2.24), which does not impose V =Ω. One way to estimate V[β̂WLS] is to
specify Ω to be a particular function of regressors and parameters and obtain
consistent estimates of these parameters and hence a consistent estimator Ω̂ of
Ω. Alternatively, White (1980) (see also Eicker, 1967) gave conditions under
which one need not specify the functional form for the variance matrix Ω but
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can instead use the matrix Ω̃= Diag[(yi − x′
i β̂WLS)2], where Diag[ai ] denotes

the diagonal matrix with i th diagonal entry ai . The justification is that even
though Ω̃ is not consistent for Ω, the difference between the k × k matrices
1
n X′V−1Ω̃V−1X and 1

n X′V−1ΩV−1X has probability limit zero.
These same points carry over to generalized linear models. One specifies a

working variance assumption such as variance–mean equality for the Poisson.
The dependence of vi on µi does not change the result (2.24). Hence failure of
this assumption does not lead to inconsistency if the mean is correctly specified
but will lead to incorrect inference if one does not use the general form (2.24).
Generalized linear models have an additional complication, because the mean
function is nonlinear. This can be accommodated by generalizing the first-order
conditions (2.22). Because in the linear case µi = x′

iβ, (2.22) can be reexpressed
as

n∑
i=1

1

vi
(yi − µi )

∂µi

∂β
= 0. (2.25)

The first-order conditions for generalized linear models such as the Poisson are
of the form (2.25). It can be shown that the discussion above still holds, with
the important change that the matrix X in (2.23) and (2.24) is now defined to
have i th row ∂µi/∂β

′.
There is considerable overlap in the next three subsections, which cover

different representations and variations of essentially the same model. In sec-
tions 2.4.2 and 2.4.3 the density is parameterized in terms of the mean parameter;
in section 2.4.4 the density is parameterized in terms of the so-called canonical
parameter. The latter formulation is used in the generalized linear models liter-
ature. To those unfamiliar with this literature the mean parameter formulation
may be more natural. For completeness both presentations are given here. Other
variations, such as different ways nuisance scale parameters are introduced, are
discussed at the end of section 2.4.4.

2.4.2 Linear Exponential Family Models

The presentation follows Cameron and Trivedi (1986), whose work was based
on Gourieroux, Monfort, and Trognon (1984a). A density fLEF(y | µ) is a mem-
ber of a linear exponential family (LEF) with mean parameterization if

fLEF(y | µ) = exp{a(µ) + b(y) + c(µ)y}, (2.26)

where µ = E[y], and the functions a(·) and c(·) are such that

E[y] = −[c′(µ)]−1a′(µ), (2.27)

where a′(µ) = ∂a(µ)/∂µ and c′(µ) = ∂c(µ)/∂µ, and

V[y] = [c′(µ)]−1. (2.28)
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The function b(·) is a normalizing constant. Different functional forms for a(·)
and c(·) lead to different LEF models. Special cases of the LEF include the
normal (with σ 2 known), Poisson, geometric, binomial (with number of trials
fixed), exponential, and one-parameter gamma.

For example, the Poisson density can be written as exp{−µ+ y ln µ− ln y!},
which is an LEF model with a(µ) = −µ, c(µ) = ln µ and b(y) = − ln y! Then
a′(µ) = −1 and c′(µ) = 1/µ, so E[y] = µ from Eq. (2.27) and V[y] = µ from
(2.28).

Members of the exponential family have density f (y | λ) = exp{a(λ) +
b(y) + c(λ)t(y)}. The LEF is the special case t(y) = y, hence the qualifier linear.
The natural exponential family has density f (y | λ) = exp{a(λ) + λy}. Other
exponential families come from the natural exponential family by one-to-one
transformations x = t(y) of y.

A regression model is formed by specifying the density to be fLEF(yi | µi )
where

µi = µ(xi ,β), (2.29)

for some specified mean function µ(·). The MLE based on an LEF, β̂LEF,
maximizes

LLEF =
n∑

i=1

{a(µi ) + b(yi ) + c(µi )yi }. (2.30)

The first-order conditions using Eqs. (2.27) and (2.28) can be rewritten as

n∑
i=1

1

vi
(yi − µi )

∂µi

∂β
= 0, (2.31)

where

vi = [c′(µi )]
−1 (2.32)

is the specified variance function which is a function of µi and hence β. These
first-order conditions are of the form (2.25), and as seen subsequently we obtain
results similar to (2.24).

It is helpful at times to rewrite (2.31) as

n∑
i=1

(yi − µi )√
vi

1√
vi

∂µi

∂β
= 0, (2.33)

which shows that the standardized residual is orthogonal to the standardized
regressor.

Under the standard assumption that the density is correctly specified, so the
dgp is fLEF(yi | µ(xi ,β0)), application of (2.12) and (2.13) yields

√
n(β̂LEF − β0)

d→ N[0, A−1], (2.34)
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where

A = lim
n→∞

1

n

n∑
i=1

1

vi

∂µi

∂β

∂µi

∂β′

∣∣∣∣
β0

. (2.35)

Now consider estimation if the density is misspecified. Gourieroux et al.
(1984a) call the estimator in this case the pseudomaximum likelihood (PML)
estimator. Other authors call such an estimator a quasimaximum likelihood
estimator. Throughout this book we use the term PML to avoid confusion with
the conceptually different quasilikelihood introduced in section 2.4.5.

Assume (yi , xi ) is independent over i , the conditional mean of yi is correctly
specified as E[yi | xi ] = µ(xi ,β0), and

V[yi | xi ] = ωi (2.36)

is finite, but ωi = vi necessarily. Thus the mean is correctly specified but other
features of the distribution such as the variance and density are potentially mis-
specified. Then Gourieroux et al. (1984a) show that β̂LEF

p→ β0, so the MLE
is still consistent for β0. The intuition is that consistency of β̂LEF essentially
requires that

E
[

1

vi
(yi − µi )

∂µi

∂β

∣∣∣∣
β0

]
= 0,

so that the conditions (2.31) hold in the population. This is the case if the
conditional mean is correctly specified because then E[yi − µ(xi ,β0) | xi ] = 0.

Also
√

n(β̂LEF − β0)
d→ N[0, A−1BA−1], (2.37)

where A is defined in Eq. (2.35) and

B = lim
n→∞

1

n

n∑
i=1

ωi

v2
i

∂µi

∂β

∂µi

∂β′

∣∣∣∣
β0

. (2.38)

Note that vi is the working variance, the variance in the specified LEF density
for yi , while ωi is the variance for the true dgp. Note also that (2.37) equals
(2.24) where X is the n × k matrix with i th row ∂µi/∂β

′, V = diag[vi ] and
Ω= diag[ωi ], confirming the link with results for weighted linear least squares.

There are three important results. First, regardless of other properties of
the true dgp for y, the PML estimator based on an assumed LEF is consistent
provided the conditional mean is correctly specified. This result is sometimes
misinterpreted. It should be clear that it is the assumed density that must be
LEF, while the true dgp need not be LEF.

Second, correct specification of the mean and variance is sufficient for the
usual maximum likelihood output to give the correct variance matrix for the PML
estimator based on an assumed LEF density. Other moments of the distribution
may be misspecified.
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Third, if the only part of the model that is correctly specified is the condi-
tional mean, the MLE is consistent, but the usual maximum likelihood output
gives an inconsistent estimate of the variance matrix, because it uses A−1 rather
than the sandwich form A−1BA−1. This is correct only if B = A, which re-
quires ωi = vi , that is, correct specification of the conditional variance of the
dependent variable.

Correct standard errors are obtained by using as variance matrix 1
n Â−1B̂Â−1

where Â and B̂ equal A and B defined in, respectively, (2.35) and (2.37), eval-
uated at µ̂i = µ(xi , β̂LEF), v̂2

i = [c′(µ̂i )]−1 and ωi . The estimate of the true
variance ω̂i can be obtained in two ways. First, if no assumptions are made
about the variance one can use ω̂i = (yi − µ̂i )2 by extension of results for the
OLS estimator given by White (1980). Even though ω̂i does not converge to
ωi , under suitable assumptions B̂

p→ B. Secondly, a structural model for the
variance can be specified, say as ωi = ω(xi ,β,α), where α is a finite dimen-
sional nuisance parameter. Then we can use ω̂i = ω(xi , β̂LEF, α̂) where α̂ is a
consistent estimate of α. Particularly convenient is ωi = αvi , as then B = αA
so that A−1BA−1 = αA−1.

As an example, consider the Poisson regression model with exponential
mean function µi = exp(x′

iβ). Then ∂µi/∂β= µi xi . The Poisson specifies the
variance to equal the mean, so vi = ωi . Substituting in (2.35) yields

A = lim
1

n

∑
i

µi xi x′
i ,

and similarly (2.38) yields

B = lim
1

n

∑
i

ωi xi x′
i .

In general for correctly specified conditional mean the Poisson PML estimator is
asymptotically normal with mean β0 and variance 1

n A−1BA−1. If additionally
ωi = vi = µi so that the conditional variance of yi is correctly specified, then
A = B and the variance of the estimator simplifies to 1

n A−1.

2.4.3 LEF with Nuisance Parameter

Given specification of a true variance function, so ωi = ω(·), one can potentially
obtain a more efficient estimator, in the same way that specification of the
functional form of heteroskedasticity in the linear regression model leads to the
more efficient GLS estimator.

Gourieroux et al. (1984a) introduced the more general variance function

ωi = ω(µ(xi ,β), α) (2.39)

by defining the LEF with nuisance parameter (LEFN)

fLEFN(y | µ, α) = exp{a(µ, α) + b(y, α) + c(µ, α)y}, (2.40)
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whereµ = E[y],ω(µ, α) = V[y], andα = ψ(µ, ω) whereψ(·) is a differentiable
function of α and ω and ψ(·) defines for any given µ a one-to-one relationship
between α and ω. For given α this is an LEF density, so the functions a(·) and
c(·) satisfy (2.27) and (2.28), with c(µ, α) and a(µ, α) replacing c(µ) and a(µ).

Gourieroux et al. (1984a) proposed the quasigeneralized pseudomaximum
likelihood (QGPML) estimator β̂LEFN based on LEFN, which maximizes with
respect to β

LLEFN =
n∑

i=1

{a(µi , ω(µ̃i , α̃)) + b(yi , ω(µ̃i , α̃)) + c(µi , ω(µ̃i , α̃))yi }
(2.41)

where µ̃i = µ(xi , β̃) and β̃ and α̃ are root-n consistent estimates of β and α.
The first-order conditions can be reexpressed as

n∑
i=1

1

ω̃i
(yi − µi )

∂µi

∂β
= 0. (2.42)

Assume (yi , xi ) is independent over i , and the conditional mean and variance
of yi are correctly specified, so E[yi | xi ] = µ(xi ,β0) and V[yi | xi ] = ω(µ(xi ,

β0), α0). Then β̂LEFN
p→ β0, so the QGPML estimator is consistent forβ0. Also

√
n(β̂LEFN − β0)

d→ N[0, A−1], (2.43)

where

A = lim
n→∞

1

n

n∑
i=1

1

ωi

∂µi

∂β

∂µi

∂β′

∣∣∣∣
β0

. (2.44)

A consistent estimate for the variance matrix is obtained by evaluating A at
µ̂i = µ(xi , β̂LEFN) and ω̂i = ω(µ̂i , α̃). One can, of course, guard against possible
misspecification of ωi in the same way that possible misspecification of vi was
handled in the previous subsection.

The negative binomial model with mean µ and variance µ+αµ2 is an exam-
ple of an LEFN model. The QGPMLE of this model is considered in section 3.3.

2.4.4 Generalized Linear Models

Generalized linear models (GLMs), introduced by Nelder and Wedderburn
(1972), are closely related to the LEFN model. Differences include a notational
one due to use of an alternative parameterization of the exponential family, and
several simplifications including the use of more restrictive parameterizations of
the conditional mean and variance than (2.29) and (2.39). A very useful simple
summary of GLMs is presented in McCullagh and Nelder (1989, chapter 2).
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A density fGLM(y | θ, φ) is a member of a linear exponential family with
canonical (or natural) parameter θ and nuisance parameter φ if

fGLM(y | θ, φ) = exp

{
θy − b(θ )

a(φ)
+ c(y, φ)

}
. (2.45)

The function b(·) is such that

E[y] = b′(θ ), (2.46)

where b′(θ) = ∂b(θ )/∂θ . The function a(φ) is such that

V[y] = a(φ)b′′(θ ), (2.47)

where b′′(θ ) = ∂2b(θ )/∂θ2. Usually a(φ) = φ. The function c(·) is a normalizing
constant. Different functional forms for a(·) and b(·) lead to different GLMs.
Note that the functions a(·), b(·), and c(·) for the GLM are different from the
functions a(·), b(·), and c(·) for the LEF and LEFN.

As an example, the Poisson is the case b(θ ) = exp(θ ), a(φ) = 1, and c(y, φ) =
ln y!. Then (2.46) and (2.47) yield E[y] = V[y] = exp(θ ).

Regressors are introduced in the following way. Define the linear predictor

η = x′β. (2.48)

The link function η = η(µ) relates the linear predictor to the mean µ. For ex-
ample, the Poisson model with mean µ = exp(x′β) corresponds to the log link
function η = ln µ. A special case of the link function of particular interest is
the canonical link function, when

η = θ. (2.49)

For the Poisson the log link function is the canonical link function, because
b(θ ) = exp(θ ) implies µ = b′(θ ) = exp(θ ), so η = ln µ = ln(exp(θ )) = θ .

The concept of link function can cause confusion. It is more natural to
consider the inverse of the link function, which is the conditional mean function.
Thus, for example, the log link function is best thought of as being an exponential
conditional mean function. The canonical link function is most easily thought
of as leading to the density (2.45) being evaluated at θ = x′β.

The MLE based on a GLM, β̂GLM, maximizes

LGLM =
n∑

i=1

{
θ
(
x′

iβ
)
yi − b

(
θ
(
x′

iβ
))

a
(
φ
) + c(yi , φ

)}
. (2.50)

The first-order conditions can be reexpressed as

n∑
i=1

1

ωi
(yi − µi )

∂µi

∂β
= 0, (2.51)
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where the variance function

ωi = a(φ)υ
(
µ
(
x′

iβ
))

, (2.52)

and

υ(µi ) = b′′(θi ). (2.53)

The first-order conditions (2.51) for the GLM are of similar form to the
first-order conditions (2.42) for the LEFN. This is because these two models
are essentially the same. To link the two models, invert µ = b′(θ ) to obtain
θ = d(µ). Then (2.45) can be rewritten as

fGLM(y | µ, φ) = exp

{−b(d(µ))

a(φ)
+ c(y, φ) + d(µ)

a(φ)
y

}
, (2.54)

which is clearly of the form (2.40), with the restriction that in (2.45) a(µ, φ) = a1

(µ)/a2(φ) and c(µ, φ) = c1(µ)/c2(φ). This simplification implies that the GLM
variance function ω(µ(x′

iβ), φ) is multiplicative in φ, so that the first-order
conditions can be solved for β without knowledge of φ. This is not necessarily
a trivial simplification. For example, for Poisson with a nuisance parameter the
GLM model specifies the variance function to be of multiplicative form a(φ)µ.
The LEFN model allows, however, variance functions such as the quadratic
form µ + φµ2.

The same asymptotic theory as in section 2.4.3 therefore holds. Assume
(yi , xi ) is independent over i , and the conditional mean and variance of yi are
correctly specified, so E[yi | xi ] = µ(xi ,β0) and V(yi | xi ) = a(φ0)υ(µ(xi ,β0)).
Then β̂GLM

p→ β0, so the MLE is consistent for β0. Also

√
n(β̂GLM − β0)

d→ N[0, A−1] (2.55)

where

A = lim
n→∞

1

n

n∑
i=1

1

ωi

∂µi

∂β

∂µi

∂β′

∣∣∣∣
β0

. (2.56)

A consistent estimate of the variance matrix is obtained by evaluating A at
µ̂i = µ(xi , β̂GLM) and ω̂i = a(φ̂)υ(µ̂i ). The standard estimate of φ is obtained
from

â(φ) = 1

n − k

n∑
i=1

(yi − µ̂i )2

υ(µ̂i )
. (2.57)

Usually a(φ) = φ.
In summary, the basic GLM model is based on the same density as the LEF

and LEFN models presented in sections 2.4.2 through 2.4.3. It uses a different
parameterization of the LEF, canonical and not mean, that is less natural if
interest lies in modeling the conditional mean. The only real difference in the
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models is that the basic GLM model of Nelder and Wedderburn (1972) imposes
some simplifying restrictions on the LEFN model that Gourieroux et al. (1984a)
consider.

First, the conditional mean function µ(xi ,β) is restricted to be a function of
a linear combination of the regressors and so is of the simpler form µ(x′

iβ). This
specialization to a single-index model simplifies interpretation of coefficients
(see section 3.5) and permits computation of β̂GLM using an iterative weighted
least squares procedure that is detailed in McCullagh and Nelder (1989, chap-
ter 2) and is presented for the Poisson model in section 3.8. Thus GLMs can
be implemented even if one has access to just an OLS procedure. Given the
computational facilities available at the time the GLM model was introduced,
this was a considerable advantage.

Second, a particular parameterization of the conditional mean function, one
that corresponds to the canonical link, is preferred. It can be shown that then
∂µi/∂β= υ(µi )xi , so the first-order conditions (2.51) simplify to

n∑
i=1

(yi − µi )xi = 0, (2.58)

which makes computation especially easy. The QGPML estimator for the LEFN
defined in (2.42) does not take advantage of this simplification and instead
solves

n∑
i=1

1

υ(µ̃i )
(yi − µi )υ(µi )xi = 0.

It is, however, asymptotically equivalent.
Third, the GLM variance function is of the simpler form ωi = a(φ)v(µi ),

which is multiplicative in the nuisance parameter. Then one can estimate β̂GLM
without first estimating φ. A consequence is that with this simplification the
QGPML estimator of β equals the PML estimator. Both can be obtained by
using a maximum likelihood routine, with correct standard errors (or t-statistics)
obtained by multiplying (or dividing) the standard maximum likelihood output
by the square root of the scalar â(φ), which is easily estimated using (2.57).

2.4.5 Extensions

The LEFN and GLM densities permit more flexible models of the variance
than the basic LEF density. Extensions to the LEF density that permit even
greater flexibility in modeling the variance, particularly regression models for
the variance, are extended quasilikelihood (Nelder and Pregibon, 1987), double
exponential families (Efron, 1986), exponential dispersion models (Jorgensen,
1987), and varying dispersion models (Smyth, 1989). A survey is provided by
Jorgensen (1997).

The presentation of GLMs has been likelihood-based, in that the estimator
of β maximizes a log-likelihood function, albeit one possibly misspecified. An
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alternative way to present the results is to take as starting point the first-order
conditions (2.51)

n∑
i=1

1

ωi
(yi − µi )

∂µi

∂β
= 0. (2.59)

One can define an estimator of β to be the solution to these equations, without
defining an underlying objective function whose derivative with respect to β
is (2.59). These estimating equations have many properties similar to those
of a log-likelihood derivative, and accordingly the left-hand side of (2.59) is
called a quasiscore function. For completeness one can attempt to integrate
this to obtain a quasilikelihood function. Accordingly, the solution to (2.59) is
called the quasilikelihood (QL) estimator. For further details, see McCullagh
and Nelder (1989, chapter 9).

It follows that the estimator of β in the GLM model can be interpreted either
as a pseudo-MLE or quasi-MLE, meaning that it is an MLE based on a possibly
misspecified density, or as a QL estimator, meaning that it is the solution to
estimating equations that look like those from maximization of an unspecified
log-likelihood function. It should be clear that in general the terms PML and
QL have different meanings.

Recognition that it is sufficient to simply define the QL estimating equations
(2.59) has led to generalizations of (2.59) and additional estimating equations
to permit, for example, more flexible models of the variance functions that do
not require specification of the density. These and other contributions of GLM
are deferred to subsequent chapters.

2.5 Moment-Based Models

The first-order conditions (2.6) for the Poisson MLE can be motivated by noting
that the specification of the conditional mean, E[yi | xi ] = exp(x′

iβ), implies the
unconditional population moment condition

E
[(

yi − exp
(
x′

iβ
))

xi
]= 0.

A method of moments estimator for β is the solution to the corresponding
sample moment condition

n∑
i=1

(
yi − exp

(
x′

iβ
))

xi = 0.

In this example, the number of moment conditions equals the number of
parameters, so a numerical solution for β̂ is possible. This is a special case of the
estimating-equations approach, presented in section 2.5.1. More generally, there
may be more moment conditions than parameters. Then we use the generalized
method of moments estimator, which minimizes a quadratic function of the
moment conditions and is presented in section 2.5.2.
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2.5.1 Estimating Equations

We consider the q population moment conditions

E[gi (yi , xi ,θ)] = 0, i = 1, . . . , n, (2.60)

where gi is a q × 1 vector with the same dimension as θ. The estimator θ̂EE

solves the corresponding estimating equations

n∑
i=1

gi (yi , xi ,θ) = 0, (2.61)

a system of q equations in q unknowns.
If (2.60) holds at θ0 and regularity conditions are satisfied,

√
n(θ̂EE − θ0)

d→ N[0, A−1BA−1], (2.62)

where

A = lim
n→∞

1

n
E

[
n∑

i=1

∂gi (yi , xi ,θ)

∂θ′

∣∣∣∣∣
θ0

]
(2.63)

B = lim
n→∞

1

n
E

[
n∑

i=1

gi (yi , xi ,θ)gi (yi , xi ,θ)′
∣∣∣∣∣
θ0

]
. (2.64)

The variance matrix in (2.62) is consistently estimated by Â−1B̂Â′−1, where
Â and B̂ are any consistent estimates of A and B. Such estimators are called
sandwich estimators, because B̂ is sandwiched between Â−1 and Â′−1. Through-
out the book we use the term robust sandwich (RS) estimator for the special
case when the consistent estimators of A and B are

Â = 1

n

n∑
i=1

∂gi (yi , xi ,θ)

∂θ′

∣∣∣∣
θ̂EE

, (2.65)

and, assuming independence of the data over i ,

B̂ = 1

n

n∑
i=1

gi (yi , xi , θ̂EE)gi (yi , xi , θ̂EE)′. (2.66)

This has the special property that it is robust to misspecification of the dgp, in
the sense that the expectations in (2.63) and (2.64) have been dropped.

For example, the OLS estimator sets gi (yi , xi ,β) = (yi − x′
iβ)xi ; see (2.22)

with vi = 1. Then

B = 1

n

∑
i

E
[(

yi − x′
iβ
)2]

xi x′
i .
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A consistent estimator of B that makes no assumptions on E[(yi − x′
iβ)2] is

B̂ = 1

n

∑
i

(
yi − x′

i β̂
)2

xi x′
i .

White (1980), building on work by Eicker (1967), proposed this estimator to
guard against heteroskedasticity in models assuming homoskedasticity. Huber
(1967) and White (1982) proposed the sandwich estimator (see [2.19]) to guard
against misspecification of the density in the maximum likelihood framework.
The robust sandwich estimator is often called the Huber estimator or Eicker-
White estimator.

The estimating equation approach is general enough to include maximum
likelihood and GLM as special cases. Extension to longitudinal data, due to Liang
and Zeger (1986), is presented in Chapter 9. Optimal estimating equations based
on the first few moments of the dependent variable are given in Chapter 12.
Such extensions have tended to be piecemeal and assume the number of moment
conditions equals the number of parameters. A very general framework, widely
used in econometrics but rarely used in other areas of statistics, is generalized
methods of moments. This is now presented.

2.5.2 Generalized Methods of Moments

We consider the r population moment (or orthogonality) conditions

E[hi (yi , xi ,θ)] = 0, i = 1, . . . , n, (2.67)

where hi is an r ×1 vector and r ≥ q , so that the number of moment conditions
potentially exceeds the number of parameters. Meaningful examples where
r ≥ q are presented in later chapters.

Hansen (1982) proposed the generalized methods of moments (GMM) esti-
mator θ̂GMM, which makes the sample moment corresponding to (2.67) as small
as possible in the quadratic norm[

n∑
i=1

hi (yi , xi ,θ)

]′
Wn

[
n∑

i=1

hi (yi , xi ,θ)

]
, (2.68)

where Wn is a possibly stochastic symmetric positive definite r × r weighting
matrix, which converges in probability to a nonstochastic matrix W. The GMM
estimator is calculated as the solution to the resulting first-order conditions[

n∑
i=1

∂h′
i

∂θ

]
Wn

[
n∑

i=1

hi

]
= 0, (2.69)

where hi = hi (yi , xi ,θ). The solution will generally require an iterative tech-
nique. The parameter θ is identified if (2.67) has a unique solution.



40 2. Model Specification and Estimation

Under suitable assumptions θ̂
p→ θ0, where θ0 is the value of θ that mini-

mizes the probability limit of n−2 times the objective function (2.68). Also,

√
n(θ̂GMM − θ0)

d→ N[0, A−1BA−1], (2.70)

where the formulas for A and B are

A = H′WH (2.71)

B = H′WSWH (2.72)

where

H = lim
n→∞

1

n
E

[
n∑

i=1

∂hi

∂θ′

∣∣∣∣∣
θ0

]
(2.73)

S = lim
n→∞

1

n
E

[
n∑

i=1

n∑
j=1

hi h′
j

∣∣∣∣∣
θ0

]
. (2.74)

The expression for S permits possible correlation across i and j , and hence
covers the case of time series. Note that substitution of (2.71) and (2.72) into
(2.70) yields an expression for the variance matrix of the GMM estimator of the
same form as (2.24) for the linear WLS estimator.

For given choice of population moment condition hi (yi , xi ,θ) in (2.67), the
optimal choice of weighting matrix Wn in (2.68) is the inverse of a consis-
tent estimator Ŝ of S. The optimal GMM estimator θ̂

opt
GMM minimizes[

n∑
i=1

hi (yi , xi ,θ)

]′
Ŝ−1

[
n∑

i=1

hi (yi , xi ,θ)

]
. (2.75)

Then
√

n
(
θ̂

opt
GMM − θ0

) d→ N[0, A−1], (2.76)

where

A = H′S−1H. (2.77)

A standard procedure is to first estimate the model by GMM with weighting
matrix Wn = Ir to obtain initial consistent estimates of θ. These are used to
form Ŝ needed for optimal GMM.

It is important to note that this optimality is limited, as it is for given moment
condition hi (yi , xi ,θ). Some choices of hi (yi , xi ,θ) are better than others. If
the distribution is completely specified, the MLE is optimal and

hi (yi , xi ,θ) = ∂ ln f (yi | xi ,θ)

∂θ
.
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The relevant theory was presented by Hansen (1982), based on earlier work
on instrumental variables by Amemiya (1974) in the nonlinear case and Sargan
(1958) in the linear case.

In particular, Amemiya (1974) proposed the nonlinear two-stage least
squares or nonlinear instrumental variables (NLIV) estimator, which minimizes[

n∑
i=1

(
yi − µ

(
x′

iβ
))

z′
i

][
n∑

i=1

zi z′
i

]−1[ n∑
i=1

(
yi − µ

(
x′

iβ
))

zi

]
,

(2.78)

where zi is an r × 1 set of instruments such that E[yi −µ(x′
iβ) | zi ] = 0. This is

a GMM estimator where hi (yi , xi ,θ) = (yi −µ(x′
iβ))zi in (2.68). The weighting

matrix in (2.78) is optimal if V[yi | zi ] = σ 2, because then S = σ 2 lim 1
n

∑n
i=1

zi z′
i , and the variance of the estimator from (2.77) is H′S−1H where H =

lim 1
n

∑n
i=1 zi∂µi/∂β

′. This estimator is used, for example, in section 11.3,
which also considers extension to heteroskedastic errors. The linear instrumen-
tal variables or two-stage least squares estimator is the specialization µ(x′

iβ) =
x′

iβ.
Smith (1997) summarizes recent research that places GMM in the likelihood

framework. For example, Qin and Lawless (1994) propose an estimator, asymp-
totically equivalent to GMM, that maximizes the empirical likelihood subject to
moment conditions of the form (2.68).

To operationalize these results requires consistent estimates of H and S. For
H use

Ĥ = 1

n

n∑
i=1

∂hi

∂θ′

∣∣∣∣∣
θ̂GMM

. (2.79)

When observations are independent over i one uses

Ŝ = 1

n

n∑
i=1

hi h′
i

∣∣∣∣∣
θ̂GMM

. (2.80)

In the time series case observations are dependent over i . It is simplest to
assume that only observations up to m periods apart are correlated, as is the
case for a vector moving average process of order m. Then (2.74) simplifies to
S = Ω0 +∑m

j=1(Ω j +Ω′
j ), where Ω j = limn→∞ 1

n E[
∑n

i= j+1 hi h′
i− j ]. Newey

and West (1987a) proposed the estimator

Ŝ = Ω̂0 +
m∑

j=1

(
1 − j

m + 1

)(
Ω̂ j + Ω̂

′
j

)
, (2.81)

where

Ω̂ j = 1

n

n∑
i= j+1

hi h′
i− j

∣∣∣∣∣
θ̂GMM

. (2.82)
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This estimator of S is the obvious estimator of this quantity, aside from multipli-
cation by (1 − j/(m + 1)), which ensures that Ŝ is positive definite. Care needs
to be used to ensure consistency before applying this last result. In particular,
in the time series case if the regressors include lagged dependent variables and
the hi are serially correlated then the GMM estimator will be inconsistent.

The GMM results simplify if r = q , in which case we have the estimating
equations presented in the previous subsection. Then hi (yi , xi ,θ) = gi (yi , xi ,θ),
H = A, B = S, where B assumes independence over i , and the results are in-
variant to choice of weighting matrix Wn . The estimating equations estimator
defined by (2.61) is the GMM estimator which minimizes[

n∑
i = 1

gi (yi , xi ,θ)

]′[ n∑
i = 1

gi (yi , xi ,θ)

]
.

Unlike the general case r > q , this quadratic objective function takes value 0
at the optimal value of θ when r = q .

2.5.3 Optimal GMM

We have already considered a limited form of optimal GMM. Given a choice
of h(yi , xi ,θ) in (2.67), the optimal GMM estimator is θ̂

opt
GMM, defined in (2.75),

which uses as weighting matrix a consistent estimate of S defined in (2.74).
Now we consider the more difficult question of optimal specification of

h(yi , xi ,θ), in the cross-section case or panel case where yi , xi are iid. This is
analyzed by Chamberlain (1987) and Newey (1990a), with an excellent sum-
mary given in Newey (1993). Suppose interest lies in estimation based on the
conditional moment restriction

E[ρ(yi , xi ,θ) | xi ] = 0, i = 1, . . . , n, (2.83)

where ρ(·) is a residual-type s × 1 vector function.
For example, let s = 2 with the components of ρ(·) being ρ1(yi , xi ,θ) =

yi − µi and ρ2(yi , xi ,θ) = (yi − µi )2 − σ 2
i , where µi = µ(xi ,θ) and σ 2

i =
ω(xi ,θ) are specified conditional mean and variance functions.

Typically s is less than the number of parameters, so GMM estimation based
on (2.83) is not possible. Instead we introduce an r × s matrix of functions
D(xi ), where r ≥ q, and note that by the law of iterated expectations,

E[D(xi )ρ(yi , xi ,θ)] = 0, i = 1, . . . , n. (2.84)

θ can be estimated by GMM based on (2.84), because there are now r ≥ q
moment conditions.

The variance of the GMM estimator can be shown to be minimized, given
(2.83), by choosing D(xi ) equal to the q × s matrix

D∗(xi ) = E
[
∂ρ(yi , xi ,θ)′

∂θ

∣∣∣∣xi

]
{E[ρ(yi , xi ,θ)ρ(yi , xi ,θ)′ | xi ]}−1.
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Premultiplication of D∗(xi ) by an s × s matrix of constants (not depending on
xi ) yields an equivalent optimal estimator. It follows that the optimal choice of
h(yi , xi ,θ) for GMM estimation, given (2.83), is

h∗
i (yi , xi ,θ) = E

[
∂ρ(yi , xi ,θ)′

∂θ

∣∣∣∣xi

]
× {E[ρ(yi , xi ,θ)ρ(yi , xi ,θ)′ | xi ]}−1ρ(yi , xi ,θ).

(2.85)

Note that here r = q, so h∗
i (yi , xi ,θ) is q×q and the estimating equation results

of section 2.5.1 are applicable. The optimal GMM estimator is the solution to

n∑
i=1

h∗
i (yi , xi ,θ) = 0.

The limit distribution is given in (2.62) through (2.64), with gi (·) = h∗
i (·).

This optimal GMM estimator is applied, for example, to models with specified
conditional mean and variance functions in section 12.2.2.

2.5.4 Sequential Two-Step Estimators

The GMM framework is quite general. One example of its application is to se-
quential two-step estimators. Consider the case in which a model depends on
vector parameters θ1 and θ2, and the model is estimated sequentially: (1) Ob-
tain a root-n consistent estimate θ̃1 of θ1 that solves

∑n
i=1 h1i (yi , xi , θ̃1) = 0;

and (2) Obtain a root-n consistent estimate θ̂2 of θ2 given θ̃1 that solves∑n
i=1 h2i (yi , xi , θ̃1, θ̂2) = 0.
In general the distribution of θ̂2 given estimation of θ̃1 differs from, and

is more complicated than, the distribution of θ̂2 if θ1 is known. Statistical
inference is invalid if it fails to take into account this complication. Newey
(1984) proposed obtaining the distribution of θ̂2 by noting that (θ1,θ2) jointly
solve the equations

n∑
i=1

h1i (yi , xi ,θ1) = 0

and

n∑
i=1

h2i (yi , xi ,θ1,θ2) = 0.

This is simply a special case of

n∑
i=1

hi (yi , xi ,θ) = 0,
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defining θ= (θ′
1 θ′

2)′ and hi = (h′
1i h′

2i )
′. This is a GMM estimator with

Wn = W = I. Applying (2.70) with A and B partitioned similar to θ and hi

yields a variance matrix for θ̂2, which is quite complicated even though sim-
plification occurs because ∂h1i (θ)/∂θ′

2 = 0. The expression is given in Newey
(1984), Murphy and Topel (1985), Pagan (1986), and Greene (1997a). See also
Pierce (1982).

A well-known exception to the need to take account of the randomness due
to estimation of θ̃1 is feasible GLS, where θ̃1 corresponds to the first-round
estimates used to consistently estimate the variance matrix, and θ̂2 corresponds
to the second-round feasible GLS estimates of the regression parameters for
the conditional mean.

Such simplification occurs whenever E[∂h2i (θ)/∂θ′
1] = 0. This simplifica-

tion holds for the GLM and LEFN models. To see this for LEFN, from (2.42)
with θ̂2 = β̂LEFN and θ̃1 = α̃ and

h2i (θ) = 1

ω̃i (θ̃1)
(yi − µi (θ2))

∂µi (θ2)

∂θ2
,

it follows that E[∂h2i (θ)/∂θ′
1] = 0.

This simplification also arises in the ML framework for jointly estimated θ1

and θ2 if the information matrix is block-diagonal. Then the variance of θ̂1,ML

is the inverse of −E[∂2L(θ)/∂θ1∂θ
′
1] = E[∂(∂L(θ)/∂θ1)/∂θ′

1]. An example is
the negative binomial distribution model with quadratic variance function (see
Section 3.3.1).

2.6 Testing

2.6.1 Likelihood-Based Models

There is a well-developed theory for testing hypotheses in models in which
the likelihood function is specified. Then there are three “classical” statistical
techniques for testing hypotheses – the likelihood ratio, Wald, and Lagrange
multiplier (or score) tests.

Let the null hypothesis be

H0 : r(θ0) = 0,

where r is an h × 1 vector of possibly nonlinear restrictions on θ, h ≤ q. Let
the alternative hypothesis be

Ha : r(θ0) = 0.

For example, rl(θ) = θ3θ4 − 1 if the l th restriction is θ3θ4 = 1. We assume
the restrictions are such that the h × q matrix ∂r(θ)/∂θ′, with the l j th element
∂rl(θ)/∂θ j , has full rank h. This is the analogue of the assumption of linearly
independent restrictions in the case of linear restrictions.
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Let L(θ) denote the likelihood function, θ̂u denote the unrestricted MLE that
maximizes L(θ) = ln L(θ), and θ̃r denote the restricted MLE under H0 that
maximizes L(θ)−λ′r(θ) where λ is an h ×1 vector of Lagrangian multipliers.

We now present the three standard test statistics. Under the regularity con-
ditions they are all asymptotically χ2(h) under H0, and H0 is rejected at signif-
icance level α if the computed test statistic exceeds χ2(h; α).

The likelihood ratio (LR) test statistic

TLR = −2[L(θ̃r ) − L(θ̂u)]. (2.86)

The motivation for TLR is that if H0 is true, the unconstrained and constrained
maxima of the likelihood function should be the same and TLR � 0. The test is
called the likelihood ratio test because TLR equals minus two times the logarithm
of the likelihood ratio L(θ̃r )/L(θ̂u).

The Wald test statistic is

TW = r(θ̂u)′
{

∂r(θ)′

∂θ

∣∣∣∣
θ̂u

[
1

n
Â(θ̂u)−1

]
∂r(θ)

∂θ′

∣∣∣∣
θ̂u

}−1

r(θ̂u) , (2.87)

where Â(θ̂u) is a consistent estimator of the variance matrix defined in (2.13)
evaluated at the unrestricted MLE. This tests how close r(θ̂u) is to the hypoth-
esized value of 0 under H0. By a first-order Taylor series expansion of r(θ̂u)
about θ0 it can be shown that under H0, r(θ̂u)

a∼ N[0, Vr ] where Vr is the
matrix in braces in (2.87). This leads to the chi-square statistic (2.87).

The Lagrange multiplier (LM) test statistic is

TLM =
n∑

i=1

∂ ln fi

∂θ′

∣∣∣∣
θ̃r

[
1

n
Ã( θ̃r )

]−1 n∑
i=1

∂ ln fi

∂θ

∣∣∣∣
θ̃r

(2.88)

where Ã( θ̃r ) is a consistent estimator of the variance matrix defined in (2.13)
evaluated at the restricted MLE. Motivation of TLM is given below.

To motivate TLM first define the score vector

s(θ) = ∂L
∂θ

=
n∑

i=1

∂ ln fi

∂θ
. (2.89)

For the unrestricted MLE the score vector s(θ̂u) = 0. These are just the first-order
conditions (2.11) that define the estimator. If H0 is true, then this maximum
should also occur at the restricted MLE, as imposing the constraint will then
have little impact on the estimated value of θ. That is, s(θ̃r ) = 0. TLM measures
the closeness of this derivative to zero. The distribution of TLM follows from
s(θ̃r )

a∼ N (0, 1
n A ) under H0. Using this motivation, TLM is called the score test

because s(θ) is the score vector.
An alternative motivation for TLM is to measure the closeness to zero of the

expected value of the Lagrange multipliers of the constrained optimization prob-
lem for the restricted MLE. Maximizing L(y,θ) − λ′r(θ), the first-order con-
ditions with respect to θ imply s(θ̃r ) = R(θ̃r ) λ̃, where R(θ) = [∂r(θ)′/∂θ].
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Tests based on s(θ̃r ) are equivalent to tests based on the estimated Lagrange
multipliers λ̃ because R(θ̃r ) is of full rank. So TLM is also called the Lagrange
multiplier test. Throughout this book we refer to TLM as the LM test. It is ex-
actly the same as the score test, an alternative label widely used in the statistics
literature.

In addition to being asymptotically χ2(h) under H0, all three test statistics are
noncentral χ2(h) with the same noncentrality parameter under local alternatives
Ha : r(θ) = n−1/2δ, where δ is a vector of constants. So they all have the same
local power. The choice of which test statistic to use is therefore mainly one of
convenience in computation or of small sample performance.

TLR requires estimation of θ under both H0 and Ha . If this is easily done, then
the test is very simple to implement, as one need only read off the log-likelihood
statistics routinely printed out, subtract, and multiply by 2. TW requires estima-
tion only under Ha and is best to use if the unrestricted model is easy to estimate.
TLM requires estimation only under H0 and is attractive if the restricted model
is easy to estimate.

An additional attraction of the LM test is easy computation. Let si (θ̃r ) be the
i th component of the summation forming the score vector (2.89) for the unre-
stricted density evaluated at the restricted MLE. An asymptotically equivalent
version of TLM can be computed as the uncentered explained sum of squares,
or n times the uncentered R2, from the auxiliary OLS regression

1 = si (θ̃r )′γ + ui . (2.90)

The uncentered explained sum of squares from regression of y on X is y′X
(X′X)−1 X′y and the uncentered R2 is y′X(X′X)−1X′y/y′y.

2.6.2 General Models

The preceding results are restricted to hypothesis tests based on MLEs. The
Wald test can be extended to any consistent estimator θ̂ that does not impose
the restrictions being tested. The only change in (2.87) is that θ̂ replaces θ̂u and
V[θ̂] replaces 1

n Â(θ̂u)−1. We test H0 : r(θ0) = 0 using

TW = r(θ̂)′
{

∂r(θ)′

∂θ

∣∣∣∣
θ̂

V[θ̂]
∂r(θ)

∂θ′

∣∣∣∣
θ̂

}−1

r(θ̂), (2.91)

which is χ2(h) under H0. Reject H0 : r(θ0) = 0 against H0 : r(θ0) = 0 if
TW > χ2

α (h). Although such generality is appealing, a weakness of the Wald
test is that in small samples it is not invariant to the parameterization of the
model, whereas LR and LM tests are invariant.

For multiple exclusion restrictions, such as testing whether a set of indicator
variables for occupation or educational level are jointly statistically significant,
H0 : Rθ = 0, where R is an h × q matrix whose rows each have entries of
zero except for one entry of unity corresponding to one of the components of β
that is being set to zero. Then r(θ) = Rθ and one uses (2.91) with r(θ̂) = Rθ̂
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and ∂r(θ)′/∂θ= R. This is the analog of the F test in the linear model under
normality.

The usual t test for significance of the j th regressor is the square root of the
Wald chi-square test. To see this note that for H0 : θ j = 0, r(θ) = θ j , ∂r(θ)/∂θ
is a q ×1 vector with unity in the j th row and zeros elsewhere, and (2.91) yields
TW = θ̂ j [V̂ j j ]−1 θ̂ j where V̂ j j is the j th diagonal entry in V[θ̂] or the estimated
variance of θ̂ j . The square root of TW,

TZ = θ̂ j√
V̂ j j

, (2.92)

is standard normal (the square root of χ2[1]). We reject H0 against Ha : θ j = 0
at significance level α if |TZ| > zα/2. This test is called a t test, following the
terminology for the corresponding test in the linear model under normality. It
is more appropriately called a z test, as the justification for this test statistic in
nonlinear models such as count models is asymptotic and it is in general not
t-distributed in small samples.

The test statistic TZ can be used in one-sided tests. Reject H0 : θ j = 0 against
Ha : θ j > 0 at significance level α if TZ > zα , and reject H0 : θ j = 0 against
Ha : θ j < 0 at significance level α if TZ < −zα .

The Wald approach can be adapted to obtain the distribution of nonlinear
functions of parameter estimates, such as individual predictions of the con-
ditional mean. Suppose interest lies in the function λ = r(θ), and we have
available the estimator θ̂

a∼ N[θ, V[θ̂]]. By the delta method

λ̂ = r(θ̂)
a∼ N[λ, V[λ̂]], (2.93)

where

V[λ̂] = ∂r (θ)′

∂θ

∣∣∣∣
θ̂

V[θ̂]
∂r (θ)

∂θ′

∣∣∣∣
θ̂

. (2.94)

This can be used in the obvious way to get standard errors and construct confi-
dence intervals for λ. For example, if λ is scalar, then a 95% confidence interval
for λ is λ̂ ± 1.96 se (λ̂) where se(λ̂) equals the square root of the scalar in the
right-hand side of (2.94).

The LM and LR hypothesis tests have been extended to GMM estimators
by Newey and West (1987b). See this reference or Davidson and MacKinnon
(1993) for further details.

2.6.3 Conditional Moment Tests

The results so far have been restricted to tests of hypotheses on the parameters.
The moment-based framework can be used to instead perform tests of model
specification. A model may impose a number of moment conditions, not all
of which are used in estimation. For example, the Poisson regression model
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imposes the constraint that the conditional variance equals the conditional mean,
which implies

E
[(

yi − exp
(
x′

iθ
))2 − yi

] = 0.

Because this constraint is not imposed by the MLE, the Poisson model could be
tested by testing the closeness to zero of the sample moment

n∑
i=1

{(
yi − exp

(
x′

i θ̂
))2 − yi

}
.

Such tests, called conditional moment tests, provide a general framework
for model specification tests. These tests were introduced by Newey (1985) and
Tauchen (1985) and are given a good presentation in Pagan and Vella (1989).
They nest hypothesis tests such as Wald, LM, and LR, and specification tests
such as information matrix tests. This unifying element is emphasized in White
(1994).

Suppose a model implies the population moment conditions

E[mi (yi , xi ,θ0)] = 0, i = 1, . . . , n, (2.95)

where mi (·) is an r × 1 vector function. Let θ̂ be a root-n consistent estimator
that converges to θ0, obtained by a method that does not impose the moment
condition (2.95). The notation mi (·) denotes moments used for the tests; gi (·)
or hi (·) denote moments used in estimation.

The correct specification of the model can be tested by testing the closeness
to zero of the corresponding sample moment

m(θ̂) =
n∑

i=1

mi (yi , xi , θ̂). (2.96)

Suppose θ̂ is the solution to the first-order conditions

n∑
i=1

gi (yi , xi , θ̂) = 0.

If E[gi (yi , xi ,θ0)] = 0 and (2.95) holds, then

n−1/2m(θ̂)
d→ N[0, Vm] (2.97)

where

Vm = HJH′, (2.98)

J = lim
n→∞

1

n
E

[∑n
i=1 mi m′

i

∑n
i=1 mi g′

i∑n
i=1 gi m′

i

∑n
i=1 gi g′

i

∣∣∣∣∣
θ0

]
, (2.99)
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the vectors mi = mi (yi , xi ,θ) and gi = gi (yi , xi ,θ),

H = [Ir −CA−1], (2.100)

C = lim
n→∞

1

n
E

[
n∑

i=1

∂mi

∂θ′

∣∣∣∣
θ0

]
, (2.101)

A = lim
n→∞

1

n
E

[
n∑

i=1

∂gi

∂θ′

∣∣∣∣
θ0

]
. (2.102)

The formula for Vm is quite cumbersome because there are two sources of
stochastic variation in m(θ̂) – the dependent variable yi and the estimator θ̂.
See Section 2.7.5 for details.

The conditional moment (CM) test statistic

TCM = n m(θ̂)′V̂m
−1m(θ̂), (2.103)

where V̂m is consistent for Vm , is asymptotically χ2(r ). Moment condition
(2.95) is rejected at significance level α if the computed test statistic exceeds
χ2(r ; α). Rejection is interpreted as indicating model misspecification, although
it is not always immediately apparent in what direction the model is misspeci-
fied.

Although the CM test is in general difficult to implement due to the need to
obtain the variance Vm , it is simple to compute in two leading cases.

First, if the moment mi (·) satisfies

E
[
∂mi

∂θ′

]
= 0, (2.104)

then from section 2.7.5 Vm = lim 1
n E[
∑

i mi m′
i ], which can be consistently

estimated by V̂m = 1
n

∑
i m̂i m̂′

i . For cross-section data, this means

TCM =
n∑

i=1

m̂′
i

[
n∑

i=1

m̂i m̂′
i

]−1 n∑
i=1

m̂i . (2.105)

This can be computed as the uncentered explained sum of squares, or as n times
the uncentered R2, from the auxiliary regression

1 = mi (yi , xi , θ̂)′γ + ui . (2.106)

If E[mi m′
i ] is known, the statistic

n∑
i=1

m̂′
i

[
n∑

i=1

E
[
mi m′

i

]∣∣∣∣
θ̂

]−1 n∑
i=1

m̂i

is an alternative to (2.105).
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A second case in which the CM test is easily implemented is if θ̂ is the MLE.
Then it can be shown that an asymptotically equivalent version of the CM test
can be calculated as the uncentered explained sum of squares, or equivalently
as n times the uncentered R2, from the auxiliary regression

1 = mi (yi , xi , θ̂)′γ1 + si (yi , xi , θ̂)′γ2 + ui , (2.107)

where si is the i th component of the score vector (2.89) and uncentered R2 is
defined after (2.90). This auxiliary regression is a computational device with
no physical interpretation. It generalizes the regression (2.90) for the LM test.
Derivation uses the generalized information matrix equality that

E
[
∂mi (θ)

∂θ′

]
= −E

[
mi (θ)

∂ ln fi (θ)

∂θ′

]
, (2.108)

provided E[mi (θ)] = 0. The resulting test is called the outer product of the
gradient (OPG) form of the test because it sums mi (θ)×∂ ln fi (θ)/∂θ′ evaluated
at θ̂.

A leading example of the CM test is the information matrix IM test of White
(1982). This tests whether the information matrix equality holds, or equivalently
whether the moment condition

E
[

vech

(
∂2 ln fi

∂θ∂θ′ + ∂ ln fi

∂θ

∂ ln fi

∂θ′

)]
= 0

is satisfied, where fi (y,θ) is the specified density. The vector-half operator
vech(·) stacks the components of the symmetric q×q matrix into a q(q+1)/2×1
column vector. The OPG form of the IM test is especially advantageous in this
example, as otherwise one needs to obtain ∂mi (θ)/∂θ′, which entails third
derivatives of the log density (Lancaster, 1984).

Despite their generality, CM tests other than the three classical tests (Wald,
LM, and LR) are rarely exploited in applied work, for three reasons. First, the tests
are unconventional in that there is no explicit alternative hypothesis. Rejection
of the moment condition may not indicate how one should proceed to improve
the model. Second, implementation of the CM test is in general difficult, aside
from the MLE case in which a simple auxiliary regression can be run. But this
OPG form of the test has been shown to have poor small sample properties in
some leading cases (see Davidson and MacKinnon, 1993, chapter 13). Third,
with real data and a large sample, testing at a fixed significance level that
does not vary with sample size will always lead to rejection of sample moment
conditions implied by a model, and to a conclusion that the model is inadequate.
A similar situation also exists in more classical testing situations. With a large
enough sample, regression coefficients will always be significantly different
from zero. But this may be precisely the news that researchers want to hear.

2.7 Derivations

Formal proofs of convergence in probability of an estimator θ̂ to a fixed value
θ∗ are generally difficult and not reproduced here. A clear treatment is given in
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Amemiya (1985, chapter 4), references to more advanced treatment are given
in Davidson and MacKinnon (1993, p. 591), and a comprehensive treatment
is given in Newey and McFadden (1994). If θ̂ maximizes or minimizes an
objective function, then θ∗ is the value of θ that maximizes the probability
limit of the objective function, where the objective function is appropriately
scaled to ensure that the probability limit exists. For example, for maximum
likelihood the objective function is the sum of n terms and is therefore divided
by n. Then θ̂ converges to θ∗, which maximizes plim 1

n

∑n
i=1 ln fi , where the

probability limit is taken with respect to the dgp which is not necessarily fi .
It is less difficult and more insightful to obtain the asymptotic distribution of

θ̂. This is first done in a general framework, with specialization to likelihood-
based models, generalized linear models, and moment-based models in remain-
ing subsections.

2.7.1 General Framework

A framework that covers the preceding estimators, except GMM, is that the
estimator θ̂ of the q × 1 parameter vector θ is the solution to the equation

n∑
i=1

gi (θ) = 0, (2.109)

where gi (θ) = gi (yi , xi ,θ) is a q × 1 vector, and we suppress dependence on
the dependent variable and regressors. In typical applications (2.109) are the
first-order conditions from maximization or minimization of a scalar objective
function, and gi is the vector of first derivatives of the i th component of the
objective function with respect to θ. The first-order conditions (2.6) for the
Poisson MLE are an example of (2.109).

By an exact first-order Taylor series expansion of the left-hand side of (2.109)
about θ∗, the probability limit of θ̂, we have

n∑
i=1

gi (θ∗) +
n∑

i=1

∂gi (θ)

∂θ′

∣∣∣∣
θ∗∗

(θ̂ − θ∗) = 0, (2.110)

for some θ∗∗ between θ̂ and θ∗. Solving for θ̂ and rescaling by
√

n yields

√
n(θ̂ − θ∗) = −

(
1

n

n∑
i=1

∂gi (θ)

∂θ′

∣∣∣∣
θ∗∗

)−1
1√
n

n∑
i=1

gi (θ∗) (2.111)

where it is assumed that the inverse exists.
It is helpful at this stage to recall the proof of the asymptotic normality of

the OLS estimator in the linear regression model. In that case

√
n(θ̂ − θ∗) =

(
1

n

N∑
i=1

xi x′
i

)−1
1√
n

N∑
i=1

xi
(
yi − x′

iθ
)
,
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which is of the same form as (2.111). We therefore proceed in the same way
as in the OLS case, where the first term in the right-hand side converges in
probability to a fixed matrix and the second term in the right-hand side converges
in distribution to the normal distribution.

Specifically, assume the existence of the q × q matrix

A = −plim
1

n

n∑
i=1

∂gi (θ)

∂θ′

∣∣∣∣
θ∗

, (2.112)

where A is positive definite for a minimization problem and negative definite
for a maximization problem. Also assume

1√
n

n∑
i=1

gi (θ∗)
d→ N[0, B], (2.113)

where

B = plim
1

n

n∑
i=1

n∑
j=1

gi (θ)g j (θ)′
∣∣∣∣
θ∗

(2.114)

is a positive definite q × q matrix.
From (2.112) through (2.114),

√
n(θ̂−θ∗) in (2.111) is an N[0, B] dis-

tributed random variable premultiplied by minus the inverse of a random matrix
that converges in probability to a matrix A. Under appropriate conditions

√
n(θ̂ − θ∗)

d→ N[0, A−1BA′−1], (2.115)

or

θ̂
a∼ N
[
θ∗,

1

n
A−1BA′−1

]
. (2.116)

The assumption (2.112) is verified by a law of large numbers because the
right-hand side of (2.112) is an average. The assumption (2.113) is verified by
a multivariate central limit theorem because the left-hand side of (2.113) is a
rescaling of an average. This average is centered around zero (see below), and
hence

V

[
1√
n

n∑
i=1

gi

]
= E

[
1

n

∑
i

∑
j

gi g′
j

]
,

which is finite if there is not too much correlation between gi and g j , i = j.
Note that the definition of B in (2.114) permits correlation across observations,
and the result (2.116) can potentially be applied to time series data.

Finally, note that by (2.111) convergence of θ̂ toθ∗ requires centering around
zero of 1√

n

∑
i gi (θ∗). An informal proof of convergence for estimators defined

by (2.109) is therefore to verify that E∗[
∑

i gi (θ∗)] = 0, where the expectation
is taken with respect to the dgp.
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2.7.2 Likelihood-Based Models

For the MLE given in section 2.3, (2.111) becomes

√
n(θ̂ML − θ∗) = −

(
1

n

n∑
i=1

∂2 ln fi

∂θ∂θ′

∣∣∣∣
θ∗∗

)−1
1√
n

n∑
i=1

∂ ln fi

∂θ

∣∣∣∣
θ∗

,

(2.117)

where fi = f (yi | xi ,θ). An informal proof of consistency of θ̂ to θ0, that
is θ∗ = θ0, requires E[∂ ln fi/∂θ|θ0 ] = 0. This is satisfied if the density is
correctly specified, so the expectation is taken with respect to f (yi | xi ,θ0),
and the density satisfies the fourth regularity condition.

To see this, note that any density f (y |θ) satisfies
∫

f (y |θ) dy = 1. Differen-
tiating with respect to θ, ∂

∂θ

∫
f (y |θ) dy = 0. If the range of y does not depend

on θ, the derivative can be taken inside the integral and
∫

(∂ f (y |θ)/∂θ) dy = 0,
which can be reexpressed as

∫
(∂ ln f (y |θ)/∂θ) f (y |θ) dy = 0, because ∂ ln

f (y |θ)/∂θ= (∂ f (y |θ)/∂θ) (1/ f (y |θ)). Then E[∂ ln f (y |θ)/∂θ] = 0, where
E is taken with respect to f (y |θ).

The variance matrix of θ̂ML is 1
n A−1BA−1 where A and B are defined in

(2.112) and (2.114) with g(yi | xi ,θ) = ∂ ln f (yi | xi ,θ)/∂θ. Simplification
occurs if the density is correctly specified and the range of y does not depend
on θ. Then the information matrix equality A = B holds.

To see this, differentiating
∫

(∂ ln f (y |θ)/∂θ) f (y |θ) dy = 0 with respect
to θ yields

E[∂2 ln f (y |θ)/∂θ∂θ′] = −E[∂ ln f (y |θ)/∂θ ∂ ln f (y |θ)/∂θ′]

after some algebra, where E is taken with respect to f (y |θ).
If the density is misspecified it is no longer the case that such simplifications

occur, and the results of section 2.7.1 for g(θ) = ln f (yi | xi ,θ) yield the result
given in section 2.3.4.

2.7.3 Generalized Linear Models

For the PML estimator for the LEF given in section 2.4.2, (2.111) becomes

√
n(β̂LEF − β0) = −

[
1

n

n∑
i=1

1

vi

{
−∂µi

∂β

∂µi

∂β′ + (yi − µi )
∂2µi

∂β∂β′

− yi − µi

vi

∂µi

∂β

∂vi

∂β′

}∣∣∣∣
β0

]−1

× 1√
n

n∑
i=1

1

vi
{yi − µi }∂µi

∂β

∣∣∣∣
β0

. (2.118)
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An informal proof of convergence of β̂LEF to β0 is that the second term in
the right-hand side is centered around 0 if E[yi − µ(xi ,β0)] = 0, or that the
conditional mean is correctly specified. The first term on the right-hand side
converges to

A = lim
1

n

n∑
i=1

1

vi

∂µi

∂β

∂µi

∂β′

∣∣∣∣
β0

because E[yi − µ(xi ,β0)] = 0, and the second term converges to the normal
distribution with variance matrix

B = lim
1

n

n∑
i=1

ωi

v2
i

∂µi

∂β

∂µi

∂β′

∣∣∣∣
β0

,

where ωi = E[(yi − µ(xi ,β0))2]. Then V[β̂LEF] = 1
n A−1BA−1.

For the QGPML estimator for the LEFN density in section 2.4.3 we have
√

n(β̂LEFN − β0)

= −
[

1

n

n∑
i=1

1

ω̃i

{
−∂µi

∂β

∂µi

∂β′ + (yi − µi )
∂2µi

∂β∂β′

}∣∣∣∣
β0

]−1

× 1√
n

n∑
i=1

1

ω̃i
(yi − µi )

∂µi

∂β

∣∣∣∣
β0

(2.119)

where ω̃i = ω(µ(xi , β̃), α̃). Then vi in A and B above is replaced by ωi , which
implies A = B.

Derivation for the estimator in the GLM of section 2.4.4 is similar.

2.7.4 Moment-Based Models

Results for estimating equations given in section 2.5.1 follow directly from
section 2.7.1.

The GMM estimator given in section 2.5.2 solves the equations[
1

n

n∑
i=1

∂hi (yi , xi ,θ)′

∂θ

]
Wn

[
1√
n

n∑
i=1

hi (yi , xi ,θ)

]
= 0, (2.120)

on multiplying by an extra scaling parameter n−3/2. Taking a Taylor series
expansion of the third term similar to (2.110) yields[

1

n

n∑
i=1

∂h′
i

∂θ

]
Wn

[
1√
n

n∑
i=1

hi

∣∣∣∣∣
θ∗

+ 1

n

n∑
i=1

∂hi

∂θ′

∣∣∣∣∣
θ∗∗

√
n(θ̂GMM − θ∗)

]
= 0,
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where hi = hi (yi , xi ,θ). Solving yields

√
n(θ̂GMM − θ∗) =

([
1

n

n∑
i=1

∂h′
i

∂θ

]
Wn

[
1

n

n∑
i=1

∂hi

∂θ′

∣∣∣∣
θ∗

])−1

×
[

1

n

n∑
i=1

∂h′
i

∂θ

]
Wn

1√
n

n∑
i=1

hi

∣∣∣∣
θ∗∗

. (2.121)

Equation (2.121) is the key result for obtaining the variance of the GMM
estimator. It is sufficient to obtain the probability limit of the first five terms
and the limit distribution of the last term in the right-hand side of (2.121). Both
1
n

∑
i ∂hi/∂θ

′ and 1
n

∑
i ∂hi/∂θ

′|θ∗ converge in probability to the matrix H
defined in (2.73), and by assumption plimWn = W. By a central limit theorem

1√
n

∑
i hi |θ∗∗ converges in distribution to N[0, S] where

S = lim
n→∞

1

n
E

[∑
i

∑
j

hi h′
j

∣∣∣∣
θ∗

]
.

Thus from (2.121)
√

n(θ̂GMM −θ∗) has the same limit distribution as (H′WH)−1

H′W times a random variable that is N[0, S]. Equivalently,
√

n(θ̂ − θ∗)
d→

N[0, A−1BA−1] where A = H′WH and B = H′WSWH.
The optimal GMM estimator can be motivated by noting that the variance is

exactly the same matrix form as that of the linear WLS estimator given in (2.24),
with X = H, V−1 = W and Ω= S. For given X and Ω the linear WLS variance is
minimized by choosing V =Ω. By the same matrix algebra, for given H and S
the GMM variance is minimized by choosing W = S−1. Analogously to feasible
GLS one can equivalently use Wn = Ŝ−1 where Ŝ is consistent for S.

2.7.5 Conditional Moment Tests

For the distribution of the conditional moment test statistic (2.96), we take a
first-order Taylor series expansion about θ0

1√
n

m(θ̂) = 1√
n

n∑
i=1

mi (θ0) + 1

n

n∑
i=1

∂mi (θ0)

∂θ′
√

n(θ̂ − θ0),

(2.122)

where mi (θ0) = mi (yi , xi ,θ0) and ∂mi (θ0)/∂θ′ = ∂mi (yi , xi ,θ0)/∂θ′|θ0 . We
suppose θ̂ is the solution to the first-order conditions

n∑
i=1

gi (θ̂) = 0,
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where gi (θ) = gi (yi , xi ,θ). Replacing
√

n(θ̂ − θ0) by the right-hand side of
(2.111) yields

1√
n

m(θ̂) = 1√
n

n∑
i=1

mi (θ0) − 1

n

n∑
i=1

∂mi (θ0)

∂θ′

×
(

1

n

n∑
i=1

∂gi (θ0)

∂θ′

)−1
1√
n

n∑
i=1

gi (θ0). (2.123)

It follows on some algebra that

1√
n

m(θ̂)
L D= [Ir −CA−1]

 1√
n

∑n
i=1 mi (θ0)

1√
n

∑n
i=1 gi (θ0)

 (2.124)

where
L D= means has the same limit distribution as, and

C = lim
n→∞

1

n
E

[
n∑

i=1

∂mi

∂θ′

∣∣∣∣
θ0

]
,

and

A = lim
n→∞

1

n
E

[
n∑

i=1

∂gi

∂θ′

∣∣∣∣
θ0

]
.

Equation (2.124) is the key to obtaining the distribution of the CM test
statistic. By a central limit theorem the second term in the right-hand side of
(2.124) converges to N[0, J] where

J = lim
n→∞

1

n
E

[∑n
i=1 mi m′

i

∑n
i=1 mi g′

i∑n
i=1 gi m′

i

∑n
i=1 gi g′

i

] ∣∣∣∣∣
θ0

.

It follows that n−1/2m(θ̂)
d→ N[0, Vm] where

Vm = HJH′,

J is defined already, and

H = [Ir −CA−1].
The CM test can be operationalized by dropping the expectation and evaluating
the expressions above at θ̂.

In the special case in which (2.104) holds, that is, E[∂mi/∂θ
′] = 0, C = 0

so Vm = HJH′ = lim 1
n E[
∑n

i=1 mi m′
i ] leading to the simplification (2.105). For

the OPG auxiliary regression (2.107) if θ̂ is the MLE, see, for example, Pagan
and Vella (1989).
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2.8 Bibliographic Notes

Standard references for estimation theory are Amemiya (1985) and Davidson
and MacKinnon (1993), and a comprehensive treatment is given in Newey and
McFadden (1994). For maximum likelihood estimation see also Hendry (1995).
The two-volume work by Gourieroux and Montfort (1995) presents estimation
and testing theory in considerable detail, with considerable emphasis on the PML
framework. Reference to GLM is generally restricted to the statistics literature,
even though it nests many common nonlinear regression models, including the
linear, logit, probit, and Poisson regression models. Key papers are Nelder and
Wedderburn (1972), Wedderburn (1974), and McCullagh (1983); the standard
reference is McCullagh and Nelder (1989). The book by Fahrmeir and Tutz
(1994) presents the GLM framework and recent advances in a form amenable
to econometricians. This may encourage more social science analyses to take
advantage of results for GLM models, especially for more complicated forms of
data. The estimating equation approach is summarized by Carroll, Ruppert, and
Stefanski (1995). For GMM the paper by Hansen (1982) and other references
are generally written at an advanced level. These include Newey and West
(1987a), for a relatively brief statement of the estimator and its distribution, and
detailed textbook treatments by Ogaki (1993), Hamilton (1994, chapter 14), and
Davidson and MacKinnon (1993, chapter 17).

2.9 Exercises

2.1 Let the dgp for y be y = Xβ0 + u, where X is nonstochastic and u ∼ (0,Ω).
Show by substituting out y that the WLS estimator defined in (2.23) can be ex-
pressed as β̂WLS = β0 + (X′V−1X)−1X′V−1u. Hence, obtain V[β̂WLS] given
in (2.24).

2.2 Let y have the LEF density f (y | µ) given in (2.26), where the range
of the y does not depend on µ ≡ E[y]. Show by differentiating with respect
to µ the identity

∫
f (y | µ) dy = 1 that E[a′(µ) + c′(µ)y] = 0. Hence obtain

E[y] given in (2.27). Show by differentiating with respect to µ the identity∫
y f (y | µ) dy = µ that E[a′(µ)y + c′(µ)y2] = 1. Hence, obtain V[y] given in

(2.28).

2.3 For the LEF log-likelihood defined in (2.29) and (2.30) obtain the first-
order conditions for the MLE β̂ML. Show that these can be reexpressed as (2.31)
using (2.27) and (2.28). From (2.31) obtain the first-order conditions for the
MLE of the Poisson regression model with exponential mean function.

2.4 Consider the geometric density f (y | µ) = µy(1 + µ)−y−1 , where y =
0, 1, 2, . . . and µ = E[y]. Write this density in the LEF form (2.26). Hence,
obtain the formula for V[y] using (2.28). In the regression case in which
µi = exp(x′

iβ) obtain the first-order conditions for the MLE for β. Give the
distribution for this estimator, assuming correct specification of the variance.
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2.5 Consider the geometric density f (y | µ) = µy(1 + µ)−y−1 , where y = 0, 1,
2, . . . and µ = E[y]. Write this density in the canonical form of the LEF (2.45).
Hence, obtain the formula for V[y] using (2.47). Obtain the canonical link
function for the geometric, verifying that it is not the log link function. In
the regression case with the canonical link function obtain the first-order con-
ditions for the MLE for β. Give the distribution for this estimator, assuming
correct specification of the variance.

2.6 Models with exponential mean function exp(x′
iβ), where β and xi are

k × 1 vectors, satisfy E[(yi − exp(x′
iβ))xi ] = 0. Obtain the first-order condi-

tions for the GMM estimator that minimizes (2.68), where h(yi , xi ,β) = (yi −
exp(x′

iβ))xi and W is k × k of rank k. Show that these first-order conditions
are a full-rank k × k matrix transformation of the first-order conditions (2.6)
for the Poisson MLE. What do you conclude?

2.7 For the Poisson regression model with exponential mean function exp
(x′

iβ), consider tests for exclusion of the subcomponent x2i of xi = [x′
1i , x′

2i ]
′,

which are tests of β2 = 0. Obtain the test statistic TLM given (2.88). State how to
compute an asymptotically equivalent version of the LM test using an auxiliary
regression. State how to alternatively implement Wald and LR tests of β2 = 0.

2.8 Show that variance–mean equality in the Poisson regression model with
exponential mean implies that E[{yi −exp(x′

iβ)2−yi }2] = 0. Using this moment
condition obtain the conditional moment test statistic TCM given in (2.105), first
showing that the simplifying condition (2.104) holds if yi ∼ P[exp(x′

iβ)]. State
how to compute TCM by an auxiliary regression. Does β̂ need to be the MLE
here, or will any

√
n-consistent estimator do?



CHAPTER 3

Basic Count Regression

3.1 Introduction

This chapter is intended to provide a self-contained treatment of basic cross-
section count data regression analysis. It is analogous to a chapter in a standard
statistics text that covers both homoskedastic and heteroskedastic linear regres-
sion models.

The most commonly used count models are Poisson and negative binomial.
For readers interested only in these models it is sufficient to read sections 3.1
through 3.5, along with preparatory material in sections 1.2 and 2.2 in previous
chapters.

Additional regression models for cross-section count data are given in the
remainder of Chapter 3, most notably the ordered probit and logit models. These
additional models generally ignore the count nature of the data. Still further
models, such as the hurdle model, which do explicitly treat the data as count
data, are given in Chapter 4. Some model diagnostic methods are presented in
Chapter 3, but most are deferred to Chapter 5.

As indicated in Chapter 2, the properties of an estimator vary with the as-
sumptions made on the dgp. By correct specification of the conditional mean or
variance or density, we mean that the functional form and explanatory variables
in the specified conditional mean or variance or density are those of the dgp.

The simplest regression model for count data is the Poisson regression model.
For the Poisson MLE it can be shown that:

1. Consistency requires correct specification of the conditional mean. It
does not require that the dependent variable y be Poisson distributed.

2. Valid statistical inference using computed maximum likelihood stan-
dard errors and t statistics requires correct specification of both the
conditional mean and variance. This requires equidispersion, that is,
equality of conditional variance and mean, but not Poisson distribution
for y.

3. Valid statistical inference using appropriately modified maximum like-
lihood output is still possible if data are not equidispersed, provided
the conditional mean is correctly specified.
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4. More efficient estimators than Poisson MLE can be obtained if data
are not equidispersed.

Properties 1 through 4 are similar to those of the OLS estimator in the
classical linear regression model, which is the MLE if errors are iid normal. The
Poisson restriction of equidispersion is directly analogous to homoskedasticity
in the linear model. If errors are heteroskedastic in the linear model, one would
use alternative t statistics to those from the usual OLS output (property 3) and
preferably estimate by WLS (property 4).

In many applications count data are overdispersed, with conditional vari-
ance exceeding conditional mean. One response is to nonetheless use Poisson
regression, because as already noted it still yields consistent estimates provided
the conditional mean is correctly specified. It is necessary, however, to adjust
standard error estimates. This leads to estimators closely related to the Poisson
MLE, which differ according to assumptions made about the dgp. Specializing
the GLM results from Section 2.4 to the Poisson case, we have

1. Poisson MLE with statistical inference based on the assumption that
the data are Poisson.

2. Poisson pseudo-MLE (PMLE), which is the Poisson MLE with statis-
tical inference based on the correct specification of the mean but not
assuming equidispersion.

3. Poisson GLM estimator, quasigeneralized PMLE (QGPMLE), and GMM
estimator, which are all based on correct specification of the mean and
variance.

Results vary with the specified variance function. By far the simplest as-
sumption is that the variance is a multiple of the mean. In this case the Poisson
maximum likelihood and GLM coefficient estimates are identical, and the usual
Poisson maximum likelihood standard errors and t statistics can be used after
appropriate rescaling.

An alternative to Poisson regression is to specify a more general distribution
than the Poisson that does not impose equidispersion and to perform standard
maximum likelihood inference. The standard distribution used is the negative
binomial, with variance assumed to be a quadratic function of the mean.

It is important that such modifications to Poisson MLE be made. Count data
are often very overdispersed, which causes computed Poisson maximum likeli-
hood t statistics to be considerably overinflated. This can lead to very erroneous
and overly optimistic conclusions of statistical significance of regressors.

The various Poisson regression estimators are presented in section 3.2; neg-
ative binomial regression is given in section 3.3. Tests for overdispersion are
presented in section 3.4. Practical issues of interpretation of coefficients with
an exponential, rather than linear, specification of the conditional mean, and
use of estimates for prediction, are presented in section 3.5. An alternative
approach to count data is to assume an underlying continuous latent process,
with higher counts arising as the continuous variable passes successively higher
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thresholds. Ordered probit and related discrete choice models are presented in
section 3.6. Least-squares methods are the focus of section 3.7. These include
nonlinear least squares with exponential conditional mean function, and OLS
with the dependent variable a transformation of the count data y to reduce het-
eroskedasticity and asymmetry. Throughout this chapter the methods presented
are applied to a regression model for the number of doctor visits, introduced in
section 3.2.6.

For completeness many different models, regression parameter estimators,
and standard error estimators are presented in this chapter. The models consid-
ered are the Poisson and two variants of the negative binomial – NB1 and NB2.
The estimators considered include MLE, PMLE, and QGPMLE. An acronym
such as NB1 MLE is shorthand for the NB1 model estimated by maximum
likelihood.

For many analyses the Poisson PMLE with corrected standard errors, the
negative binomial MLE, and the ordered probit MLE are sufficient. The most
common departure from these is the hurdle model, presented in the next chapter.

3.2 Poisson MLE, PMLE, and GLM

Many of the algebraic results presented in this chapter need to be modified if
the conditional mean function is not exponential.

3.2.1 Poisson MLE

From section 1.2.3, the Poisson regression model specifies that yi given xi is
Poisson distributed with density

f (yi | xi ) = e−µi µ
yi

i

yi !
, yi = 0, 1, 2, . . . (3.1)

and mean parameter

E[yi | xi ] = µi = exp
(
x′

iβ
)
. (3.2)

The specification (3.2) is called the exponential mean function. The model
comprising (3.1) and (3.2) is usually referred to as the Poisson regression model,
a terminology we also use, although more precisely it is the Poisson regression
model with exponential mean function. In the statistics literature the model is
also called a log-linear model, because the logarithm of the conditional mean
is linear in the parameters: ln E[yi | xi ] = x′

iβ.
Given independent observations, the log-likelihood is

ln L(β) =
n∑

i=1

{
yi x′

iβ − exp
(
x′

iβ
)− ln yi !

}
. (3.3)
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The Poisson MLE β̂P is the solution to the first-order conditions

n∑
i=1

(
yi − exp

(
x′

iβ
))

xi = 0. (3.4)

Note that if the regressors include a constant term then the residuals yi−
exp (x′

iβ) sum to zero by (3.4).
The standard method for computation of β̂P is the Newton-Raphson itera-

tive method. Convergence is guaranteed, because the log-likelihood function
is globally concave. In practice often fewer than ten iterations are needed. The
Newton-Raphson method can be implemented by iterative use of OLS as pre-
sented in section 3.8.

If the dgp for yi is indeed Poisson with mean (3.2) we can apply the usual
maximum likelihood theory as in section 2.3.2. This yields

β̂P
a∼ N[β, VML[β̂P]] (3.5)

where

VML[β̂P] =
(

n∑
i=1

µi xi x′
i

)−1

, (3.6)

using E[∂2 ln L/∂β∂β′] = −∑n
i=1 µi xi x′

i . Strictly speaking we should assume
that the dgp evaluates β at the specific value β0 and replace β by β0 in (3.5).
This more formal presentation is used in Chapter 2. In the rest of the book we
use a less formal presentation, provided the estimator is indeed consistent.

Most statistical programs use Hessian maximum likelihood (MLH) stan-
dard errors using (3.6) evaluated at µ̂i = exp(x′

i β̂P). By the information matrix
equality one can instead use the summed outer product of the first derivatives
(see section 2.3.2), leading to the maximum likelihood outer product (MLOP)
estimator

V̂MLOP[β̂P] =
(

n∑
i=1

(yi − µi )
2xi x′

i

)−1

, (3.7)

evaluated at µ̂i . A general optimization routine may provide standard errors
based on (3.7), which asymptotically equals (3.6) if data are equidispersed.

3.2.2 NB1 and NB2 Variance Functions

In the Poisson regression model yi has mean µi = exp(x′
iβ) and variance µi .

We now relax the variance assumption, because data almost always reject the
restriction that the variance equals the mean, and we maintain the assumption
that the mean is exp(x′

iβ).
We use the general notation

ωi = V[yi | xi ] (3.8)
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to denote the conditional variance of yi . It is natural to continue to model the
variance as a function of the mean, with

ωi = ω(µi , α) (3.9)

for some specified function ω(·) and where α is a scalar parameter. Most models
specialize this to the general variance function

ωi = µi + αµ
p
i , (3.10)

where the constant p is specified. Analysis is usually restricted to two special
cases, in addition to the Poisson case of α = 0.

First, the NB1 variance function sets p = 1. Then the variance

ωi = (1 + α)µi (3.11)

is a multiple of the mean. In the GLM framework this is usually rewritten as

ωi = φµi , (3.12)

where φ = 1 + α.
Second, the NB2 variance function sets p = 2. Then the variance is quadratic

in the mean:

ωi = µi + αµ2
i . (3.13)

In both cases the dispersion parameter α is to be estimated.
Cameron and Trivedi (1986), in the context of negative binomial models,

used the terminology NB1 model to describe the case p = 1 and NB2 model to
describe the case p = 2. Here we have extended this terminology to the variance
function itself.

3.2.3 Poisson PMLE

The assumption of a Poisson distribution is stronger than necessary for sta-
tistical inference based on β̂P defined by (3.4). As discussed in section 2.4.2,
whose results are used extensively in this subsection, consistency holds for
the MLE of any specified LEF density such as the Poisson, provided the con-
ditional mean function (3.2) is correctly specified. An intuitive explanation is
that consistency requires the left-hand side of the first-order conditions (3.4)
to have expected value zero. This is the case if E[yi | xi ] = exp(x′

iβ), because
then E[(yi − exp(x′

iβ))xi ] = 0.
Given this robustness to distributional assumptions, we can continue to use

β̂P even if the dgp for yi is not the Poisson. If an alternative dgp is entertained,
the estimator defined by the Poisson maximum likelihood first-order conditions
(3.4) is called the Poisson pseudo-MLE (PMLE) or the Poisson quasi-MLE. This
terminology means that the estimator is like the Poisson MLE in that the Poisson
model is used to motivate the first-order condition defining the estimator, but it
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is unlike the Poisson MLE in that the dgp used to obtain the distribution of the
estimator need not be the Poisson. Here we assume the Poisson mean but relax
the Poisson restriction of equidispersion.

The Poisson PMLE β̂P is defined to be the solution to (3.4). If (3.2) holds
then

β̂P
a∼ N[β, VPML[β̂P]], (3.14)

where

VPML[β̂P] =
(

n∑
i=1

µi xi x′
i

)−1 ( n∑
i=1

ωi xi x′
i

)(
n∑

i=1

µi xi x′
i

)−1

(3.15)

and ωi is the conditional variance of yi defined in (3.8). Implementation of
(3.15) depends on what functional form, if any, is assumed for ωi .

Poisson PMLE with Poisson Variance Function

If the conditional variance of yi is that for the Poisson, so ωi = µi , then the
variance matrix (3.15) simplifies to (3.6). Thus the usual Poisson maximum like-
lihood inference is valid provided the first two moments are correctly specified.

Poisson PMLE with NB1 Variance Function

The simplest generalization of ωi = µi is the NB1 variance function (3.12).
Because ωi = φµi the variance matrix in (3.15) simplifies to

VNB1[β̂P] = φ

(
n∑

i=1

µi xi x′
i

)−1

= φVML[β̂P], (3.16)

where VML[β̂P] is the maximum likelihood variance matrix given in (3.6). Thus,
the simplest way to handle overdispersed or underdispersed data is to begin with
the computed Poisson maximum likelihood output. Then, multiply maximum
likelihood output by φ to obtain correct variance matrix, multiply by

√
φ to

obtain correct standard errors, and divide by
√

φ to get correct t statistics.
The standard estimator of φ is

φ̂NB1 = 1

n − k

n∑
i=1

(yi − µ̂i )2

µ̂i
. (3.17)

The motivation for this estimator is that variance function (3.12) implies E[(yi −
µi )2] = φµi and hence φ = E[(yi − µi )2/µi ]. The corresponding sample mo-
ment is (3.17) where division by (n − k) rather than n is a degrees-of-freedom
correction. This approach to estimation is the GLM approach presented in
section 2.4.3; see also section 3.2.4. Poisson regression packages using the
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GLM framework automatically use (3.16) for standard errors; most others in-
stead use (3.6).

Poisson PMLE with NB2 Variance Function

A common alternative specification for the variance of yi is the NB2 variance
function (3.13). Then, because ωi = µi + αµ2

i , the variance matrix (3.15) be-
comes

VNB2[β̂P] =
(

n∑
i=1

µi xi x′
i

)−1( n∑
i=1

(
µi + αµ2

i

)
xi x′

i

)(
n∑

i=1

µi xi x′
i

)−1

.

(3.18)

This does not simplify and computation requires matrix routines. One of several
possible estimators of α is

α̂NB2 = 1

n − k

n∑
i=1

{(yi − µ̂i )2 − µ̂i }
µ̂2

i

. (3.19)

The motivation for this estimator of α is that (3.13) implies E[(yi −µi )2 −µi ] =
αµ2

i and hence α = E[{(yi − µi )2 − µi }/µ2
i ]. The corresponding sample mo-

ment with degrees-of-freedom correction is (3.19). This estimator was proposed
by Gourieroux et al. (1984a, 1984b).

Alternative estimators of φ and α for NB1 and NB2 variance functions are
given in Cameron and Trivedi (1986). In practice studies do not present esti-
mated standard errors for φ̂NB1 and α̂NB2, although these can be obtained using
the delta method given in section 2.6.2. A series of papers by Dean (1993,
1994) and Dean, Eaves and Martinez (1995) consider different estimators for
the dispersion parameter and consequences for variance matrix estimation.

Poisson PMLE with Unspecified Variance Function

The variance matrix (3.15) can be consistently estimated without specifica-
tion of a functional form for ωi . We need to estimate for unknown ωi the
middle term in VPML[β̂P] defined in (3.15). Formally, a consistent estimate of
lim 1

n

∑n
i=1 E[(yi − µi )2 | xi ]xi x′

i is needed. It can be shown that if (yi , xi ) are
iid this k × k matrix is consistently estimated by 1

n

∑n
i=1(yi − µ̂i )2xi x′

i , even
though it is impossible to consistently estimate each of the n scalars ω2

i by
(yi − µ̂i )2. This yields the variance matrix estimate

VRS[β̂P] =
(

n∑
i=1

µi xi x′
i

)−1 ( n∑
i=1

(yi − µi )
2xi x′

i

)(
n∑

i=1

µi xi x′
i

)−1

,

(3.20)

which is evaluated at µ̂i .
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The estimator (3.20) is the RS estimator discussed in section 2.5.1. It builds
on work by Eicker (1967), who obtained a similar result in the nonregression
case, and White (1980), who obtained this result in the OLS regression case
and popularized its use in econometrics. See Robinson (1987) for a history
of this approach and for further references. This method is used extensively
throughout this book, in settings much more general than the Poisson PMLE
with cross-section data. As shorthand we refer to standard errors as robust
standard errors whenever a similar approach is used to obtain standard errors
without specifying functional forms for the second moments of the dependent
variable.

An alternative way to proceed when the variance function ωi is not specified
is to bootstrap. This estimates properties of the distribution of β̂P and performs
statistical inference on β by resampling from the original data set. The standard
procedure for linear regression is to bootstrap residuals (yi −µ̂i ). This procedure
cannot be applied to residuals from Poisson regression, however, as (yi − µi )
is then heteroskedastic, and noninteger values of yi would arise. Instead for
Poisson regression we bootstrap the pairs (yi , xi ). A detailed discussion of the
bootstrap is given in section 5.5.1.

3.2.4 Poisson GLM

Generalized linear models are defined in section 2.4.4. For the Poisson with
mean function (3.2), which is the canonical link function for this model, the
Poisson GLM density is

f (yi | xi ) = exp

{
x′

iβyi − exp
(
x′

iβ
)

φ
+ c(yi , φ)

}
, (3.21)

where c(yi , φ) is a normalizing constant. Then V[yi ] = φµi , which is the NB1
variance function.

The Poisson GLM estimator β̂PGLM maximizes with respect to β the corre-
sponding log-likelihood, with first-order conditions

n∑
i=1

1

φ

(
yi − exp

(
x′

iβ
))

xi = 0. (3.22)

These coincide with (3.4) for the Poisson PML, except for scaling by the constant
φ. Consequently β̂PGLM = β̂P, and the variance matrix is the same as (3.16)
for the Poisson PML with NB1 variance function

V[β̂PGLM] = φ

(
n∑

i=1

µi xi x′
i

)−1

. (3.23)

To implement this last result for statistical inference on β, GLM practitioners
use the consistent estimate φ̂NB1 defined in (3.17).
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A more obvious approach to estimating the nuisance parameter φ is to max-
imize the log-likelihood based on (3.21) with respect to both β and φ. Differ-
entiation with respect to φ requires an expression for the normalizing constant
c(yi , φ), however, and the restriction that probabilities sum to unity,

∞∑
yi =0

exp

{
1

φ

(
x′

iβyi − exp
(
x′

iβ
))+ c(yi , φ)

}
= 1,

has no simple solution for c(yi , φ). One therefore uses the estimator (3.17),
which is based on assumptions about the first two moments rather than the
density. More generally the density (3.21) is best thought of as merely giving
a justification for the first-order conditions (3.22), rather than as a density that
would be used, for example, to predict the probabilities of particular values
of y.

3.2.5 Poisson EE

A quite general estimation procedure is to use the estimating equation presented
in section 2.4.5,∑

i

1

ωi
(yi − µi )

∂µi

∂β
= 0,

which generalizes linear WLS. Consider a specific variance function of the form
ωi = ω(µi , α), and let α̃ be a consistent estimator of α. For the exponential mean
function ∂µi/∂β = µi xi , so β̂EE solves the first-order conditions

n∑
i=1

1

ω(µi , α̃)
(yi − µi )µi xi = 0. (3.24)

If the variance function is correctly specified then it follows that

VEE[β̂EE] =
(

n∑
i=1

1

ω(µi , α)
µ2

i xi x′
i

)−1

. (3.25)

Because this estimator is motivated by specification of the first two moments,
it can also be viewed as a method-of-moments estimator, a special case of GMM
whose more general framework is unnecessary here as the number of equations
(3.24) equals the number of unknowns. The first-order conditions nest as special
cases those for the Poisson MLE and GLM, which replace ω(µi , α̃) by µi .

3.2.6 Example: Doctor Visits

Consider the following example of the number of doctor visits in the past 2
weeks for a single-adult sample of size 5190 from the Australian Health Survey
1977–78. This and several other measures of health service utilization such as



68 3. Basic Count Regression

Table 3.1. Doctor visits: actual frequency distribution

Count 0 1 2 3 4 5 6 7 8 9
Frequency 4141 782 174 30 24 9 12 12 5 1
Relative frequency .798 .151 .033 .006 .005 .002 .002 .002 .001 .000

Table 3.2. Doctor visits: variable definitions and summary statistics

Standard
Variable Definition Mean deviation

DVISITS Number of doctor visits in past 2 weeks .302 .798
SEX Equals 1 if female .521 .500
AGE Age in years divided by 100 .406 .205
AGESQ AGE squared .207 .186
INCOME Annual income in tens of thousands of dollars .583 .369
LEVYPLUS Equals 1 if private health insurance .443 .497
FREEPOOR Equals 1 if free government health insurance due to low income .043 .202
FREEREPA Equals 1 if free government health insurance due to .210 .408

old age, disability or veteran status
ILLNESS Number of illnesses in past 2 weeks 1.432 1.384
ACTDAYS Number of days of reduced activity in past 2 weeks due to .862 2.888

illness or injury
HSCORE General health questionnaire score using Goldberg’s method 1.218 2.124
CHCOND1 Equals 1 if chronic condition not limiting activity .403 .491
CHCOND2 Equals 1 if chronic condition limiting activity .117 .321

days in hospital and number of medicines taken were analyzed in Cameron,
Trivedi, Milne, and Piggott (1988) in the light of an economic model of joint
determination of health service utilization and health insurance choice. The
particular data presented here were also studied by Cameron and Trivedi (1986).
The analysis of this example in this chapter (see also sections 3.3, 3.4, 3.5.1,
and 3.7.4) is more detailed and covers additional methods.

The dependent variable DVISITS is summarized in Table 3.1. There are few
large counts, with 98% of the sample taking values of 0, 1, or 2. The mean
number of doctor visits is .302 with variance .637. The raw data are therefore
overdispersed, although inclusion of regressors may eliminate the overdisper-
sion.

The variables are defined and summary statistics given in Table 3.2. Regres-
sors can be grouped into four categories: socioeconomic: SEX, AGE, AGESQ,
INCOME; health insurance status indicators: LEVYPLUS, FREEPOOR, and
FREEREPA, with LEVY (government Medibank health insurance) the omitted
category; recent health status measures: ILLNESS, ACTDAYS; and long-term
health status measures: HSCORE, CHCOND1, CHCOND2.
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Table 3.3. Doctor visits: Poisson PMLE with different standard
error estimates

Standard errors
Coefficient, t Statistic,

Variable Poisson PMLE MLH MLOP NB1 NB2 RS Boot NB1

ONE −2.224 .190 .144 .219 .207 .254 .265 −10.16
SEX .157 .056 .041 .065 .062 .079 .076 2.42
AGE 1.056 1.001 .750 1.153 1.112 1.364 1.411 .92
AGESQ −.849 1.078 .809 1.242 1.210 1.460 1.547 −.68
INCOME −.205 .088 .062 .102 .096 .129 .130 −2.02
LEVYPLUS .123 .072 .056 .083 .077 .095 .101 1.49
FREEPOOR −.440 .180 .116 .207 .188 .290 .294 −2.12
FREEREPA .080 .092 .070 .106 .102 .126 .133 .75
ILLNESS .187 .018 .014 .021 .021 .024 .025 8.88
ACTDAYS .127 .005 .004 .006 .006 .008 .008 21.87
HSCORE .030 .010 .007 .012 .012 .014 .015 2.59
CHCOND1 .114 .066 .051 .077 .071 .091 .087 1.48
CHCOND2 .141 .083 .059 .096 .092 .122 .121 1.47
−ln L 3355.5

Note: Different standard error estimates due to different specifications of ω, the conditional vari-
ance of y. MLH, ω = µ hessian estimate; MLOP, ω = µ summed outer product of first derivatives
estimate; NB1, ω = φµ = (1 +α)µ where here α = .328; NB2, ω = µ+αµ2 where here α = .286;
RS, unspecified ω robust sandwich estimate; Boot, unspecified ω bootstrap estimate.

The Poisson maximum likelihood estimates defined by (3.4) are given in
the first column of Table 3.3. These estimates are by definition identical to
the Poisson PML estimates. Various estimates of the standard errors are given
in the remainder of the table, under different assumptions about the variance
of y, where throughout it is assumed that the conditional mean is correctly
specified as in (3.2). Standard errors are presented rather than t statistics to
allow comparison with the precision of alternative estimators given in later
tables.

The MLH standard errors are the usual maximum likelihood standard errors
using the inverse of the Hessian (3.6). If instead one uses the summed outer
product of the first derivatives, the resulting MLOP standard errors using (3.7)
are in this example on average 25% lower than MLH standard errors. Comparison
of (3.6) and (3.7) shows that this is consistent with E[(yi − µi )2 | xi ] = φµi

where 1/
√

φ � .75 or α = (φ − 1) � .78. More generally for overdispersed
data the MLOP standard errors will be biased downward even more than are the
usual MLH standard errors (3.6).

The columns labeled MLH, NB1, and NB2 specify that the variance of y
equals, respectively, the mean, a multiple of the mean, and a quadratic function
of the mean. The standard errors NB1 are 1.152 times MLH standard errors,
because φ̂NB1 = 1.328 using (3.17), which has square root 1.152. The standard
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errors NB2 are obtained using (3.15), where (3.19) yields α̂NB2 = 0.286. These
estimated values of α are not reported in the table, as they are not used in
forming an estimate of β. They are used only to obtain standard errors of the
PMLE of β.

Other count applications yield similar results. In the usual case in which
data are overdispersed, the MLH and MLOP standard errors are smaller than
NB1 and NB2 standard errors and should not be used. The differences can be
much greater than in this example if data are greatly overdispersed. One should
never use MLH or MLOP here.

The column labeled RS uses the robust sandwich estimates given in (3.20).
These are roughly 20 percent larger than NB1 and NB2 standard errors. One pos-
sibility is that the robust sandwich estimates are biased, due to being influenced
by outliers that can lead to large values of (yi − µ̂i )2 in (3.20), even in a sample
as large as 5190. One way to assess this is through a bootstrap. The bootstrap
standard errors in this situation can be shown to be small-sample–corrected es-
timates of the robust sandwich standard errors. The column Boot uses bootstrap
estimates with 200 replications. The bootstrap procedure to estimate standard
errors, and to conduct hypothesis tests, is detailed in section 5.5.1. The boot-
strap standard errors are generally within 5 percent of RS, indicating little bias
in standard error estimation for this example with n = 5190.

Which standard errors should be used? If one is willing to specify that
ωi = φµi (or ωi = µi + αµ2

i ), then one can use NB1 (or NB2) standard errors.
If one is unwilling to impose such variance functions, then one can use RS
standard errors in large samples and bootstrap in small samples. In practice
NB1 standard errors are very appealing, due to the computational advantage of
being a simple rescaling of MLH standard errors often reported by maximum
likelihood routines. This is also the GLM approach. It seems to work well in
practice and clearly is far superior to using maximum likelihood standard errors,
although there appears to be scope for further analysis.

The final column of Table 3.3 gives t statistics based on the NB1 standard
errors. By far the most statistically significant determinants of doctor visits in
the past 2 weeks are recent health status measures – number of illnesses and days
of reduced activity in the past 2 weeks – with positive coefficients, confirming
that sicker people are more likely to visit a doctor. The long-term health status
measure HSCORE and the socioeconomic variable SEX are also statistically
significant. Discussion of the impact of these variables on the number of doctor
visits is deferred to section 3.5.

3.3 Negative Binomial MLE and QGPMLE

The Poisson PML estimator handles overdispersion or underdispersion by mov-
ing away from complete distributional specification to specification of the first
two moments. Alternatively one can specify a distribution that permits more
flexible modeling of the variance than the Poisson.
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The standard parametric model to account for overdispersion is the negative
binomial. There are a number of ways that this distribution can arise, with
two quite different derivations given in Chapter 4. The most common is that
the data are Poisson, but there is gamma-distributed unobserved individual
heterogeneity reflecting the fact that the true mean is not perfectly observed.
An alternative derivation of the negative binomial assumes a particular form of
dependence for the underlying stochastic process, with occurrence of an event
increasing the probability of further occurrences. Cross-section data on counts
are insufficient on their own to discriminate between the two.

3.3.1 NB2 Model and MLE

The most common implementation of the negative binomial is the NB2 model,
with NB2 variance function µ + αµ2 defined in (3.13). It has density

f (y | µ, α) = �(y + α−1)

�(y + 1)�(α−1)

(
α−1

α−1 + µ

)α−1 (
µ

α−1 + µ

)y

,

α ≥ 0, y = 0, 1, 2, . . . (3.26)

This reduces to the Poisson if α = 0 (see section 3.3.3).
The function �(·) is the gamma function, defined in Appendix B, where it

is shown that �(y + a)/�(a) =∏y−1
j=0( j + a), if y is an integer. Thus,

ln

(
�(y + α−1)

�(α−1)

)
=

y−1∑
j=0

ln ( j + α−1). (3.27)

Substituting (3.27) into (3.26), the log-likelihood function for exponential
mean µi = exp (x′

iβ) is therefore

ln L(α, β) =
n∑

i=1

{(∑yi −1

j=0
ln ( j + α−1)

)
− ln yi !

−(yi + α−1) ln
(
1 + α exp

(
x′

iβ
))+ yi ln α + yi x′

iβ}
}
.

(3.28)

The NB2 MLE (β̂NB2, α̂NB2) is the solution to the first-order conditions

n∑
i=1

yi − µi

1 + αµi
xi = 0

n∑
i=1

{
1

α2

(
ln (1 + αµi ) −

yi −1∑
j=0

1

( j + α−1)

)
+ yi − µi

α(1 + αµi )

}
= 0.

(3.29)
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Given correct specification of the distribution[
β̂NB2

α̂NB2

]
a∼ N

([
β

α

]
,

[
VML[β̂NB2] CovML[β̂NB2, α̂NB2]

CovML[β̂NB2, α̂NB2] VML[α̂NB2]

])
(3.30)

where

VML[β̂NB2] =
(

n∑
i=1

µi

1 + αµi
xi x′

i

)−1

, (3.31)

VML[α̂NB2] =
(

n∑
i=1

1

α4

(
ln (1 + αµi ) −

yi −1∑
j=0

1

( j + α−1)

)2

+ µi

α2(1 + αµi )

)−1

(3.32)

and

CovML[β̂NB2, α̂NB2] = 0. (3.33)

This result is obtained by noting that the information matrix is block-diagonal,
because differentiating the first term in (3.29) with respect to α yields

E

[
∂2 ln L

∂β∂α

]
= E

[
−

n∑
i=1

yi − µi

(1 + αµi )2
µi xi x′

i

]
= 0 (3.34)

as E[yi | xi ] = µi . This simplifies analysis as then the general result in section
2.3.2 for the maximum likelihood variance matrix specializes to[

E
[

∂2 ln L
∂β∂β′

]
0

0 E
[

∂2 ln L
∂α2

]]−1

=
[[

E
[

∂2 ln L
∂β∂β′

]]−1
0

0
[
E
[

∂2 ln L
∂α2

]]−1

]
.

Several packages offer this negative binomial model as a standard option.
Alternatively, one can use a maximum likelihood routine with user-provided
log-likelihood function and possibly derivatives. In this case potential computa-
tional problems can be avoided by using the form of the log-likelihood function
given in (3.28), or by using the log-gamma function rather than first calculating
the gamma function and then taking the natural logarithm. If instead one tries
to directly compute the gamma functions, numerical calculation of �(z) with
large values of z may cause an overflow, for example, if z > 169 in the ma-
trix program GAUSS. The restriction to α positive can be ensured by instead
estimating α∗ = ln α and then obtaining α = exp(α∗).
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3.3.2 NB2 Model and QGPMLE

The NB2 density can be reexpressed as

f (y | µ, α) = exp

{
−α−1 ln (1 + αµ) + ln

(
�(y + α−1)

�(y + 1)�(α−1)

)
+ y ln

(
αµ

1 + αµ

)}
. (3.35)

If α is known this is an LEF density defined in section 2.4.2 with a(µ) =
−α−1 ln (1+αµ) and c(µ) = ln (αµ/(1+αµ)). Because a′(µ) = −1/(1+αµ)
and c′(µ) = 1/µ(1+αµ) it follows that E[y] = µ and V[y] = µ+αµ2, which
is the NB2 variance function.

If α is unknown this is an LEFN density defined in section 2.4.3. Given a
consistent estimator α̃ of α, such as (3.19), the QGPMLE β̂QGPML maximizes

ln LLEFN =
n∑

i=1

{
−α̃−1 ln (1 + α̃µi ) + yi ln

(
α̃µi

1 + α̃µi

)
+ b(yi , α̃)

}
.

(3.36)

For exponential mean (3.4) the first-order conditions are

n∑
i=1

yi − µi

1 + α̃µi
xi = 0. (3.37)

Using results from section 2.4.3, or noting that (3.37) is a special case of the
estimating equation (3.24), β̂QGPML is asymptotically normal with mean 0 and
variance

V[β̂QGPML] =
(

n∑
i=1

µi

1 + αµi
xi x′

i

)−1

. (3.38)

This equals VML[β̂NB2] defined in (3.31), so that β̂QGPML is fully efficient for
β if the density is NB2, although α̃ is not necessarily fully efficient for α.

3.3.3 NB1 Model and MLE

Cameron and Trivedi (1986) considered a more general class of negative bino-
mial models with mean µi and variance function µi + αµ

p
i . The NB2 model,

with p = 2, is the standard formulation of the negative binomial model. Mod-
els with other values of p have the same density as (3.26), except that α−1 is
replaced everywhere by α−1µ2−p.

The NB1 model, which sets p = 1, is also of interest because it has the same
variance function, (1 + α)µi = φµi , as that used in the GLM approach. The
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NB1 log-likelihood function is

ln L(α, β) =
n∑

i=1

{(
yi −1∑
j=0

ln ( j + α−1 exp
(
x′

iβ
))− ln yi !

− (yi + α−1 exp
(
x′

iβ
))

ln (1 + α) + yi ln α

}
.

The NB1 MLE solves the associated first-order conditions

n∑
i=1

{(
yi −1∑
j=0

α−1µi

( j + α−1µi )

)
xi + α−1µi xi

}
= 0

n∑
i=1

1

α2

{
−
(

yi −1∑
j=0

µi

( j + α−1)

)
− α−2µi ln (1 + α)

− α

1 + α
+ yiα

}
= 0.

Estimation based on the first two moments of the NB1 density yields the
Poisson GLM estimator, which we also call the NB1 GLM estimator.

3.3.4 Discussion

One can clearly consider negative binomial models other than NB1 and NB2.
The generalized event count model, presented in section 4.4.1, includes the
negative binomial with mean µi and variance function µi + αµ

p
i , where p is

estimated rather than set to the value 1 or 2.
The NB2 model has a number of special features not shared by other models

in this class, including block diagonality of the information matrix, being a
member of the LEF if α is known, robustness to distributional misspecification,
and nesting as a special case the Geometric distribution if α = 1.

The NB2 MLE is robust to distributional misspecification, due to member-
ship in the LEF for specified α. Thus, provided the conditional mean is correctly
specified the NB2 MLE is consistent for β. This can be seen by directly inspect-
ing the first-order conditions for β given in (3.29), whose left-hand side has
expected value zero if the mean is correctly specified. This follows because
E[yi − µi | xi ] = 0.

The associated maximum likelihood standard errors of the NB2 MLE will,
however, generally be inconsistent if there is any distributional misspecification.
First, they are inconsistent if (3.13) does not hold, so the variance function is
incorrectly specified. Second, even if the variance function is correctly specified,
in which case it can be shown that V[β̂NB2] is again that given in (3.31), failure of
the negative binomial assumption leads to evaluation of (3.31) at an inconsistent
estimate of α. From (3.29) consistency of α̂NB2 requires both E[yi −µi | xi ] = 0
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and
∑n

i=1{ln (1 + αµi ) −∑yi −1
j=0 1/( j + α−1)} = 0. This last condition holds

only if in fact y is negative binomial.
Negative binomial models other than NB2 are not at all robust to distributional

misspecification. Then, consistency of the MLE for β requires that the data are
negative binomial. Correct specification of mean and variance is not enough.

Although negative binomial models are not as robust to distribution mis-
specification as the Poisson PML and QGPML, by providing the distribution
they allow predictions about individual probabilities, allowing analysis of tail
behavior, for example, rather than only the conditional mean.

Another variation in negative binomial models is to allow the overdispersion
parameter to depend on regressors. For example, for the NB2 model α can be
replaced by αi = exp (z′

iγ ), which is ensured to be positive. Then the first-order
conditions with respect to γ are similar to (3.29) with the term in the sum in the
second line of (3.29) multiplied by ∂αi/∂zi . In this book we present a range of
models with dispersion parameter entering in different ways but for simplicity
generally restrict the dispersion parameter to be constant. Jorgensen (1997)
gives a general treatment of models with dispersion parameter that depends on
regressors.

It is not immediately clear that the Poisson is a special case of the negative
binomial. To see this for NB2, we use the gamma recursion and let a = α−1.
The NB2 density (3.26) is

f (y) =
(

y−1∏
j=0

( j + a)

)
1

y!

(
a

a + µ

)a ( 1

a + µ

)y

µy

=
(

y−1∏
j=0

j + a

a + µ

)(
a

a + µ

)a

µy 1

y!

=
(

y−1∏
j=0

j
a + 1

1 + µ

a

) (
1

1 + µ

a

)a

µy 1

y!

→ 1 e−µ µy 1

y!
as a → ∞.

The second equality uses (1/(a + µ))y = ∏y−1
j=0 1/(a + µ). The third equality

involves some rearrangement. The last equality uses lima→∞(1 + x/a)a = ex .
The final expression is the Poisson density. So Poisson is the special case of
NB2 where α = 0.

Example: Doctor Visits (Continued)

Table 3.4 presents estimates and standard errors using the most common gener-
alizations of Poisson – the NB2 MLE favored by econometricians and the NB1
GLM used extensively by statisticians. The latter estimates have already been
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Table 3.4. Doctor visits: NB2 and NB1 model estimators and
standard errors

Estimators Standard errors

NB2 NB1 NB2 NB1

Variable MLE QGP MLE GLM MLE QGP MLE GLM

ONE −2.190 −2.196 −2.202 −2.224 .222 .183 .214 .219
SEX .217 .199 .164 .157 .066 .054 .060 .065
AGE −.216 .254 .279 1.056 1.233 1.006 1.126 1.153
AGESQ .609 .068 .021 −.849 1.380 1.115 1.119 1.242
INCOME −.142 −.161 −.135 −.205 .098 .081 .096 .102
LEVYPLUS .118 .112 .212 .123 .085 .070 .084 .083
FREEPOOR −.497 −.473 −.538 −.440 .175 .145 .209 .207
FREEREPA .145 .114 .208 .080 .117 .095 .104 .106
ILLNESS .214 .204 .196 .187 .026 .020 .021 .021
ACTDAYS .144 .136 .112 .127 .008 .005 .006 .006
HSCORE .038 .035 .036 .030 .014 .011 .010 .012
CHCOND1 .099 .101 .132 .114 .077 .064 .075 .077
CHCOND2 .190 .169 .174 .141 .095 .077 .089 .096
α 1.077 .286 .455 .328 .098 .041
−ln L 3198.7 3226.6

Note: NB1 variance function is ω = φµ = (1 + α)µ; NB2 is ω = µ + αµ2.

presented in Table 3.3 as the Poisson PMLE with standard errors computed
assuming the NB1 variance function. In addition we present the less often used
NB2 QGPMLE and NB1 MLE. For NB2 QGPMLE we use α̃ = .286, the estimate
from first estimating β by Poisson regression and then using (3.19).

The various estimators and standard errors of the regression coefficients β
tell a consistent story, although they differ for some variables by over 20%
across the different estimation methods. The signs of AGE and AGESQ vary
across estimators, although all can be shown to imply that the number of doctor
visits increases with age for ages in the range of 20 to 60 years. Standard errors
are reported rather than t statistics, as t statistics vary across estimators for two
reasons: different parameter estimates and different standard errors.

The reported standard errors all assume correct specification of the variance
function. For space reasons, and unlike the analysis of Poisson regression in
Table 3.3, we do not relax this assumption and consider other standard errors
such as robust sandwich and bootstrap. Relaxing the assumption that ω = φµ

or ω = µ + αµ2 is expected to have less impact than relaxing the variance–
mean equality assumption ω = µ. The reported standard errors for NB1 and
NB2 are OP standard errors using the inverse of the outer product of the first
derivatives, and are generally within 5% of the standard errors computed using
the inverse of the hessian.

For the NB1 variance function, the maximum-likelihood and moment-based
estimates α̂ = 1 − φ̂ of, respectively, .455 and .328 are quite similar. By contrast,
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for the NB2 variance function the maximum-likelihood and moment-based
estimates α̂, respectively, 1.077 and .286, are quite different. The moment-
based estimates for NB1 and NB2 use, respectively, (3.17) and (3.19). Another
moment-based method, that given in Cameron and Trivedi (1986, p. 46), yields
for NB1 and NB2 variance functions estimates of, respectively, .218 and .490.
Such differences in estimates of α have received little attention in the literature,
in part because interest lies in estimation of β, with α a nuisance parameter.
But even then they are important, as the standard error estimates of β̂ depend
on α̂.

Within the maximum likelihood framework the NB2 model is preferred here
to NB1 as it has higher log-likelihood, −3198.7 > −3226.6, with the same num-
ber of parameters. In practice, most studies use either NB2 MLE or NB1 GLM.

3.4 Overdispersion Tests

Failure of the Poisson assumption of equidispersion has similar qualitative
consequences to failure of the assumption of homoskedasticity in the linear re-
gression model. But the magnitude of the effect on reported standard errors and
t statistics can be much larger. To see this suppose ωi = 4µi . Then by equation
(3.16) the variance matrix of the Poisson PML estimator is four times reported
maximum likelihood standard errors using (3.6). As a result the reported Poisson
maximum likelihood t statistics need to be deflated by a factor of two. Overdis-
persion as large as ωi = 4µi arises, for example, in the recreational trips data
(see section 1.3) and in health services data on length of hospitalization.

Data are overdispersed if the conditional variance exceeds the conditional
mean. An indication of the magnitude of overdispersion or underdispersion can
be obtained simply by comparing the sample mean and variance of the depen-
dent count variable. Subsequent Poisson regression decreases the conditional
variance of the dependent variable somewhat. The average of the conditional
mean will be unchanged, however, as the average of the fitted means equals
the sample mean. This follows because Poisson residuals sum to zero if a con-
stant term is included. If the sample variance is less than the sample mean, the
data necessarily are even more underdispersed once regressors are included. If
the sample variance is more than twice the sample mean, then data are likely
to remain overdispersed after inclusion of regressors. This is particularly so
for cross-section data, for which regressors usually explain less than half the
variation in the data.

The standard models for overdispersion have already been presented. These
are the NB1 variance function ωi = µi + αµi as in (3.11) or NB2 variance
function ωi = µi +αµ2

i as in (3.13). If one takes the partially parametric mean–
variance approach (GLM) it is much easier to use the NB1 variance function.
If one takes the fully parametric negative binomial approach it is customary to
use NB2. Note that if α = 0 the negative binomial reduces to the Poisson.

A sound practice is to estimate both Poisson and negative binomial models
if software is readily available. The Poisson is the special case of the negative
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binomial with α = 0. The null hypothesis H0 : α = 0 can be tested against the
alternative α > 0 using the hypothesis test methods presented in section 2.6.1.
An LR test uses −2 times the difference in the fitted log-likelihoods of the
two models. Alternatively a Wald test can by performed, using the reported t
statistic for the estimated α in the negative binomial model.

The distribution of these statistics is nonstandard, due to the restriction that
α cannot be less than zero. This complication is usually not commented on, a
notable exception being Lawless (1987b). One way to see problems that arise
is to consider constructing a Monte Carlo experiment to obtain the distribution
of the test statistic. We would draw samples from the Poisson, because this
is the model under the null hypothesis of no overdispersion. Roughly half the
time the data will be underdispersed. Then the negative binomial MLE for α is
zero, the negative binomial parameter estimates equal the Poisson estimates,
and the LR test statistic takes a value of 0. Clearly this test statistic is not χ2

distributed, because half its mass is at zero. Similar problems arise for the Wald
test statistic. A general treatment of hypothesis testing at boundary values is
given by Moran (1971). The asymptotic distribution of the LR test statistic has
probability mass of one half at zero and a half-χ2(1) distribution above 0. This
means that if testing at level δ, where δ > 0.5, one rejects H0 if the test statistic
exceeds χ2

1−2δ(1) rather than χ2
1−δ(1). The Wald test is usually implemented as a

t test statistic, which here has mass of one half at zero and a normal distribution
for values above zero. In this case one continues to use the usual one-sided test
critical value of z1−δ . Essentially the only adjustment that needs to be made
is an obvious one to the χ2 critical values, which arises due to performing a
one-sided rather than two-sided test.

If a package program for negative binomial regression is unavailable, one can
still test for overdispersion by estimating the Poisson model, constructing fitted
values µ̂i = exp(x′

i β̂), and performing the auxiliary OLS regression (without
constant)

(yi − µ̂i )2 − yi

µ̂i
= αµ̂i + ui , (3.39)

where ui is an error term. The reported t statistic for α is asymptotically nor-
mal under the null hypothesis of no overdispersion against the alternative of
overdispersion of the NB2 form. To test overdispersion of the NB1 form, replace
(3.39) with

(yi − µ̂i )2 − yi

µ̂i
= α + ui . (3.40)

These auxiliary regression tests coincide with the score or LM test for Poisson
against negative binomial but additionally test for underdispersion and can be
given a more general motivation based on using only the specified mean and
variance (see Chapter 5).

Beyond rejection or nonrejection of the null hypothesis of equidispersion,
interest may lie in interpreting the magnitude of departures from equidispersion.
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Estimates of α for the NB1 variance function (1 + α)µi are easily interpreted,
with underdispersion if α < 0, modest overdispersion when, say, 0 < α < 1,
and considerable overdispersion if, say, α > 1. For the NB2 variance function
µi + αµ2

i underdispersion also occurs if α < 0. The NB2 variance function
can be inappropriate for underdispersed data, as the estimated variance is neg-
ative for observations with α < − 1/µi . For interpretation of the magnitude of
overdispersion it is helpful to rewrite the NB2 variance as (1 + αµi ) µi . Then
values of considerable overdispersion arise if, say, αµi > 1, because then the
multiplier 1 + αµi > 2. Thus a value of α equal to 0.5 would indicate modest
overdispersion if the dependent variable took mostly values of 0, 1 and 2, but
great overdispersion if counts of 10 or more were often observed.

Most often count data are overdispersed rather than underdispersed, and tests
for departures from equidispersion are usually called overdispersion tests. Note
that the negative binomial model can only accommodate overdispersion.

Example: Doctor Visits (Continued)

From Table 3.1 the data before inclusion of regressors are overdispersed, with
variance–mean ratio of .637/.302 = 2.11. The only question is whether this
overdispersion disappears on inclusion of regressors.

We first consider tests of Poisson against NB2 at significance level 1%. Given
the results in Tables 3.3 and 3.4 the LR test statistic is 2(3355.5 − 3198.7) =
313.6, which exceeds the 1% critical value of χ2

.98(1) = 5.41. The Wald test
statistic from Table 3.4 is 1.077/.098 = 10.99, which exceeds the 1% critical
value of z.99 = 2.33. Finally, the LM test statistic computed using the auxil-
iary regression (3.39) is 7.51, and exceeds the 1% critical value of z.99 = 2.33.
Therefore all three tests strongly reject the null hypothesis of Poisson, indicating
the presence of overdispersion. Note that these tests are asymptotically equiva-
lent, yet there is quite a difference in their realized values of

√
313.6 = 17.69,

10.9, and 7.51.
Similar test statistics for Poisson against NB1 are TLR = 2 × (3355.5 −

3226.6) = 257.8, TW = .455/.041 = 11.10 and TLM = 6.543 on running auxil-
iary regression (3.40). These again strongly reject equidispersion.

Clearly some control is necessary for overdispersion. Possibilities include
the Poisson PML, see Table 3.3, which corrects the standard errors for overdis-
persion, and the various NB1 and NB2 estimators presented in Table 3.4.

3.5 Use of Regression Results

The techniques presented to date allow estimation of count data models and
performance of tests of statistical significance of regression coefficients. We
have focused on tests on individual coefficients. Tests of joint hypotheses such
as overall significance can be performed using the Wald, LM, and LR tests
presented in section 2.6.1. Confidence intervals for functions of parameters can
be formed using the delta method in section 2.6.2.
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We now turn to interpretation of regression coefficients and prediction of the
dependent variable.

3.5.1 Interpretation of Coefficients

An important issue is interpretation of regression coefficients. For example,
what does β̂ j = 0.2 mean? This is straightforward in the linear regression model
E[y | x] = x′β. Then ∂E[y | x]/∂x j = β j , so β̂ j = 0.2 means that a one-unit
change in the j th regressor increases the conditional mean by 0.2 units.

We consider the exponential conditional mean

E[y | x] = exp(x′β), (3.41)

where for exposition the subscript i is dropped. Let the scalar x j denote the j th

regressor. Differentiating

∂E[y | x]

∂x j
= β j exp

(
x′

iβ
)
. (3.42)

For example, if β̂ j = 0.2 and exp(x′
i β̂) = 2.5, then a one-unit change in the

j th regressor increases the expectation of y by 0.5 units.
Calculated values differ across individuals, however, due to different values

of x. This makes interpretation more difficult.
One procedure is to aggregate over all individuals and calculate the average

response

1

n

n∑
i=1

∂E[yi | xi ]

∂xi j
= 1

n

n∑
i=1

β j exp
(
x′

iβ
)
. (3.43)

In the special case that one uses the Poisson MLE or PMLE, and the regression
includes an intercept term, this expression simplifies to

1

n

n∑
i=1

∂E[yi | xi ]

∂xi j
= β j ȳ (3.44)

because the first-order conditions imply
∑

i exp(x′
iβ) =∑i yi .

A second procedure is to calculate the response for the individual with
average characteristics

∂E[y | x]

∂x j

∣∣∣∣
x̄

= β j exp(x̄′β). (3.45)

Because exp(·) is a convex function, by Jensen’s inequality the average of exp(·)
evaluated at several points exceeds exp(·) evaluated at the average of the same
points. So (3.45) gives responses smaller than (3.43). Due to the need for less
calculation, it is common in nonlinear regression to report responses at the
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sample mean of regressors. It is conceptually better, however, to report the
average response (3.43) over all individuals. And it is actually easier in the
special case of Poisson with intercept included, as (3.44) can be used.

A third procedure is to calculate (3.42) for select values of x j of particular
interest. This is perhaps the best method. The actual values of x j of particular
interest vary from application to application.

It is useful to note that direct interpretation of the coefficients is possible
without such additional computations.

• The coefficient β j equals the proportionate change in the conditional
mean if the j th regressor changes by one unit. This follows from rewrit-
ing (3.42) as ∂E[y | x]/∂x j = β j E[y | x], using (3.41), and hence

β j = ∂E[y | x]

∂x j

1

E[y | x]
. (3.46)

This is a semielasticity, which can alternatively be obtained by rewrit-
ing (3.41) as ln E[y | x] = x′β and differentiating with respect to x j .

• The sign of the response ∂E[y | x]/∂x j is given by the sign of β j ,
because the response is β j times the scalar exp (x′

iβ), which is always
positive.

• If one regression coefficient is twice as large as another, then the effect
of a one-unit change of the associated regressor is double that of the
other. This result follows from

∂E[y | x]/∂x j

∂E[y | x]/∂xk
= β j exp(x′β)

βk exp(x′β)
= β j

βk
. (3.47)

A single-index model is one for which E[y | x] = g(x′β), for monotonic
function g(·). The last two properties hold more generally for any single-index
model.

Sometimes regressors enter logarithmically in (3.41). For example, we may
have

E[y | x] = exp
(
β1 ln(x1) + x′

2β2
)

= xβ1
1 exp

(
x′

2β2
)
.

Then β1 is an elasticity, giving the percentage change in E[y | x] for a 1% change
in x1. This formulation is particularly appropriate if x1 is a measure of exposure,
such as number of miles driven if modeling the number of automobile accidents
or population if modeling the incidence of a disease. Then we expect β1 to be
close to unity.

The conditional mean function may include interaction terms. For example,
suppose

E[y | x] = exp(β1 + β2x2 + β2x3 + β4x2x3).
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Then the proportionate change in the conditional mean due to a one-unit change
in x3 equals (β2 + β4x2), because

∂E[y | x]

∂x3

1

E[y | x]
= (β2 + β4x2).

Thus even the semielasticity measuring the effect of changes in x3 varies ac-
cording to the value of regressors – here x2.

The calculus methods above are appropriate for continuous regressors. Now
consider an indicator variable regressor d that takes only values 0 and 1, and
suppose

E[y | d, x2] = exp
(
β1d + x′

2β2
)
.

Then

E[y | d = 1, x2]

E[y | d = 0, x2]
= exp

(
β1 + x′

2β2
)

exp
(
x′

2β2
) = exp(β1).

So the conditional mean is exp(β1) times larger if the indicator variable is
unity rather than zero. If we instead use calculus methods then (3.46) predicts a
proportionate change of β1, or equivalently that the conditional mean is (1+β1)
times larger. This is a good approximation for small β1, say β1 < 0.1, as then
exp(β1) � 1 + β1.

The preceding discussion has considered the effect of a one-unit change in
x, which is not free of the units used to measure x. One method is to scale by the
sample mean of x j , so use β̂ j x̄ j , which given (3.42) is a measure of the elasticity
of E[y | x] with respect to x j . An alternative method is to consider semistan-
dardized coefficients that give the effect of a one-standard-deviation change in
x j , so use β̂ j s j , where s j is the standard deviation of x j . Such adjustments, of
course, need to be made even for the linear regression model.

Example: Doctor Visits (Continued)

Various measures of the magnitude of the response of the number of doctor
visits to changes in regressors are given in Table 3.5. These measures are based
on the Poisson PMLE estimates given earlier in Table 3.3.

The coefficient estimates given in the column labeled PMLE using (3.46)
can be interpreted as giving the proportionate change in number of doctor visits
due to a one-unit change in the regressors. If we consider ACTDAYS, the most
highly statistically significant regressor, an increase of 1 day of reduced activity
in the preceding 2 weeks leads to a .127 proportionate change or 12.7% change
in the expected number of doctor visits. More complicated is the effect of age,
which appears through both AGE and AGESQ. For a 40-year-old person, AGE
= .4 and AGESQ = .16, and an increase of 1 year or 0.01 units leads to a
0.01× (1.056−2× .849× .40) = .0038 proportionate change or .38% change
in the expected number of doctor visits.
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Table 3.5. Doctor visits: Poisson PMLE mean effects and scaled
coefficients

Mean effect Scaled coefficients Summary stats
Coefficient,

Variable PMLE Ave At Ave OLS Elast SSC Mean Standard deviation

ONE −2.224
SEX .157 .047 .035 .034 .082 .078 .521 .500
AGE 1.056 .319 .241 .203 .430 .216 .406 .205
AGESQ −.849 −.256 −.193 −.062 −.176 −.157 .207 .186
INCOME −.205 −.062 −.047 −.057 −.120 −.076 .583 .369
LEVYPLUS .123 .037 .028 .035 .055 .061 .443 .497
FREEPOOR −.440 −.133 −.100 −.103 −.019 −.089 .043 .202
FREEREPA .080 .024 −.018 .033 .017 .033 .210 .408
ILLNESS .187 .056 .043 .060 .268 .259 1.432 1.384
ACTDAYS .127 .038 .029 .103 .109 .366 .862 2.888
HSCORE .030 .009 .007 .017 .037 .064 1.218 2.124
CHCOND1 .114 .034 .026 .004 .046 .056 .403 .491
CHCOND2 .141 .043 .032 .042 .016 .045 .117 .321

Note: Ave, average over sample of effect of y of a one-unit change in x ; At Ave, effect on y of
a one-unit change in x evaluated at average regressors; OLS, OLS coefficients; Elast, coefficients
scaled by sample mean of x ; SSC, coefficients scaled by standard deviation of x .

The columns Ave and At Ave give two different measures of the change in
the number of doctor visits due to a one-unit change in regressors. First, the
column Ave gives the average of the individual responses, using (3.44). Second,
the column At Ave gives the response for the individual with regressors equal to
the sample mean values, computed using (3.45). The preferred Ave estimates are
about 30% larger than those of the “representative” individual, a consequence
of the convexity of the exponential mean function. An increase of 1 day of
reduced activity in the preceding 2 weeks, for example, leads on average to an
increase of .038 doctor visits.

The column OLS gives coefficient estimates from OLS of y on x. Like the
preceding two columns these give estimates of the effects of a one-unit change
of x j on E[y], the only difference being in whether an exponential or linear
mean function is specified. The three columns are generally similar, although
OLS gives a much larger effect of an increase of .103 in the number of doctor
visits due to 1 more day of reduced activity.

All these measures consider the effect of a one-unit change in x j , but it is
not always clear whether such a change is a large or small change. The Elast
column gives β̂ j x̄ j , where x̄ j is given in the second-to-last column of the table.
Given the exponential mean function, this measures the elasticity of E[y] with
respect to changes in regressors. The SSC column gives β̂ j s j , which instead
scales by the standard deviation of the regressors, given in the last column of
the table. Both measures highlight the importance of the health status measures
ILLNESS, ACTDAYS, and HSCORE much more clearly than the raw coefficient
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estimates and the estimates of ∂E[y]/∂x j . For example, the estimates imply
that a 1% increase in illness days leads to a .268% increase in expected doctor
visits, while a one-standard-deviation increase in activity days leads to a .259%
increase in expected doctor visits.

3.5.2 Prediction

We begin by considering, for an individual observation with x = xp, prediction
of the conditional mean µp = E[y | x = xp].

For the exponential conditional mean function, the mean prediction is

µ̂p = exp
(
x′

pβ̂
)
. (3.48)

A 95% confidence interval, which allows for the imprecision in the estimate
β̂, can be obtained using the delta method given in section 2.6.2. Consider
estimation procedures that additionally estimate a scalar nuisance parameter α,
to accommodate overdispersion. Because ∂µp/∂β = µpxp and ∂µp/∂α = 0,
we obtain

µp ∈ µ̂p ± z.025

√
µ̂2

px′
pV[β̂]xp, (3.49)

for estimator β̂
a∼ N[β, V[β̂]]. As expected, greater precision in the estimation

of β leads to a narrower confidence interval.
One may also wish to predict the actual value of y, rather than its predicted

mean. This is considerably more difficult, as the randomness of y needs to
be accounted for, in addition to the randomness in the estimator β̂. For low
counts in particular, individual values are poorly predicted due to the intrinsic
randomness of y.

For an individual observation with x = xp, and using the exponential con-
ditional mean function, the individual prediction is

ŷp = exp
(
x′

pβ̂
)
. (3.50)

Note that while ŷ p equals µ̂p, it is being used as an estimate of yp rather than µp.
If we consider variance functions of the form (3.9), the estimated variance of yp

is ω(µ̂p, α̂). Adding this to the earlier variance due to imprecision in the estimate
β̂, the variance of ŷ p is consistently estimated by ω(µ̂p, α̂) + µ̂2

px′
pV[β̂]xp. A

two-standard error interval is

yp ∈ ŷ p ± 2
√

ω(µ̂p, α̂) + µ̂2
px′

pV[β̂]xp. (3.51)

This can be used as a guide but is not formally a 95% confidence interval
because yp is not normally distributed even in large samples.

The width of this interval is increasing in µ̂p, because ω(µ̂p, α̂) is increasing
in µ̂p. The interval is quite wide, even for low counts. For example, consider the
Poisson distribution, so ω(µ, α) = µ, and assume a large sample size, so that β
is very precisely estimated and V[β̂] � 0. Then (3.51) becomes yp ∈ ŷ p±2

√
ŷ p.
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Even for ŷ p = 4 this yields (0, 8). If y is Poisson and β is known it is better to
directly use this knowledge, rather than the approximation (3.51). Then because
Pr [1 ≤ yp ≤ 8] = .0397 when yp is Poisson-distributed with µp = 4, a 96.03%
confidence interval for yp is (1,8).

Interest can also lie in predicting the probabilities of particular values of y
occurring, for an individual observation with x = xp. Let pk denote the proba-
bility that yp = k if x = xp. For the Poisson, for example, this is estimated by
p̂k = exp(−µ̂p)µ̂k

p/k!, where µ̂p is given in (3.48). The delta method can be
used to obtain a confidence interval for pk . Most parametric models include an
overdispersion parameter α. Because ∂pk/∂α = 0 the delta method does not
yield an interval as simple as (3.49).

A fourth quantity that might be predicted is the change in the conditional
mean if the j th regressor changes by one unit. From (3.42) the predicted change
is β̂ j µ̂p. Again the delta method can be used to form a confidence interval.

As the sample size gets very large the variance of β̂ goes to zero and the confi-
dence intervals for predictions of the conditional mean, individual probabilities,
and changes in predicted probabilities collapse to a point. The confidence in-
tervals for predictions of individual values of y, however, can remain wide
as demonstrated above. Thus, within-sample individual predictions of y differ
considerably from the actual values of y, especially for small counts. If interest
is in assessing the usefulness of model predictions, it can be better to consider
predictions at a more aggregated level. This is considered in Chapter 5.

The preceding methods require use of a computer program that saves the
variance matrix of the regression parameters and permits matrix multiplication.
It is generally no more difficult to instead use the bootstrap, which has the addi-
tional advantages of providing asymmetric confidence intervals and potentially
better small-sample performance.

More problematic in practice is deciding what values of xp to use in pre-
diction. If, for example, there are just two regressors, both binary, one would
simply predict for each of the four distinct values of x. But in practice there are
many different distinct values of x, and it may not be obvious which few values
to focus on. Such considerations also arise in the linear regression model.

3.6 Ordered and Other Discrete-Choice Models

Count data can alternatively be modeled using discrete choice methods surveyed
in Maddala (1983). This is particularly natural if most observed counts take
values 0 and 1, with few counts in excess of 1. Then one might simply model
whether the count is zero or nonzero, using a binary choice model such as logit
or probit. This leads, however, to a loss of precision in estimation.

Now suppose most observed counts take values 0, 1, or 2, with few counts
in excess of 2. For data with three choices, in this case 0, 1, and 2 or more,
the standard discrete choice model is the multinomial logit model, but this has
deficiencies given subsequently here. It is better to use an ordered model, such
as ordered probit or ordered logit.
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Ordered discrete-choice models treat the data as generated by a continuous
unobserved latent variable, which on crossing a threshold leads to an increase
of one in the observed number of events. This is a representation of the dgp
quite different from the Poisson process, which leads to the Poisson density for
counts. In theory, one should use an ordered model for data for which the dgp
is felt to be a continuous latent variable. In practice, ordered models have been
rarely applied to count data outside the cross-section setting.

3.6.1 Binary-Choice Models

Let yi be the count variable of interest. Define the indicator variable

di = 1 if yi > 0

= 0 if yi = 0.
(3.52)

This equals the count variable except that yi values of 2 or more are recoded to
1. Other partitions are possible, such as yi > k and yi ≤ k.

The general form of such a binary choice model is

Pr[di = 1] = F
(
x′

iβ
)

Pr[di = 0] = 1 − F
(
x′

iβ
)
,

(3.53)

where 0 < F(·) < 1. It is customary to let the probability be a transformation of
a linear combination of the regressors rather than use the more general functional
form F(xi ,β). By construction the probabilities sum to one. A parsimonious
way to write the density given by (3.53) is F(x′

iβ)di (1 − F(x′
iβ))1−di , which

leads to the log-likelihood function

ln L =
n∑

i = 1

di ln F
(
x′

iβ
)+ (1 − di ) ln

(
1 − F

(
x′

iβ
))

. (3.54)

Different binary choice models correspond to different choice of the function
F(·). Standard choices include the logit model, which corresponds to F(z) =
exp(z)/(1 + exp(z)); and the probit model, which corresponds to F(z) = �(z)
where �(·) is the standard normal cdf.

There is a loss of efficiency due to combining all counts in excess of zero
into a single category. Suppose yi are Poisson distributed with mean µi . Then
Pr[di = 1] = Pr [yi > 0] = 1 − exp(−µi ), so for µi = exp(x′

iβ).

F
(
x′

iβ
)= 1 − exp

(−exp
(
x′

iβ
))

.

The binary Poisson MLE β̂BP maximizes (3.54) with this choice of F(·). It can
be shown that

V[β̂BP] =
(

n∑
i = 1

ciµi xi x′
i

)−1

,
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where ci = µi exp(−µi )/(1 − exp(−µi )). V[β̂BP] exceeds (
∑n

i = 1 µi xi x′
i )

−1,
the variance matrix of the Poisson MLE from (3.6), because ci < 1 for µi > 0.

As expected, the relevant efficiency loss is increasing in the Poisson mean.
For example, for µi = .5 and 1, respectively, ci = .77 and .58. In the Poisson
iid case with µ = .5, the standard error of β̂BP is

√
1/.77 = 1.14 times that of

the Poisson MLE, even though less than 10% of the counts will exceed unity.

3.6.2 Ordered Probit

The Poisson and negative binomial models treat discrete data as being the
result of an underlying point process. One could instead model the number
of doctor visits, for example, as being due to a continuous process that on
crossing a threshold leads to a visit to a doctor. Crossing further thresholds
leads to additional doctor visits. Before specializing to threshold models such
as ordered probit, we first present general results for multinomial models.

Suppose the count variable yi takes values 0, 1, 2, . . . , m. Define the m + 1
indicator variables

di j = 1 yi =, j

= 0 yi = j.
(3.55)

Also define the corresponding probabilities

Pr[di j = 1] = pi j , j = 0, . . . , m, (3.56)

where pi j may depend on regressors and parameters. Then the density function
for the i th observation can be written as

f (yi ) = f (di0, di1, . . . , dim) =
m∏

j = 0

p
di j

i j , (3.57)

and the log-likelihood function is

ln L =
n∑

i = 1

m∑
j = 0

di j ln pi j . (3.58)

Different multinomial models arise from different specification of the prob-
abilities pi j . The most common is the multinomial logit model, which specifies
pi j = exp(x′

iβ j )/ (
∑m

k = 0 x′
iβk) in (3.58). This model is inappropriate for count

data for which the outcome, the number of occurrences of an event, is naturally
ordered. One way to see this is to note that a property of multinomial logit is
that the relative probabilities of any two outcomes are independent of the prob-
abilities of other outcomes. For example, the probability of one doctor visit,
conditional on the probability of zero or one visit, would not depend on the
probability of two visits. But one expects that this conditional probability will
be higher the higher the probability of two visits. It is better to use a multinomial
model that explicitly incorporates the ordering of the data.
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The ordered probit model, presented for example in Maddala (1983), intro-
duces a latent (unobserved) random variable

y∗
i = x′

iβ + εi , (3.59)

where εi is N[0, 1]. The observed discrete data variable yi is generated from
the unobserved y∗

i in the following way:

yi = j if α j < y∗
i ≤ α j+1, j = 0, . . . , m, (3.60)

where α0 = −∞ and αm+1 = ∞. It follows that

pi j = Pr
[
α j < y∗

i ≤ α j+1
]

= Pr
[
α j − x′

iβ < εi ≤ α j+1 − x′
iβ
]

= �
(
α j+1 − x′

iβ
)− �

(
α j − x′

iβ
)
, (3.61)

where �(·) is the standard normal cdf, j = 0, 1, 2, . . . , m, and αm+1 = ∞. The
log-likelihood function (3.58) with probabilities (3.61) is

ln L =
n∑

i = 1

m∑
j = 0

di j ln
[
�
(
α j+1 − x′

iβ
)− �

(
α j − x′

iβ
)]

. (3.62)

Estimation of β and α1, . . . , αm by maximum likelihood is straightforward.
Identification requires a normalization, such as 0, for one of α1, . . . , αm or the
intercept term in β.

If there are many counts or few observations for a given count then some
aggregation of count data may be necessary. For example, if there are few
observations larger than three one might have categories of 0, 1, 2, and 3 or
more. As an alternative to the ordered probit one can use the ordered logit
model, in which case �(·) is replaced by the logistic cdf L(z) = ez/(1 + ez).
More generally if εi in (3.59) has a nonnormal distribution the log-likelihood
function is (3.62) with �(·) replaced by the cdf of εi .

The ordered discrete choice model has the additional attraction of being
applicable to count data that are negative. Such data may arise if instead of
directly modeling a count variable, one differences and models the change in
the count. For example, some U.S. stock prices are a count, as they are measured
in units of a tick, or one eighth of a dollar. Hausman, Lo, and MacKinlay (1992)
modeled price changes in consecutive time-stamped trades of a given stock
using the ordered probit model, generalized to allow εi to be N[0, σ 2

i ] where
the variance σ 2

i is itself modeled by a regression equation.

3.7 Other Models

In this section we consider whether least-squares methods might be usefully
applied to count data y. Three variations of least squares are considered. The
first is linear regression of y on x, making no allowance for the count nature
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of the data aside from using heteroskedasticity robust standard errors. The sec-
ond is linear regression of a nonlinear transformation of y on x, for which
the transformation leads to a dependent variable that is close to homoskedas-
tic and symmetric. Third, we consider nonlinear least squares regression with
conditional mean of y specified to be exp(x′β).

The section finishes with a discussion of estimation using duration data,
rather than count data, if the data are generated by a Poisson process.

3.7.1 OLS without Transformation

The OLS estimator is clearly inappropriate as it specifies a conditional mean
function x′γ that may take negative values and a variance function that is
homoskedastic. If the conditional mean function is in fact exp(x′β), the OLS
estimator is inconsistent for β and the computed OLS output gives the wrong
asymptotic variance matrix.

Nonetheless, OLS estimates in practice give results qualitatively similar to
those for Poisson and other estimators using the exponential mean. The ratio
of OLS slope coefficients is often similar to the ratio of Poisson slope coeffi-
cients, with the OLS slope coefficients approximately ȳ times the Poisson slope
coefficients, and the most highly statistically significant regressors from OLS
regression, using usual OLS output t statistics, are in practice the most highly
significant using Poisson regression. This is similar to comparing different mod-
els for binary data such as logit, probit, and OLS. In all cases the conditional
mean is restricted to be of form g(x′β), which is a monotonic transformation
of a linear combination of the regressors. The only difference across models is
the choice of function g, which leads to a different scaling of the parameters β.

A first-order Taylor series expansion of the exponential mean exp(x′β)
around the sample mean ȳ, that is, around x′β= ln ȳ, yields exp(x′β) = ȳ +
ȳ(x′β− ln ȳ). For models with intercept, this can be rewritten as exp(β1 +
x′

2β2) = γ1 + x′
2γ2, where γ1 = ȳ + β1 ȳ − ln ȳ and γ2 =β2 ȳ. So linear mean

slope coefficients are approximately ȳ times exponential slope coefficients. This
approximation will be more reasonable the less dispersed the predicted values
exp(x′

i β̂) are about ȳ.

The OLS estimator can be quite useful for preliminary data analysis, such as
determining key variables, in simple count models. Dealing with more compli-
cated count models for which no off-the-shelf software is readily available is
easier if one first ignores the count aspect of the data and does the corresponding
adjustment to OLS. For example, if the complication is endogeneity, then do
linear two-stage least squares as a potential guide to the impact of endogeneity.
But experience is sufficiently limited that one cannot advocate this approach.

3.7.2 OLS with Transformation

For skewed continuous data such as that on individual income or on housing
prices a standard transformation is the log transformation. For example, if y is
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log-normal-distributed then ln y is by definition exactly normally distributed,
so the log transformation induces constant variance and eliminates skewness.

The log transformation may also be used for count data that are often skewed.
Because ln 0 is not defined, a standard solution is to add a constant term, such
as 0.5, and to model ln (y + .5) by OLS. This model has been criticized by King
(1989b) as performing poorly.

An alternative transformation is the square-root transformation. Following
McCullagh and Nelder (1989, p. 236), let y = µ(1 + ε). Then a fourth-order
Taylor series expansion around ε = 0 yields

y1/2 � µ1/2

(
1 + 1

2
ε − 1

8
ε2 + 1

16
ε3 − 5

128
ε4

)
.

For the Poisson, ε = (y−µ)/µ has first four moments 0, 1/µ, 1/µ2, and (3/µ2+
1/µ3). It follows that E[

√
y] � √

µ(1−1/8µ+ O(1/µ2)), V[
√

y] � (1/4)(1+
3/8µ + O(1/µ2)), and E[(

√
y − E[

√
y])3] � −(1/16

√
µ)(1 + O(1/µ)). Thus

if y is Poisson then
√

y is close to homoskedastic and is close to symmetric.
The skewness index is the third central moment divided by variance raised
to the power 1.5. Here it is less than −(1/16

√
µ)/(1/4)1.5 = −1/2

√
µ. By

comparison for the Poisson y is heteroskedastic with variance µ and asymmetric
with skewness index 1/

√
µ. The square-root transformation works quite well

for large µ.
One therefore models

√
y by OLS, regressing

√
yi on xi . The usual OLS t

statistics can be used for statistical inference. More problematic is the inter-
pretation of coefficients. These give the impact of a one-unit change in x j on
E[

√
y] rather than E[y], and by Jensen’s inequality E[y] = (E[

√
y])2. A similar

problem arises in prediction, although the method of Duan (1983) can be used
to predict E[yi ], given the estimated model for

√
yi .

3.7.3 Nonlinear Least Squares

The nonlinear least squares (NLS ) estimator with exponential mean minimizes
the sum of squared residuals

∑
i (yi − exp(x′

iβ))2. The estimator β̂NLS is the
solution to the first-order conditions

n∑
i = 1

xi
(
yi − exp

(
x′

iβ
))

exp
(
x′

iβ
)= 0. (3.63)

This estimator is consistent if the conditional mean of yi is exp(x′
iβ). It is

inefficient, however, as the errors are certainly not homoskedastic, and the usual
reported NLS standard errors are inconsistent. β̂NLS is asymptotically normal
with variance

V[β̂NLS ] =
(

n∑
i = 1

µ2
i xi x′

i

)−1 ( n∑
i = 1

ωiµ
2
i xi x′

i

)(
n∑

i = 1

µ2
i xi x′

i

)−1

,

(3.64)
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where ωi = V[yi | xi ]. The robust sandwich estimate of V[β̂NLS ] is (3.64), with
µi and ωi replaced by µ̂i and (yi − µ̂i )2.

The NLS estimator can therefore be used, but more efficient estimates can
be obtained using the estimators given in sections 3.2 and 3.3.

Example: Doctor Visits (Continued)

Coefficient estimates of binary Poisson, ordered probit, OLS, OLS of transfor-
mations of y (both ln[y + 0.1] and

√
y), Poisson PMLE, and NLS with expo-

nential mean are presented in Table 3.6. The associated t statistics reported
are based on RS standard errors, except for binary Poisson and ordered pro-
bit. The skewness and kurtosis measures given are for model residuals zi − ẑi

where zi is the dependent variable, for example, zi = √
yi , and are estimates

of, respectively, the third central moment divided by s3 and the fourth central
moment divided by s4, where s2 is the estimated variance. For the standard
normal distribution the kurtosis measure is 3.

We begin with estimation of a binary choice model for the recoded variable
d = 0 if y = 0 and d = 1 if y ≥ 1. To allow direct comparison with Poisson esti-
mates, we estimate the nonstandard binary Poisson model introduced in section
3.6.1. Compared with Poisson estimates in the Poiss column, the BP results
for health status measures are similar, although for the statistically insignificant
socioeconomic variables AGE, AGESQ, and INCOME there are sign changes.
Similar sign changes for AGE and AGESQ occur in Table 3.4 and are discussed
there. The log-likelihood for BP exceeds that for Poisson, but this comparison
is meaningless due to the different dependent variable. Logit and probit, not
reported, lead to similar log-likelihood and qualitatively similar estimates to
those from binary Poisson, so differences between binary Poisson and Poisson
can be attributed to aggregating all positive counts into one value.

The ordered probit model normalizes the error variance to 1. To enable
comparison with OLS estimates we multiply these by s = .714, the estimated
standard deviation of the residual from OLS regression. Also, as only one ob-
servation took the value 9, this was combined into a category of 8 or more. The
rescaled threshold parameter estimates are .67, 1.08, 1.22, 1.39, 1.49, 1.67, and
1.99, with t statistics all in excess of 18 and all at least two standard errors
apart. Despite the rescaling there is still considerable difference from the OLS
estimates. It is meaningful to compare the ordered-probit log-likelihood with
that of other count data models; the change of one observation from 9 to 8 or
more in the ordered probit should have little effect. The log-likelihood is higher
for this model than for NB2, because −3138.1 > −3198.7, although six more
parameters are estimated.

The log transformation ln (y +0.1) was chosen on grounds of smaller skew-
ness and kurtosis than ln (y +0.2) or ln (y +0.4). The skewness and kurtosis are
somewhat smaller for ln y than

√
y. Both transformations appear quite success-

ful in moving towards normality, especially compared with residuals from OLS
or Poisson regression with y as dependent variables. Much of this gain appears
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Table 3.6. Doctor visits: alternative estimates and t ratios

Estimators and t statistics
Discrete choice OLS of transformations Exponential mean

Variable BP OrdProb y ln y
√

y Poiss NLS

ONE −.905 −.980 .028 −2.115 .070 −2.224 −2.234
(6.66) (9.29) (.38) (21.43) (1.55) (8.74) (6.14)

SEX .136 .094 .034 .081 .034 .157 −.057
(3.39) (3.03) (1.47) (2.73) (2.48) (1.98) (.42)

AGE −1.356 −.381 .203 −.566 −.161 1.056 3.626
(1.76) (.46) (.46) (.97) (.60) (.77) (1.82)

AGESQ 1.842 .611 −.062 .877 .292 −.849 −3.676
(2.15) (.65) (.12) (1.31) (.94) (.58) (1.70)

INCOME .007 −.044 −.057 −.019 −.168 −.205 −.394
(.12) (.95) (1.65) (.43) (.80) (1.59) (2.02)

LEVYPLUS .136 .098 .035 .080 .337 .123 .214
(2.80) (2.45) (1.62) (2.58) (2.41) (1.29) (1.48)

FREEPOOR −.265 −.245 −.103 −.182 −.081 −.440 −.232
(2.55) (2.75) (2.17) (3.17) (3.00) (1.52) (.54)

FREEREPA .223 .127 .033 .139 .054 .080 −.003
(3.16) (2.37) (.77) (2.45) (2.06) (.63) (.02)

ILLNESS .148 .107 .060 .110 .048 .187 .140
(9.12) (9.23) (6.04) (8.53) (8.12) (7.81) (3.63)

ACTDAYS .117 .072 .103 .106 .054 .127 .121
(14.47) (18.35) (10.61) (13.57) (13.06) (16.33) (14.21)

HSCORE .034 .023 .017 .029 .013 .030 .023
(3.64) (3.54) (2.37) (3.31) (3.17) (2.11) (1.03)

CHCOND1 .042 .044 .004 .022 .009 .114 .079
(.94) (1.23) (.20) (.70) (.61) (1.25) (.55)

CHCOND2 .141 .096 .042 .102 .043 .141 −.055
(2.11) (2.06) (.90) (1.81) (1.62) (1.15) (.31)

−ln L 2246.9 3138.1
Skewness 3.6 1.2 1.4 3.1
Kurtosis 26.4 4.0 5.5 26.0

Note: BP, MLE for binary poisson; OrdProb, MLE for rescaled ordered probit; y, OLS for y; ln y,
OLS for ln(y + 0.1);

√
y, OLS for

√
y; Poiss, Poisson PMLE; NLS, NLS with exponential mean. The

t statistics are robust sandwich for all but BP and OrdProb. Skewness and kurtosis are for model
residuals.

even before inclusion of regressors, as inclusion of regressors reduces skewness
and kurtosis by about 20% in this example. All models give similar results re-
garding the statistical significance of regressors, although interpretation of the
magnitude of the effect of regressors is more difficult if the dependent variable
is ln(y + 0.1) or

√
y.

The NLS estimates for exponential mean lead to similar conclusions as Pois-
son for the health-status variables, but quite different conclusions for socioeco-
nomic variables with considerably larger coefficients and t statistics for AGE,
AGESQ, and INCOME and a sign change for SEX.
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3.7.4 Exponential Duration Model

For a Poisson point process the number of events in a given interval of time
is Poisson distributed. The duration of a spell, the time from one occurrence
to the next, is exponentially distributed. Here we consider modeling durations
rather than counts.

Suppose that for each individual in a sample of n individuals we observe the
duration of one complete spell, generated by a Poisson point process with rate
parameter γi . Then ti has exponential density f (ti ) = γi exp(−γi ti ) with mean
E[ti ] = 1/γi . For regression analysis it is customary to specify γi = exp(x′

iβ).
The exponential MLE, β̂E, maximizes the log-likelihood function

ln L =
n∑

i = 1

x′
iβ − exp

(
x′

iβ
)
ti . (3.65)

The first-order conditions can be expressed as

n∑
i = 1

(
1 − exp

(
x′

iβ
)
ti
)
xi = 0, (3.66)

and application of the usual maximum likelihood theory yields

VML[β̂E] =
(

n∑
i = 1

xi x′
i

)−1

. (3.67)

If instead we modeled the number of events from a Poisson point process
with rate parameter γi = exp(x′

iβ) we obtain

VML[β̂P] =
(

n∑
i = 1

γi xi x′
i

)−1

.

The two variance matrices coincide if γi = 1. Thus if we choose intervals
for each individual so that individuals on average experience one event such
as a doctor visit, the count data have the same information content, in terms of
precision of estimation of β, as observing for each individual one completed
spell such as time between successive visits to the doctor. More simply, one
count conveys the same information as the length of one complete spell.

3.8 Iteratively Reweighted Least Squares

Most of the models and estimators in this book require special statistical pack-
ages for nonlinear models. An exception is the Poisson PMLE, which can be
computed in the following way.

In general at the sth iteration, the Newton-Raphson method updates the cur-
rent estimate β̂s by the formula β̂s+1 = β̂s − Ĥ−1

s ĝs , where g = ∂ ln L/∂β and
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H = ∂2 ln L/∂β∂β′ are evaluated at β̂s . Here this becomes

β̂s+1 = β̂s +
[

n∑
i = 1

µ̂isxi x′
i

]−1 n∑
i = 1

xi (yi − µ̂is),

where we consider the exponential mean function so µ̂is = exp(x′
i β̂s). This can

be rewritten as

β̂s+1 =
[

n∑
i = 1

(√
µ̂isxi

)(√
µ̂isxi

)′]−1 n∑
i = 1

(√
µ̂isxi

)
{√

µ̂is
(yi − µ̂is)

µ̂is
+
√

µ̂isx′
i β̂s

}
,

which is the formula for the OLS estimator from the regression√
µ̂is

{
(yi − µ̂is)

µ̂is
+ x′

i β̂s

}
= (√µ̂isxi

)′
βs+1 + ui , (3.68)

where ui is an error term. Thus the Poisson PMLE can be calculated by this
iterative OLS regression. Equivalently, it can be estimated by WLS regression
of {((yi − µ̂is)/µ̂is) + x′

i β̂s} on xi , where the weights
√

µ̂is change at each
iteration.

For the general conditional mean function µ̂i = µ(xi ,β), the method of scor-
ing, which replaces H by E[H ], yields a similar regression, with the dependent
variable µ̂

−1/2
is {(yi − µ̂is) + ∂µi/∂β

′|β̂s
β̂s} and regressor µ̂−1/2

is ∂µi/∂β
′|β̂s

.
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1984b). The first paper presented the general theory for LEFN models; the
second paper specialized analysis to count data. Cameron and Trivedi (1986)
presented both LEFN and negative binomial maximum likelihood approaches,
with a detailed application to the doctor visits data used in this chapter. The paper
by Hausman, Hall, and Griliches (1984) is also often cited. It considers the more
difficult topic of panel count data and is discussed in Chapter 9. The books by
Maddala (1983), Gourieroux and Montfort (1995), and Greene (1997a) give a
brief treatment of Poisson regression. More recent surveys by Winkelmann and
Zimmermann (1995), Cameron and Trivedi (1996), and Winkelmann (1997),
cover the material in Chapter 3 and also some of the material in Chapter 4. The



3.10. Exercises 95

survey by Gurmu and Trivedi (1994) provides a condensed treatment of many
aspects of count data regression.

3.10 Exercises

3.1 The first-order conditions for the Poisson PMLE are
∑n

i = 1 gi (β) = 0,
where gi (β) = (yi − exp(x′

iβ))xi . Find E[
∑n

i = 1 ∂gi (β)/∂β′] and E[
∑n

i = 1 gi

(β)gi (β)′] if yi has mean µi and variance ωi . Hence verify that the asymptotic
variance is (3.15), using the general results in section 2.7.1.

3.2 Obtain the expression for the asymptotic variance of φ̂NB1 defined in
(3.17), using the delta method given in section 2.6.2.

3.3 The geometric model is the special case of NB2 if α = 1. Give the density
of the geometric model if µi = exp(x′

iβ)/[1 − exp(x′
iβ)], and obtain the first-

order conditions for the MLE of β. This functional form for the conditional
mean corresponds to the canonical link function.

3.4 Using a similar approach to that of Exercise 3.1, obtain the asymptotic
variance for the QGPMLE of the NB2 model defined as the solution to (3.37) if
in fact yi has variance ωi rather than (µi + αµ2

i ). Hence, give the RS estimator
for the variance matrix.

3.5 For regression models with exponential conditional mean function, use
the delta method in section 2.6.2 to obtain the formula for a 95% confidence
interval for the change in the conditional mean if the j th regressor changes by
one unit.

3.6 For the ordered probit model give the log-likelihood function if εi ∼
N[0, σ 2

i ] rather than εi ∼ N[0, 1].

3.7 Consider the NLS estimator that minimizes
∑

i (yi −exp(x′
iβ))2. Show that

the first-order conditions for β are shown in (3.63). Using a similar approach
to that of Exercise 3.1, show that the asymptotic variance of the NLS estimator
is (3.64).



CHAPTER 4

Generalized Count Regression

4.1 Introduction

This chapter deals with departures from the Poisson regression. One reason
for the failure of the Poisson regression is unobserved heterogeneity, which
contributes additional randomness. Mixture models obtained by averaging with
respect to unobserved heterogeneity generally are not Poisson. A second reason
is the failure of the Poisson process assumption and its replacement by a more
general stochastic process.

Section 4.2 deals with the negative binomial model. One characterization of
this is as a Poisson–gamma mixture. In Section 4.3 we examine the relation
between waiting times and counts introduced in Chapter 1. Section 4.4 considers
flexible functional forms which are alternatives to the Poisson. Sections 4.5
and 4.6 consider the case in which the range of observed counts is further
restricted by either truncation or censoring. Section 4.7 considers an empirically
important class of hurdle models that give a special treatment to zero counts.
This class combines elements both of truncation and mixtures. Section 4.8
provides a detailed treatment of the finite mixture latent class model that is
empirically implemented in Chapter 6. Section 4.9 gives an introduction to
estimation by simulation. In the remainder of this section we summarize the
motivation underlying the models analyzed in this chapter.

The leading motivation for considering parametric distributions other than
the Poisson is that they have the potential to accommodate features of data that
are inconsistent with the Poisson assumption. Some common departures from
the standard Poisson regression are as follows.

1. The failure of the mean equals variance restriction: Frequently the
conditional variance of data exceeds the conditional mean, which is
usually referred to as extra-Poisson variation or overdispersion rel-
ative to the Poisson model. If the conditional variance is less than
the mean, we have underdispersion. Overdispersion may result from
neglected or unobserved heterogeneity that is inadequately captured
by the covariates in the conditional mean function. Hence, it is com-
mon to allow for random variation in the Poisson conditional mean by
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introducing a multiplicative error term. This leads to families of mixed
Poisson models.

2. Truncation and censoring: The observed counts may be left truncated
(zero truncation is quite common) leading to small counts being ex-
cluded, or right-censored, by having counts exceeding some value
being aggregated.

3. The “excess zeros” or “zero inflation” problem: The observed data
may show a higher relative frequency of zeros, or some other integer,
than is consistent with the Poisson model (Mullahy, 1986; Lambert,
1992). The higher relative frequency of zeros is a feature of all Poisson
mixtures obtained by convolution.

4. Multimodality: Observed univariate count distributions are sometimes
bimodal or multimodal. If this is also a feature of the conditional dis-
tribution of counts, perhaps because observations may be drawn from
different populations, then extensions of the Poisson are desirable.

5. Trends: The mean rate of event occurrence, the intensity function, may
have a trend or some other deterministic form of time dependence that
violates the simple Poisson process assumption.

6. Simultaneity and sample selection: Some covariates may be jointly
determined with the dependent variable, or the included observations
may be subject to a sample selection rule.

7. The failure of the conditional independence assumption: Event counts,
especially if they are a time series, may be dependent.

The last three considerations have to do with the failure of the Poisson pro-
cess assumption, whereas the first four are concessions to the characteristics of
observed data. Extensions and generalizations of the basic Poisson model are
numerous, and an encyclopedic coverage is not feasible. Our choice has been
influenced by models that have gained a wide usage, models that have inter-
esting properties and are potentially useful, or those that elucidate important
issues. In the remainder of this chapter we consider the parametric approach to
accommodate the first four issues. The remaining three are dealt with in later
chapters.

4.2 Mixture Models for Unobserved Heterogeneity

In a Poisson regression without heterogeneity the distribution of (yi | xi ) is spec-
ified conditional on observable covariates xi . This is equivalent to specifying the
conditional mean function as a nonstochastic function of xi . In mixture models
we instead specify the distribution of (yi | xi , νi ) where νi denotes an unob-
served heterogeneity term for observation i . Simply, individuals are assumed to
differ randomly in a manner not fully accounted for by the observed covariates.
The marginal distribution of yi is obtained by averaging with respect to νi . It
may be helpful to regard this as a type of random-effects model. If the event
distribution is conditionally P[µ], but µ is treated as stochastic, the process has
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been called doubly stochastic Poisson by Cox (1955) and the Cox process by
Kingman (1993).

The precise functional form linking yi and (xi , νi ) must be specified. A com-
monly used functional form is the exponential mean with a multiplicative error.
That is, E[yi | xi , νi ] = exp(x′

iβ)νi , where the stochastic term νi is independent
of the regressors. The multiplicative heterogeneity assumption is very special,
but it is mathematically convenient and more attractive than an additive error
that could lead to violation of the nonnegativity of yi . A standard approach
involves postulating a distribution for νi and then deriving the marginal distri-
bution of yi .

4.2.1 Unobserved Heterogeneity and Overdispersion

Mixing based on multiplicative heterogeneity has two important and related
consequences. First, the variance of the mixture, conditional on the observable
variables, exceeds the variance of the parent Poisson distribution conditional
on both the observables and heterogeneity. This is the basis of the common in-
terpretation of overdispersion as a result of neglected unobserved heterogeneity
in the phenomenon being modeled. Replace µi = exp(x′

iβ) by

µ∗
i = E[yi | µi , νi ] = µiνi , (4.1)

where the unobserved heterogeneity term νi = exp(εi ) could reflect a specifica-
tion error such as unobserved omitted exogenous variables. However, random-
ness in the heterogeneity term νi is distinguished from the intrinsic randomness
in the endogenous count variate yi . It is usually assumed that νi s are iid, possibly
with a known parametric distribution, and that they are independent of the xi .

For example, assume that νi is iid with E[νi ] = 1 and var(νi ) = σ 2
ν . The as-

sumption that E[νi ] = 1 is made for identification purposes and only affects
the intercept term, assuming the exponential mean specification. Also assume
that E[yi | xi , νi ] = var[yi | xi , νi ] = µi , as in the Poisson. The moments of yi

can be derived as

E[yi | xi ] = µi , (4.2)

V[yi | xi ] = µi
[
1 + σ 2

ν µi
]

> E[yi | xi ], (4.3)

where the second line is obtained using the result

V[y | x] = Eν[Vy|ν,x(y | ν, x)] + Vν[Ey|ν,x(y | ν, x)]. (4.4)

See, for example Gourieroux et al. (1984b).∗ In this setup, νi leads to overdis-
persed yi without affecting E[yi | xi ]. Note also that this variance function is
the same as for the NB2 model in Chapter 3.

∗ These moments also provide the basis of sequential quasilikelihood estimation (McCullagh,
1983; Gourieroux et al., 1984b; Cameron and Trivedi, 1986) and moment estimation (Moore,
1986) in count models. See section 2.5.
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From (4.3) and (4.4), a fully parametric mixture is based on full specification
of the density functions of (yi | xi , νi ) and νi . Specifically, let f (yi | xi , νi ) be
the probability function obtained by replacing µi in (1.17) by µ∗

i , and let g(νi )
denote the probability density function of νi . The mixed marginal density of
(y | x) is then derived by integrating with respect to νi , thus:

h(y | µ) =
∫

f (y | µ, ν)g(ν) dν. (4.5)

Although precise form of this mixed Poisson distribution depends on the
specific choice of g(νi ), the general property of overdispersion does not depend
on g(νi ). If g(·) and f (·) are conjugate families, the resulting compound model
is expressible in a closed form.

The second related consequence is that mixing causes the proportion of zero
counts to increase. It exceeds the corresponding proportion of zeros in the parent
distribution. Thus overdispersion and excess of zeros, relative to the Poisson,
are related consequences of unobserved heterogeneity. That is, irrespective of
the form of g(νi ) for the mixture, and provided it is nondegenerate, for the
parent and mixture distributions with the same mean µi , it is true that,

f (yi = 0 | µi ) ≡ f (0 | µi ) ≥ f (yi = 0 | µi , νi ) ≡ f (0 | µi , νi ). (4.6)

Feller (1943) and Mullahy (1997b) have provided proofs of this result. Mullahy
shows that the feature of f (yi | µi , νi ) that yields this property is its strict
convexity in µ. It is also the case that in most instances the frequency of y = 1
is less in the mixture distribution than in the parent distribution,

f (yi = 1 | µi ) ≡ f (1 | µi ) < f (yi = 1 | µi , νi ) ≡ f (1 | µi , νi ). (4.7)

Finally, the mixture exhibits thicker right tail than the parent distribution. These
properties of the Poisson mixtures may be used for constructing specification
tests of departures from the Poisson (Mullahy, 1997b). The result is a special
case of a general result on exponential family mixtures referred to as the Two
Crossings Theorem by Shaked (1980).

Two Crossings Theorem. For the random variable y, continuous or discrete,
let f (y | x, ν) denote an exponential family conditional (on ν) model density
and let E[ν] = 1, V[ν] = σ 2 > 0. Then the mixed (marginal with respect to
ν) distribution h(y | x) = Ev f (y | x, ν) will have heavier tails than f (y | x, ν)
in the sense that the sign pattern of marginal minus the conditional, h(y | x) −
f (y | x, ν), is {+, −, +} as y increases on its support.

That is, for the same mean, any marginal distribution must “cross” the condi-
tional distribution twice, first from above and then from below, the first crossing
accounting for a relative excess of zeros, and the second for the thickness of
the right tail. A sketch of the proof of this theorem is given in section 4.10.

As an example, compare Figure 4.1, which shows the Poisson–gamma mix-
ture, or negative binomial, with mean 10 and σ 2

ν = 0.2 with the Poisson distri-
bution with mean 10.
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Figure 4.1. Negative binomial compared with Poisson.

4.2.2 Negative Binomial Model

The interpretation and derivation of the negative binomial as a Poisson–gamma
mixture is an old result that can be algebraically derived in several different
ways (Greenwood and Yule, 1920). Here we approach the problem directly in
terms of a mixture distribution.

Suppose the distribution of a random count y is conditionally Poisson:

f (yi | θi ) = exp(−θi ) · θ
yi

i

yi !
, yi = 0, 1, . . . . (4.8)

Suppose the parameter θi has a random intercept term, and the random term
enters the conditional mean function multiplicatively, that is,

θi = exp
(
β0 + x′

iβ1 + εi
)

= ex′
iβ1 e(β0+εi )

= e(β0+x′
iβ1)eεi

= µiνi , (4.9)

where exp(β0 + εi ) is interpreted as random intercept, µi = e(β0+x′
iβ1), and

νi = eεi .
The marginal distribution of y is obtained by integrating out νi ,

h(yi | µi )=
∫

f (yi | µi , vi )g(vi ) dνi

≡ Ev[ f (yi | µi , νi )], (4.10)
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where g(νi ) is a mixing distribution. For specific choices of f (·) and g(·), for
example Poisson and gamma densities respectively, the integral has an explicit
solution. This is shown shortly.

From here on the i subscript is omitted if there is no ambiguity. Suppose that
the variable ν has a two-parameter gamma distribution g(ν; δ, φ)

g(ν, δ, φ) = δφ

�(δ)
νδ−1e−νφ, δ > 0, φ > 0, (4.11)

where E[ν] = δ/φ, and V[ν] = δ/φ2. The intercept identification condition is
E[ν] = 1 which is obtained by setting δ = φ, which implies a one-parameter
gamma family with V[ν] = 1/δ ≡ α. We transform from ν to θ using θ = µν,
and noting that the Jacobian transformation term is (1/µ). This yields the pdf
for θ ,

g(θ | µ, δ)= 1

µ

δ
δ

�(δ)

(
θ

µ

)δ−1

e− θ
µ
δ

= (δ/µ)
δ

�(δ)
θδ−1e− θδ

µ . (4.12)

The marginal distribution of y is given by

h(y | µ, δ) =
∫

exp(−θ ) · θ y

y!

(δ/µ)δ

�(δ)
θδ−1e− θδ

µ dθ. (4.13)

Using the following definitions this integral can be expressed in a closed form:

�(a) =
∫ ∞

0
ta−1e−t dt, for any a > 0

�(y − 1) = y!

�(a)/ba =
∫ ∞

0
ta−1e−bt dt, for any b > 0.

Substituting these into (4.13) we obtain

h(y | µ, δ)= (δ/µ)δ

�(δ)�(y + 1)

∫
exp

(
−θ

(
1 + δ

µ

))
θ y+δ−1dθ

=
(

δ
µ

)δ(
1 + δ

µ

)−(δ+y)
�(δ + y)

�(δ)�(y + 1)

= �(α−1 + y)

�(α−1)�(y + 1)

(
α−1

α−1 + µ

)α−1(
µ

µ + α−1

)y

,

(4.14)
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where the second line follows after noting that the integral in the preceding
expression is (1 + δ/µ)−(δ+y)�(δ + y) and we use 1/δ = α. The marginal
distribution is the negative binomial with the first two moments

E[y | µ, α] = µ,

V[y | µ, α] = µ(1 + αµ) > µ, if α > 0.

Maximum likelihood estimation of this currently popular model and several
variants of it was discussed in section 3.3.

4.2.3 Other Characterizations of NB

The characterization of the NB distribution as a Poisson–gamma mixture is
only one of a number of chance mechanisms that can generate that distribution.
Boswell and Patil (1970) list 13 distinct stochastic mechanisms for generating
the NB. These include the NB as a waiting time distribution, as a Poisson sum
of a logarithmic series random variables, as a linear birth and death process, as
the equilibrium of a Markov chain, and as a group-size distribution.

A special mention should be made of Eggenberger and Polya’s (1923) deriva-
tion of the NB as a limit of an urn scheme. The idea here is that an urn scheme
can be used to model true contagion in which the occurrence of an event affects
the probability of later events.

Consider an urn containing N balls of which a fraction p are red and fraction
q = 1 − p are black. A random sample of size n is drawn. After each draw the
ball drawn is replaced and k = θ N balls of the same color are added to the urn.
Let Y be the number of red balls in n trials. Then the distribution of Y is the
Polya distribution defined as

Pr[Y = y] =
(

n
y

)
× p(p + θ ) · · · [p + (y − 1)θ ]q(q + θ ) · · · [q + (n − y)θ ]

1(1 + θ ) · · · [1 + (n − 1)θ ]
,

y = 0, 1, . . . , n.

Let n → ∞, p → 0, θ → 0, with np → η and θn → bη, for some constant b.
Then the limit of the Polya distribution can be shown to be the NB with param-
eters k ≡ 1/b and 1/(1 + bη); that is,

Pr[Y = y] =
(

k + y − 1
k − 1

)(
k

η

)y(
η

η − k

)−k

,

where for convenience we take k to be an integer (see Boswell and Patil, 1970;
Feller, 1968, pp. 118–145).

The Polya urn scheme can be interpreted in terms of occurrence of social or
economic events. Suppose an event of interest, such as an accident, corresponds
to drawing a red ball from an urn. Suppose that subsequent to each such occur-
rence, social or economic behavior increases the probability of the next occur-
rence. This is analogous to a scheme for replacing the red ball drawn from the urn
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in such a way that the proportion of red balls to black balls increases. If, however,
after a ball is drawn, more balls of opposite color are added to the urn, then the
drawing of a ball reduces the probability of a repeat occurrence at the next draw.

Of course, there can be many possible replacement schemes in the urn prob-
lem. Which scheme one uses determines the nature of the dependence between
one event and the subsequent ones. This shows that the NB distribution can
reflect true contagion or occurrence dependence. By contrast, an example of
spurious contagion results if we consider that different individuals, for exam-
ple, workers, experience an event, such as an accident at the workplace, with
constant but different probabilities. This is analogous to individuals having
their separate urns with red and black balls in different proportions. For each
person the probability of drawing a red ball is constant, but there is a distribu-
tion across individuals. In the aggregate one observes apparent dependence, or
spurious contagion, due to heterogeneity.

4.2.4 General Mixture Results

The statistics literature contains many examples of generalized count models
generated by mixtures. An historical account can be found in Johnson, Kotz,
and Kemp (1992). Although the negative binomial is one of the oldest and most
popular in applied work, other mixtures that have been used include Poisson-
inverse Gaussian mixture (Dean, Lawless, and Willmot, 1989), discrete log-
normal (Shaban, 1988), generalized Poisson (Consul, 1989; Consul and Jain,
1973), and Gauss-Poisson (Johnson, Kotz, and Kemp, 1992). Additional flex-
ibility due to the presence of parameters of the mixing distribution generally
improves the fit of the resulting distribution to observed data.

Many general probability distributions can collapse to special forms under
restrictions on a subset of parameters. These then provide natural generaliza-
tions of the restrictive cases. One of the oldest approaches to the generalization
of the Poisson is based on mixtures and convolutions. Of course, the same
distribution could be postulated directly as a more flexible functional form.
Furthermore, a particular mixture could arise from component distributions in
more than one way; that is, it may not be a unique convolution.

It is useful to distinguish between continuous mixtures (convolutions) and
finite mixtures.

Definition. Suppose F(y | θ ) is a parametric distribution depending on θ , and
let π (θ | α) define a continuous mixing distribution. Then a convolution or a
continuous mixture is defined by F(y | α) = ∫∞

−∞ π (θ | α)F(y | θ ) dθ .

Definition. If Fj (y | θ j ), j = 1, 2, . . . , m, is a distribution function then F(y | π j )
=∑m

j = 1 π j Fj (y | θ j ), 0 < π j < 1,
∑m

j = 1 π j = 1, defines m-component finite
mixture.

Note that although these definitions are stated in terms of the cdf rather than
the pdf, definitions in terms of the latter are feasible. The second definition is a
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special case of the first, if π (θ | α) is discrete and assigns positive probability
to a finite number of parameter values θ1, . . . , θm . In this case π j , the mixing
proportion, is the probability that an observation comes from the j th population.
By contrast, in a continuous mixture the parameter θ of the conditional density
is subject to chance variation described by a density with an infinite number of
support points. Estimation and inference for convolutions involves (θ, α) and
for finite mixtures (π j , θ j ; j = 1, . . . , m).

4.2.5 Identification

The identifiability, or unique characterization, of mixtures should be established
prior to estimation and inference. A mixture is identifiable if there is a unique
correspondence between the mixture and the mixing distribution, usually in the
presence of some a priori constraints (Teicher, 1961).

The pgf of a mixed Poisson model, denoted P(z), can be expressed as the
convolution integral

P(z) =
∫ ∞

0
exp(µ(z − 1)) f (µ) dµ, (4.15)

where exp(µ(z−1)) is the pgf of the Poisson distribution and f (µ) is the assumed
distribution for µ. The mixture models, being akin to “reduced form” models,
are subject to an identification problem. The same distribution can be obtained
from a different mixture. For example, the negative binomial mixture can be
generated as a Poisson–gamma mixture by allowing the Poisson parameter µ to
have a gamma distribution (see section 4.2). It can also be generated by taking a
random sum of independent random variables in which the number of terms in
the sum has a Poisson distribution; if each term is discrete and has a logarithmic
distribution and if the number of terms has a Poisson distribution, the mixture
is negative binomial (Daley and Vere-Jones, 1988).

Identification may be secured by restricting the conditional event distribu-
tion to be Poisson. This follows from the uniqueness property of exponential
mixtures (Jewel, 1982).

A practical consideration is that in applied work, especially that based on
small samples, it may be difficult to distinguish between alternative mixing
distributions, and the choice may be largely based on the ease of computation.
Most of the issues are analogous to those that have been discussed extensively
in the duration literature.∗ In the examples in the duration literature finiteness of
the mean of the mixing distribution is required for identifiability of the mixture.
This issue is illustrated by comparing the Poisson–gamma and Poisson–inverse
Gaussian (PIG) mixtures. The latter is generated from the convolution integral∫

f (yi | µi , νi )g(νi ) dνi with f (·) as Poisson and g(·) as inverse Gaussian with

∗ Lancaster (1990, chapter 7) provides an excellent discussion of the identification conditions for
the proportional hazard models and gives an example of a nonidentifiable model.



4.2. Mixture Models for Unobserved Heterogeneity 105

density

g(v) = (2πδ−1ν3) exp

[−δ(ν − 1)2

2ν

]
, (4.16)

where E[ν] = 1, V[ν] = δ−1 ≡ α. Although the convolution integral does
not have a closed form, note that the first two moments of the mixing inverse
Gaussian distribution are the same as those of the gamma distribution in (4.11).
Consequently, the first two moments of the Poisson–gamma and PIG mixtures
are equal. Hence, the two mixing distributions can only be distinguished using
information about higher moments. In small samples such information is im-
precise, and attempts to distinguish empirically between competing alternatives
may yield inconclusive results.

Although more flexible count distributions are usually derived by mixing, it
may sometimes be appropriate to directly specify flexible functional forms for
counts, without the intermediate step of introducing a distribution of unobserved
heterogeneity (e.g., in aggregate time series applications). In microeconometric
applications, however, mixing seems a natural way of handling heterogeneity.

As an example, Dean, Lawless, and Wilmot (1989) use the PIG mixture to
study the frequency of insurance claims. They analyze data on the number of
accident claims on third-party motor insurance policies in Sweden during 1977
in each of 315 risk groups. The counts take a wide range of values – the median
is 10, the maximum is 2127 – so there is clearly a need to control for the size
of risk group. This is done by defining the mean to equal Ti exp(xiβ), where
Ti is the number of insured automobile-years for the group, which is equiva-
lent to including ln Ti as a regressor and constraining its coefficient to equal
unity. Even after including this and other regressors, the data are overdispersed.
The authors estimate a mixed PIG model, with overdispersion modeled by a
quadratic variance function. These maximum likelihood estimates are within
1% of estimates from solving equations that use only the first two moments.

4.2.6 Consequences of Misspecified Heterogeneity

In the duration literature, in which the shape of the hazard function is of central
interest, there has been an extensive discussion of how misspecified unobserved
heterogeneity can lead to inconsistent estimates of the hazard function (see
Heckman and Singer, 1984, and Lancaster, 1990, pp. 294–305 for a summary).
Under our assumptions, misspecification of the heterogeneity distribution im-
plies that the variance function, and the marginal distribution of counts, are mis-
specified. The consequences of this misspecification are dealt with in Chapter 2.
A particular parametric assumption of heterogeneity is not easy to justify except
as an approximation. Obviously, the more flexible is the assumption, the less
likely is a serious misspecification error. Certain variance functions have been
found to be good approximations to arbitrary variance functions in the sense
that the improvement in fit of the model achieved by freeing up the form of the
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variance function further may be slight. An example is NB2 quadratic variance
function. Also see Bourlange and Doz (1988).

4.3 Models Based on Waiting-Time Distributions

Chapter 1 sketches the duality between waiting-time distributions and event
count distributions in a simple case. We pursue this issue in greater detail here.
Some useful insights into the dispersion properties of counts are obtained by
examining the duality between waiting times and event counts in a model in
which the waiting times are dependent.

4.3.1 True and Apparent Contagion

The discussion of heterogeneity and overdispersion is related to a long-standing
discussion in the biostatistics literature on true and apparent contagion. True
contagion refers to dependence between the occurrence of successive events.
The occurrence of an event, such as an accident or illness, may change the
probability of subsequent occurrence of similar events. True positive contagion
implies that the occurrence of an event shortens the expected waiting time to
the next occurrence of the event, whereas true negative contagion implies that
the expected waiting time to the next occurrence of the event is longer. The
alleged phenomenon of accident proneness can be interpreted in terms of true
contagion as suggesting that an individual who has experienced an accident
is more likely to experience another accident. Apparent contagion arises from
the recognition that sampled individuals come from a heterogeneous popula-
tion in which individuals have constant but different propensity to experience
accidents. For a given individual, occurrence of an accident does not make it
more or less likely that another accident will occur. But aggregation across
heterogeneous individuals generates the statistical finding that occurrence of
an accident increases the probability of another accident.

Yet another mode of dynamic dependence is present in the notion that events
occur in “spells” that themselves occur independently according to some prob-
ability law. Events within a given spell follow a different probability law and
may be dependent. Serial dependence can be shown to lead to overdispersion
in the counts. However, as was shown previously, overdispersion can also be a
consequence of population heterogeneity or differences among individuals in
their propensity to experience an event. Thus, the mere presence of overdis-
persion in the data does not preclude the possibility that for a given individual
there may be no serial dependence in event occurrence. This second situation
is therefore referred to as apparent contagion.

The discussion of accident proneness of individuals in the early statisti-
cal literature emphasized the difficulty of distinguishing between true accident
proneness and effects of interindividual heterogeneity. In reference to Neyman
(1939), Feller (1943) pointed out that the same negative binomial model had
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been derived by Greenwood and Yule (1920) using the assumption of popula-
tion heterogeneity and by Eggenberger and Polya (1923), who assumed true
contagion. He observed, “Therefore, the possibility of its interpretation in two
ways, diametrically opposite in their nature as well as their implications is of
greatest statistical significance” (Feller, 1943, p. 389). Neyman (1965, p. 6)
emphasized that the distinction between true and apparent contagion would be-
come possible “if one has at one’s disposal data on accidents incurred by each
individual separately for two periods of six months each”; clearly this refers to
longitudinal data. These issues are further pursued in Chapter 9.

4.3.2 Renewal Process

Renewal theory deals with functions of iid nonnegative random variables that
represent time intervals between successive events (renewals). The topic is
introduced in Chapter 1.

Consider the counting process, {N (t), t ≥ 0}, which measures the successive
occurences of an event in the time interval (0, t]. Denote by Wr the length of
time between the occurrences of events (r − 1) and r , by Fn(t) the cdf of
(W1, . . . , Wn), and by Sn the sum of waiting times,

∑n
k = 1 Wk , for n events,

n ≥ 1. Renewal theory derives properties of random variables associated with
the number or events, N (t), or waiting times, Sn , given the specification of Fn(t).
An example of a statistic of major interest is the mean number of occurrences
in the interval (0, t], denoted as m(t) and called the renewal function, which is
related to Fn(t). This is evaluated at t = T,

m(t)=E[N (T )]

=
∞∑

n = 1

n Pr[N (T ) = n]

=
∞∑

n = 1

n[Fn(T ) − Fn + 1(T )]

=
∞∑

n = 1

Fn(T ). (4.17)

Thus, the mean of the count variable is
∑∞

n = 1 Fn(T ) and its variance is given by

V[N ] =
∞∑

n = 1

n2[Fn(T ) − Fn + 1(T )] −
( ∞∑

n = 1

Fn(T )

)2

. (4.18)

4.3.3 Waiting-Time Distribution

Here we consider the mathematical relation between counts and waiting times
that was introduced in Chapter 1. Although a general formulation is possible,
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it does not produce easily interpretable results. Instead we present a specific
example, due to Winkelmann (1995), that illustrates both the issues and the
method.

For events that occur randomly over time, the count point process is {N(t),
t > 0}. Let N (t) represent the number of events between 0 and T . For fixed t ,
N (t) is a count variable. This can be transformed into the sequence of interevent
waiting times, denoted Wr for the time interval between the (r − 1)th and r th

events. The arrival time of the r th event is given by Sr =∑r
j = 1 W j . For a re-

newal process, the distribution of Sr can be derived by using Laplace transforms.
Given the definitions, NT < r iff Sr > T . Let Fr (T ) denote the cumulative

distribution of Sr . Then

Pr[N (T ) < r ] = Pr[Sr ≥ T ]

= 1 − Fr (T ) (4.19)

and

Pr[N (T ) = r ] = Pr[N (T ) < r + 1] − Pr[N (T ) < r ]

= Fr (T ) − Fr+1(T )

=
∫ T

0
[1 − Fr (T − z)] dFr (z), (4.20)

which is the fundamental relation between the distribution of waiting times
and that of event counts. This relation may form the basis of a count model
corresponding to an arbitrary waiting-time model. Conditioning on exogenous
variable xi , the likelihood for the m independent observations is defined by

L =
m∏

i = 1

[
Fni (T | xi ) − Fni +1(T | xi )

]
. (4.21)

The practical utility of this formulation in part depends on whether the cdf of
Sn can be easily evaluated. Even if no closed form expression for the cdf is
available, computer-intensive methods can be used as suggested by Lee (1997).
Further, the approach can be extended to generalized renewal processes; for
example, we may allow the waiting-time distribution of the first event to differ
from that of subsequent events (Ross, 1996) – a case analogous to the hurdle
count model. Another potential advantage is that the approach can exploit the
availability of structurally and behaviorally richer specifications of waiting-time
models.

One approach is to begin by specifying parametric regression models for
waiting times. For example, a broad class of parametric waiting-time models is
defined by the regression

ln ti = x′
iβ + σεi (4.22)

where the distribution of εi is specified. We consider some special cases.
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• The exponential duration model (and the Poisson model for counts)
follows from the assumption that σ = 1, and εi follow the extreme
value distribution.

• A less restrictive model is

ln ti = x′
iβ + εi − ui

where the εi are iid extreme value distributed and ui is a log-gamma
random variable.∗ This choice corresponds to the negative binomial
distribution for counts (Lee, 1997).

• Equation (4.22) corresponds to the popular Weibull waiting-time dis-
tribution with an additional free parameter that allows duration depen-
dence. In this case there is no closed form expression for the distribu-
tion of counts.

In the following subsection we consider an interesting special case analyzed
by Winkelmann (1995), which illustrates some of the problems and possibilities
of this approach.

4.3.4 Gamma Waiting Times

Winkelmann (1995) considered the gamma waiting-time distribution, which
admits monotonic increasing or decreasing hazards. Then the density of W is
given by

f (W | φ, α) = αφ

�(φ)
W α−1e−αW , W > 0. (4.23)

The corresponding hazard function, which describes the underlying dependence
of the process, is defined as

h(W )= f (W )

1 − F(W )

=− d

dW
ln(1 − F(W ))

=
[ ∫ ∞

0
e−αu(1 + u/W )φ−1 du

]−1

.

The hazard function does not have a closed-form expression but can be
shown to be monotonically increasing for α > 1. This implies positive duration
dependence or increasing hazards. The function is monotonic decreasing for
α < 1, which implies negative duration dependence or decreasing hazards.
The slope of the hazard function, ∂h(W )/∂W , reflects the dependence of the

∗ The density of u is defined by f (v) = exp[v/η−exp(v)]/�(1/η) where u = ln η+v (Kalbfleish
and Prentice, 1980; Lee, 1997).
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process; negative slope implies that waiting time is less likely to end, the longer
it lasts, whereas positive slope implies that the transition out of the current state
is more probable the longer the duration in that state. Hazard function may be
nonmonotonic; for example, it may have an inverse bathtub shape.

We first obtain the distribution of Sr given the distribution (4.23). To do
so we use the Laplace transform, which for nonnegative random variables is
the analog of the moment-generating function. The Laplace transform of the
gamma-distributed random variables is defined as

LW (z) =
∫ ∞

0
e−zW f (W )

= (1 + z/α)−α. (4.24)

The Laplace transform of Sr =∑r
j = 1 W j , r = 1, 2, . . . , is given by

LSr (z) =
r∏

i = 1

LSi (z)

= (1 + z/α)−rα, (4.25)

so that the density of Sr is obtained by replacing φ in the density for Wi by rφ.
Hence,

fr (S | φ, α) = αrφ

�(rφ)
Srφ−1e−αS. (4.26)

To deploy the fundamental relation (4.20), using the corresponding cumulative
distribution function we obtain

Fr (T | α, φ)=
∫ T

0

αrφ

�(rφ)
Srφ−1e−αSd S

= 1

�(rφ)

∫ αT

0
urφ−1e−udu

≡ G(rφ, αT ), (4.27)

where the second equality uses the change of variable to u = αS. The right-
hand side is an incomplete gamma integral that can be numerically evaluated.
Finally using the fundamental relation between durations and counts, we obtain
the corresponding count distribution

Pr[N = r ] =
{

1 − G(φ, α) for r = 0

G(rφ, α) − G(rφ + φ, α) for r = 1, 2, . . . .

(4.28)

where G(0, αT ) = 1 and we normalize T = 1. This simplifies to the Poisson
with parameter α if φ = 1 but allows for positive duration dependence if α > 1
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and negative duration dependence if α < 1 (Winkelmann, 1995). For any φ > 0,
it can be shown that α > 1 leads to underdispersion and α < 1 to overdispersion.
Using (4.21) the likelihood function can be formed. Each term in the likelihood
involves an integral that can be evaluated numerically.

4.3.5 Dependence and Dispersion

It can be shown that this result is not specific to gamma waiting times; it
applies whenever the hazard function is monotonic. Let the mean and variance
of waiting-time distributions be denoted, respectively, µw and σ 2

w. Cox (1962b,
p. 40) shows that the asymptotic distribution of the number of events NT in the
interval (0, T ) is approximately normal with mean T/µw and variance T σ 2

w/µ3
w,

and the approximation is good if E[w] is small relative to T . If CV denotes the
coefficient of variation, then

CV2 = σ 2
w

µ2
w

. (4.29)

For waiting-time distributions with monotonic hazards, it can be shown (Barlow
and Proschan, 1965, p. 33) that

CV < 1 ⇒ increasing duration dependence

CV > 1 ⇒ decreasing duration dependence.

This result indicates that overdispersion (underdispersion, equidispersion) in
count models is consistent with negative- (positive-, zero-) duration dependence
of waiting times. Although this result provides a valuable connection between
models of counts and durations, the usefulness of the result for interpreting es-
timated count models depends on whether the underlying assumption of mono-
tone hazards and absence of other types of model misspecification is realistic.

Another form of overdispersion is sometimes observed in the form of clus-
tering. For instance, a particular cause (e.g., illness) may generate a cluster
of correlated events (e.g., doctor visits). Over some period of time such as a
year, one may observe several clusters for an individual, with correlation within
but not between clusters. One way to model dependence between events in a
cluster is to begin with the binomial-stopped-by-Poisson characterization of
Chapter 1. One then allows the binary outcome variable to be correlated, as
in the correlated binomial model, denoted CB[n, π, ρ]. In this case the count
is Y = ∑n

i = 1 Bi , Bi is a binary 0/1 random variable that, if the event occurs,
takes the value 1 with probability π . The pair (Bi , B j ), i = j , has covariance
ρπ (1 − π ), 0 ≤ ρ < 1 (Dean, 1992; Lucerňo, 1995). That is, all (i, j) pairs
have constant correlation ρ. Assuming a random number of events in a given
period, the CB[n, π, ρ] model generates the correlated Poisson model, denoted
CP[µ(1 − ρ), (1 − ρ)(µ + ρµ2)]. The arguments in the latter are the mean and
the variance, respectively, and µ = lim(nπ ). Note that the variance–mean ratio
in this case has the same form as the NB2 model, with ρ replacing the parameter
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α. Clearly, clumping or correlation of events can generate overdispersion. This
phenomenon is of potential interest in time series count models.

4.4 Katz, Double Poisson, and Generalized Poisson

Multiplicative mixtures lead to overdispersion. However, sometimes it is not
evident that overdispersion is present in the data. It is then of interest to consider
models that have variance functions flexible enough to cover both over- and
underdispersion. In this section we consider several count models that are not
generated by mixtures or non-Poisson processes and that have this property.
Additional cross-sectional models with a similar underlying motivation are
also discussed in Chapter 12.

4.4.1 The Katz System

Some extensions of the Poisson model that permit both over- and underdis-
persion can be obtained by introducing a variance function with additional
parameters. Cameron and Trivedi (1986) suggested the variance function

V[yi | xi ] = E[yi | xi ] + αE[yi | xi ]
2−k1 , α > 0. (4.30)

This specializes to that for the Poisson, NB1, and NB2 as k1 = 2, 1, and 0,
respectively. Motivated by the desire to specify a variance function that would
cover overdispersion as well as underdispersion, Winkelmann and Zimmermann
(1991), following King (1989b), reparameterized (note that −k1 = k2 − 1 and
α = σ 2

2 − 1) this as

V[yi | xi ] = E[yi | xi ] + (σ 2
2 − 1

)
E[yi | xi ]

k2+1, σ 2
2 > 1, (4.31)

and proposed to treat k2 as an unknown parameter. The restriction σ 2
2 − 1 = 0

yields the Poisson case, α > 0 implies overdispersion, and 0 < σ 2
2 < 1 and

E[yi | xi ]k2 ≤ −1/(σ 2
2 − 1) implies underdispersion. However, it is useful to

know where (4.31) comes from if we are to ensure that the above variance
function is consistent with a particular pdf of yi . This can be done using the
Katz family of distributions.

Katz (1963) studied the system of discrete distributions defined by the prob-
ability recursion

Pr[y + 1] = Pr[y]
ω + γ y

1 + y
, ω + γ y ≥ 0, µ > 0, γ < 1,

(4.32)

which has mean µ = ω/(1 − γ ) and variance ω/(1 − γ )2. This includes as
special cases the Poisson (γ = 0) and the negative binomial (0 < γ < 1). Setting
ω/(1 − γ )2 equal to the right-hand side of (4.31) and solving for (ω, γ ) yields

γ = αµk2

αµk2 + 1
; ω = µ

αµk2 + 1
.
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Substituting these back into (4.31) and solving for the pdf of y yields the
so-called generalized event count (GEC[k]) density (Winkelmann and
Zimmermann, 1995),

f (y | µ, α, k2) = Ci ×
{∏y

j=1

[
µ+α( j−1)µk2

[αµk2 +1] j

]
for y = 1, 2, . . .

1 for y = 0,

(4.33)

where

Ci =



(
αµ

k2
i + 1

)ζi for α ≥ 0(
αµ

k2
i + 1

)ζi D−1
i for 0 < α − 1 < 1; µ

k2
i ≤ 1/α;

yi ≤ int∗(ζi )

0 otherwise

ζi = −µ
k2−1
i /α

Di =
int∗(ζi )∑
m = 0

fbinomial(m | µ, α, k2),

int∗(y) =
{

int(y) + 1 for int(y) < y

int(y) for int(y) = y.

From a computational viewpoint this is an awkward density to work with.
Analytical discussion of the properties of the MLE based on this density is
complicated by the fact that the range of y depends on the unknown parameters,
which violates the fourth regularity condition mentioned in section 2.3. There
are a number of examples in the econometric literature of models estimated
by maximum likelihood based on this density (Winkelmann and Zimmermann,
1991). This appears to fit better than the Poisson, but there are very few examples
where the GEC(k) fits better than NB2. This may be interpreted to mean either
that the quadratic variance function of the NB2 model is a good approximation in
practice, or that the departures from the quadratic variance function are difficult
to detect unless the sample is sufficiently large.

4.4.2 Example: Doctor Visits

How much difference can different variance functions generate in estimates?
In Table 4.1 we present estimates of three alternative specifications, Poisson,
GEC(k), and gamma, using the Australian doctor-consultation data. All models
are estimated by maximum likelihood. The gamma model is estimated using
(4.28) with φi = α exp(x′

iβ).
The GEC(k) model allows us to evaluate the adequacy of the Poisson and

the NB specifications. The estimated value of the k1 parameter is close to 1.
This indicates that a variance function linear in the mean fits the data. The α
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Table 4.1. Doctor visits: generalized event count (GEC[k]) and
gamma MLE and t ratios

Poisson GEC(k) Gamma

Variable Coefficient | t | Coefficient | t | Coefficient | t |

ONE −2.264 8.740 −2.172 9.29 −8.281 3.634
SEX 0.157 1.980 0.224 3.229 .470 2.141
AGE 1.056 .774 −.379 .293 3.606 1.028
AGESQ −.849 .581 .805 .564 −3.190 .870
INCOME −.205 1.589 −.138 1.273 −.591 1.737
LEVYPLUS .123 1.295 .106 1.240 0.353 1.301
FREEPOOR −.440 1.517 −.495 2.430 −1.396 1.816
FREEREPA .080 .630 .141 1.200 .215 .680
ILLNESS .187 7.810 .216 8.804 .510 4.106
ACTDAYS .127 16.327 .150 15.054 .323 4.414
HSCORE .030 2.113 .039 2.751 .068 2.048
CHCOND1 .114 1.256 .094 1.200 .523 1.803
CHCOND2 .141 1.150 .199 1.894 .552 1.680
α 2.130 18.775
k1 1.138 10.194

.235 3.821

−ln L 3355. 3198. 3261.

parameter is close to 2, indicating the presence of significant overdispersion.
These two results together can be interpreted to mean that the NB2 model
should fit the data well. This is confirmed by a comparison of the results with
those from NB2 in Table 3.4. The log-likelihood values for the two models
are very close, as are also most of the parameters. Clearly, empirically the
two are almost equivalent, and the NB2 is easier to estimate. In terms of log-
likelihood the gamma model does not fit as well as the GEC(k) formulation, but
it provides a different interpretation of overdispersion in the data. It indicates
negative duration dependence, meaning that the probability of an additional
doctor consultation declines following the occurrence of a consultation.

4.4.3 Double Poisson Model

The double Poisson distribution was proposed by Efron (1986) within the con-
text of the double exponential family. This distribution is obtained as an expo-
nential combination of two Poisson distributions, P[µ] and P[y], as in

f (y, µ, φ) = K (µ, φ)[P[µ]]φ[P[y]]1−φ,

where φ is a dispersion parameter, and K (µ, φ) is a normalizing constant whose
exact value depends on µ and φ. Expanded, the double Poisson density becomes

f (y, µ, φ) = K (µ, φ)φ1/2 exp(−φµ) exp(−y)yy

(
eµ

y

)φy

, (4.34)
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Figure 4.2. Two examples of double Poisson.

where

1

K (µ, φ)
� 1 + 1 − φ

12φµ

(
1 + 1

φµ

)
ensures f (·) sums to unity. This distribution has mean value approximately
µ and variance approximately µ/φ (Efron, 1986, p. 715). The parameter µ

is similar to the Poisson mean parameter. Efron (1986) shows that the con-
stant K (µ, φ) in (4.34) nearly equals 1. Because it is a source of significant
nonlinearity, the approximate density obtained by suppressing it may be used
in approximate maximum likelihood estimation. The Poisson model is nested
in the double Poisson model for φ = 1. The double Poisson model allows for
overdispersion (φ < 1) as well as underdispersion (φ > 1). Another advantage
of the double Poisson regression model is that both the mean and the dispersion
parameters may depend on observed explanatory variables. Thus, it is possible
to model the mean and dispersion structure separately as is sometimes done for
a heteroskedastic normal linear regression model.∗ Figure 4.2 shows the densi-
ties for two combinations of (µ, φ), (0.5, 1.25) and (0.5, 0.75), both leading to
underdispersed outcomes with a relatively low frequency of zeros.

Let µi = exp(x′
iβ). The first-order conditions for maximum likelihood esti-

mation of β are∑ (yi − µi )

(µi/φi )

∂µi

∂β
= 0,

∗ This extension takes us into the realm of exponential dispersion models considered by Jorgensen
(1987).
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which are the same as for the PML if φi is a constant and does not involve
covariates. If φ is a constant, the maximum likelihood estimate φ is simply the
average value of the deviance measure,

φ̂ = n−1
∑

yi ln yi/µ̂i − (yi − µ̂i ). (4.35)

Because the estimating equations forβ are the same as in the Poisson case, PML
is consistent even if the dgp is double Poisson. A simple way of adjusting its
variance is to scale the estimated variance matrix by multiplying by 1/φ̂. How-
ever, to calculate the event probabilites, the expression in (4.34) should be used.

4.4.4 Neyman’s Contagious Distributions

Neyman (1939) developed type A, type B, and type C distributions to handle
a form of clustering that is common in the biological sciences. The univariate
version of type A has been used with success, but we are unaware of any
regression applications. Johnson, Kotz, and Kemp (1992) give an excellent
account of its properties and further references.

These distributions can be thought of as compound Poisson distributions
that involve two processes. For example, suppose that the number of events
(e.g., doctor visits) within a spell (of illness), denoted y, follows the Pois-
son distribution, and the random number of spells within a specified period,
denoted z, follows some other discrete distribution. Then the marginal distri-
bution of events is compound Poisson. One variant of Neyman type A with
two parameters is obtained if both y and z have independent Poisson distribu-
tions parameters (say) µ and λ, respectively. The expression for the compound
distribution can be obtained by specializing the general result in (4.15).

In univariate cases Neyman type A and negative binomial have been com-
pared. They are close competitors. Because the latter is better established in
regression contexts, we shall not devote further space to Neyman type A.

4.4.5 Consul’s Generalized Poisson

Consul (1989) has proposed a distribution that can accommodate both over-
and underdispersion. The distribution is

f (yi | xi ) =


exp(−µi −γ yi )(µi +γ yi )yi −1

yi !
, yi = 0, 1, . . . ,

0 for y > N , when γ < 0,

(4.36)

where max(−1, −µ/N ) < γ ≤ 1 and N is the largest positive integer that
satisfies the inequality µ + Nγ > 0 if µ is large. Because E[yi ] = µ(1 − γ )−1

and V[yi ] = µ(1−γ )−3, the distribution can display under- and equidispersion
as max(−1, −µ/N ) < γ ≤ 0, and γ = 0, and overdispersion for 0 < γ < 1.
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This model does not appear to have been much used in regression contexts
(see Consul and Famoye, 1992). Because for this distribution the range of
the random variable depends on the unknown parameter γ , one of the standard
conditions for consistency and asymptotic normality of the maximum likelihood
estimation is violated. The importance of this violation is a matter for future
investigation.

4.5 Truncated Counts

The models allowing for truncation are required if observations (yi , xi ) in some
range are totally lost and the distribution of observed counts is restricted. In
some studies involving count data, inclusion in the sample requires that sampled
individuals have been engaged in the activity of interest or, as Johnson and Kotz
(1969, p. 104) put it, “the observational apparatus become active only when a
specified number of events (usually one) occurs.” Examples of truncated counts
include the number of bus trips made per week in surveys taken on buses, the
number of shopping trips made by individuals sampled at a mall, and the number
of unemployment spells among a pool of unemployed. These are examples of
left truncation or truncation from below. Right truncation, or truncation from
above, may result if high counts are not observed. In the special case of a
“positive Poisson” model zeros are not observed.

Truncated count models are discrete counterparts of truncated and censored
models for continuous variables, particularly the Tobit models for normally
distributed data, that have been used extensively in the economics literature
(Amemiya, 1984; Maddala, 1983). The sample selection counterparts of the
model are discussed in Chapter 11. Truncated models are also related to the hur-
dle model discussed in section 4.7.

4.5.1 Standard Truncated Models

For simplicity, only truncation from below is considered. Analogous results
for right truncation can be derived by adapting those for left truncation. The
following general framework for truncated count models is used. Let

H (yi ,Λ) = Pr[Yi ≤ yi ]

denote the cdf of the discrete random variable with pdf h(yi ,Λ), where Λ is a
parameter vector. If realizations of y less than a positive integer r are omitted,
the ensuing distribution is called left-truncated (or truncated from below). The
left-truncated count distribution is given by

f (yi ,Λ | yi ≥ r ) = h(yi ,Λ)

1 − H (r − 1,Λ)
, yi = r, r + 1, . . . .

(4.37)
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A special case is the left-truncated negative binomial for which

h(yi ,Λ) = �(yi + α−1)

�(α−1)�(yi + 1)
(αµi )

yi (1 + αµi )
−(yi +α−1),

where Λ ≡ (µi , α). The truncated mean and variance are defined by

θi = µi + δi

σ 2
i = µi + αµ2

i − δi (µi − r )

δi = µi [1 + α(r − 1)]λ(r − 1, µi , α)

λ(r − 1, µi , α) = h(r − 1, µi )/1 − H (r − 1, µi ).

(4.38)

The left-truncated NB incorporates overdispersion in the sense that truncated
variance of the NB exceeds the truncated variance of the Poisson. The latter is
a limiting case obtained as α → 0.

For the Poisson pdf h(yi , µi ) = exp(−µi )µ
yi

i /yi ! the left truncated Poisson
density, obtained as a limiting case, is

f (yi , µi | yi ≥ r ) = µ
yi

i[
eµi −∑r−1

j = 0
µ

j
i

j!

]
yi !

, yi = r, r + 1, . . . .

(4.39)

whose (truncated) mean (θi ) and (truncated) variance (σ 2
i ) are given by

θi = µi + δi

σ 2
i = µi − δi (µi − r )

δi = µiλ(r − 1, µi )

λ(r − 1, µi ) = h(r − 1, µi )/1 − H (r − 1, µi ),

(4.40)

which shows that the mean of the left-truncated random variable exceeds the
corresponding mean of the untruncated distribution model, whereas the trun-
cated variance is smaller. The relation between the truncated mean and the mean
of the parent distribution can be expressed as

E[yi | yi ≥ r ] = E[yi ] + δi , δi > 0,

where δi , the difference between the truncated and untruncated means, depends
on the parameters of the models and on λ(r − 1, µi ). The adjustment factor
plays a useful role, analogous to the Mill’s ratio in continuous models, in the
estimation and testing of count models.

The most common form of truncation in count models is left truncation at
zero, r = 1 (Gurmu, 1991). That is, observation apparatus is activated only by
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the occurrence of an event. In the special case of Poisson-without-zeros, the
moments are

E[yi | yi > 0] = µi

1 − e−µi

and

V[yi | yi > 0] = E[yi | yi > 0][1 − Pr[y = 0]E[yi | yi > 0]]

= µi

1 − e−µi

[
1 − µi e−µi

1 − e−µi

]
. (4.41)

It is clear that the truncated Poisson, unlike the Poisson, does not have equal
first and second moments. Furthermore, misspecification of the distribution im-
plies that the first conditional truncated moment, which depends on the correct
probability of zero value, will also be misspecified. This results in inconsistent
estimates of µi if the parent distribution is incorrectly specified.

Truncated Poisson may be interpreted as a specialization of the truncated
negative binomial. The without-zeros variant of the NB2 has the following first
two moments:

E[yi | yi > 0] = µi

1 − (1 + αµi )−
1
α

(4.42)

V[yi | yi > 0] = µi

1 − (1 + αµi )−
1
α

×
[

1 − (1 + αµi )
− 1

α
µi

1 − (1 + αµi )−
1
α

]
. (4.43)

Briefly consider right truncation. Suppose the omitted values of yi consist
of values greater than c. Let f (yi ,Λ) = Pr[Yi ≤ yi | Yi < c]; then the right-
truncated (or truncated from above) probability distribution and the truncated
mean are

f (yi ,Λ | yi ≤ c) = h(yi ,Λ)

H (c,Λ)
, yi = 0, 1, . . . , c, (4.44)

and

E[yi | yi ≤ c] = E[yi ] + δ1i δ1i < 0

θ1i = µi + δ1i ,
(4.45)

where δ1i = −µiλ1(c, µi ), which depends on the parameters of the model and
λ1(c,Λ) = h(c,Λ)/H (c,Λ).

Right censoring, often resulting from aggregation of counts above a specified
value, is usually more common than right truncation. Moments of the right-
truncated distribution can be obtained from the corresponding moments of the
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left-truncated distribution by simply replacing r − 1, θ , and δ by c, θ1, and δ1,
respectively. Right truncation results in a smaller mean and variance relative
to the parent distribution. Detailed analysis of the moments of left- and right-
truncated negative binomial models is given in Gurmu and Trivedi (1992).

4.5.2 Maximum Likelihood Estimation

We consider the maximum likelihood estimation of left-truncated Poisson mod-
els. Using (4.39), the log-likelihood L(β) based on n independent observations
is

L(β)=
n∑

i = 1

[
yi ln(µi ) − µi

− ln

(
1 − exp(−µi )

r − 1∑
j = 0

µ
j
i

/
j!

)
− ln(yi !)

]
. (4.46)

The MLE of β is the solution of the following equation:

n∑
i = 1

[yi − µi − δi ]µ
−1
i

∂µi

∂β
= 0, (4.47)

where

δi = µi h(r, µi )

[1 − H (r − 1, µi )]
.

Rewriting this as

n∑
i = 1

[
yi − µi − δi√

µi

](
1√
µi

∂µi

∂β

)
= 0 (4.48)

yields the interpretation that the score equation is an orthogonality condition
between the standardized truncated residual and standardized gradient vector
of the conditional mean. This interpretation parallels that for the normal trun-
cated regression. For the exponential specification µi = exp(x′

iβ), ∂µi/∂β =
µi xi . So (4.47) reduces to an orthogonality condition between the xi and the
generalized residuals. The information matrix is

I(β) = −E

[
∂2L(β)

∂β∂β′

]
=

n∑
i = 1

[µi − δi (µi + δi − r )]µ−2
i

∂µi

∂β

∂µi

∂β′ .

(4.49)

The MLE β̂ is asymptotically normal with mean β and variance matrix I(β)−1.
In maximum likelihood estimation of truncated models a misspecification

of the underlying distribution leads to inconsistency due to the presence of
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the adjustment factor. A comparison of (4.40) with (4.38) shows that the con-
ditional means in the two cases are different. Suppose that the counts in the
parent distribution are conditionally NB distributed and α > 0. If the distribu-
tion is misspecified as the truncated Poisson, rather than truncated NB, then the
conditional mean is misspecified and the MLE will be inconsistent. To reiterate,
ignoring overdispersion in the truncated count model leads to inconsistency,
not just inefficiency. Thus, the result that neglected overdispersion does not
affect the consistency property of the correctly specified untruncated Poisson
conditional mean function does not carry over to the truncated Poisson. Hence,
the left-truncated NB is a better starting point for analyzing the data that might
be overdispersed.

Given estimates of the truncated Poisson, the mean of the parent distribution
may be written as a product of two terms:

E[yi ] = E[yi | yi > 0] Pr[y > 0].

Assuming again that µi = exp(x′
iβ), the partial response of E[yi ] to a unit

change in the continuous covariate x j may be decomposed into the part that
affects the mean of the currently untruncated part of the distribution and the
part that affects the probability of truncation.

4.6 Censored Counts

Models allowing for censoring are required if observations (yi , xi ) are available
for a restricted range of yi , but those for xi are always observed. This is in
contrast to truncation, where all observations are lost for some range of values
of y. Hence, censoring involves loss of information less serious than truncation.

Censoring of count observations may arise from aggregation or may be im-
posed by survey design; see, for example, Terza (1985). Alternatively, censored
samples may result if high counts are not observed.∗ Consider count models
that are censored from above at point c. An implicit regression model for a
latent count variable y∗

i is

y∗
i = µ(xi ,β) + ui , (4.50)

where ui is a disturbance term with E[ui ] = 0. For a right-censored count
model, the latent endogenous variable y∗

i is related to the observed dependent
variable yi as follows:

y∗
i =
{

yi if y∗
i < c,

c if y∗
i ≥ c,

∗ Applications of censored count models include provision of hospital beds for emergency admis-
sions (Newell, 1965) and number of shopping trips (Terza, 1985; Okoruwa, Terza, and Nourse,
1988).
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where c is a known positive integer. Define a latent categorical variable as
follows: di = 1 if y∗

i < c, and 0 if y∗
i ≥ c. The probablity of censoring the i th

observation is

Pr
[
y∗

i ≥ c
] = Pr[di = 0] = 1 − Pr[di = 1] = 1 − E[di ].

It is assumed that {xi } are observed for all i and that the censoring mechanism
and the data-generation process for the count variable are independent. The
log-likelihood function for n independent observations from model (4.50) is

L(Λ)=
n∑

i = 1

[
ln[h(yi ,Λ)]di + ln[1 − H (c − 1,Λ)]1−di

]
=

n∑
i = 1

[di ln(h(yi ,Λ)) + (1 − di ) ln(1 − H (c − 1,Λ)], (4.51)

where h(yi ; Λ) is the pdf of yi and

H (yi ; c − 1,Λ) = Pr[Yi ≤ c − 1],

respectively.
Maximization of the likelihood given above is straightforward using gradient-

based methods. Another approach is to use the expectation-maximization (EM)
algorithm based on expected likelihood. Expected likelihood, EL(Λ), is ob-
tained by replacing di by E[di ], which denotes (1 − Pr[censoring]).

EL(Λ) =
n∑

i = 1

[E[di ] ln(h(yi ,Λ)) + (1 − E[di ]) ln(1 − H (c − 1,Λ)].

The expected likelihood is a weighted sum of pdf and cdf with censoring prob-
ability as the weight. In the EM algorithm the estimates are obtained iteratively
by replacing di by their expectations and then maximizing the expected likeli-
hood with respect to Λ. Given Λ, the expected value of di , or the probability
of censoring, can be recomputed. The expected likelihood is then defined using
this new value and another estimate of Λ obtained. This iterative algorithm
is the well-known EM method, which has been used in other contexts, for
example in estimation of the Tobit model. Gradient methods may be compu-
tationally more efficient. Maximum likelihood estimation of censored count
models raises issues similar to those in Tobit models (Terza, 1985; Gurmu,
1993).

For the right censored Poisson model the maximum likelihood estimating
equation is:

n∑
i = 1

[di (yi − µi ) + (1 − di )δi ]µ
−1
i

∂µi

∂β
= 0,
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where

δi = µi · h(c − 1, µi )/[1 − H (c − 1, µi )]

is the adjustment factor associated with the left-truncated Poisson model. Be-
cause (yi − µi ) is the error for the uncensored Poisson model and

E[yi − µi | yi ≥ c] = δi ,

the expression, di (yi − µi ) + (1 − di )δi , given above is interpreted as the
generalized error (Gourieroux et al., 1987a) for the right-censored Poisson
model. The score equations imply that the vector of generalized residuals is
orthogonal to the vector of exogenous variables.

4.7 Hurdle and Zero-Inflated Models

In this section we discuss modified count models that are closely related to
truncated models. They also involve discrete mixtures, as against continuous
mixtures that are exemplified by the Poisson–gamma. The first of these is the
hurdle model and the second is the zero-inflated count (or with-zeros) model.
The principle motivation for these models is that real-life data frequently dis-
play overdispersion through excess zeros. This refers to observing more zero
observations than is consistent with the Poisson or another baseline model such
as the mixed Poisson. The latter would in any case have a higher proportion of
zeros than the parent Poisson distribution.

The hurdle model has an interpretation as a two-part model. The first part is
a binary outcome model, and the second part is a truncated count model. Such a
partition permits the interpretation that positive observations arise from crossing
the zero hurdle or the zero threshold. The first part models the probability that
the threshold is crossed. In principle, the threshold need not be at zero; it
could be any value. Further, it need not be treated as known. The zero value
has special appeal because in many situations it partitions the population into
subpopulations in a meaningful way.

4.7.1 With Zeros and Hurdle Models

In some cases the dgp adds additional mass at the zero (or some other positive)
value resulting in higher probability of this value than is consistent with the
Poisson or some other specified distribution. This happens because zeros may
arise from two sources. For instance, in response to the question, “How many
times did you go fishing in the past 2 months?” zero responses would be recorded
from those who never fish and from those who do but who did not do so in the
past 2 months. Thus the sample is a mixture. It would be a misspecification to
assume in this instance that the zeros and the nonzeros (positives) come from
the same dgp. A hurdle specification deals with mixtures whose moments are
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allowed to differ from those of the parent distribution. That is,

Pr[y = 0]= f1(0)

Pr[y = j]= 1 − f1(0)

1 − f2(0)
f2(y), j > 0,

(4.52)

which collapses to the standard model only if f1(·) = f2(·).
This is a modified count model in which the two processes generating the

zeros and the positives are not constrained to be the same. In the context of a
censored normal density (the Tobit model) the idea for a hurdle model was de-
veloped by Cragg (1971). The basic idea is that a binomial probability governs
the binary outcome of whether a count variate has a zero or a positive realiza-
tion. If the realization is positive, the “hurdle is crossed,” and the conditional
distribution of the positives is governed by a truncated-at-zero count data model.
Mullahy (1986) provided the general form of hurdle count regression models,
together with applications to daily consumption of various beverages. The hur-
dle model is the dual of the split-population survival time model (Schmidt and
Witte, 1989), in which the probability of an eventual death and the timing of
death depend separately on individual characteristics.

The hurdle model is a finite mixture generated by combining the zeros gen-
erated by one density with the zeros and positives generated by a second zero-
truncated density. Hence, the moments of the hurdle model are determined
by the probability of crossing the threshold, and by the moments of the zero-
truncated density. That is,

E[y | x] = Pr[y > 0 | x]Ey>0[y | y > 0, x], (4.53)

where the second expectation is taken relative to the zero-truncated density.
The variance can be shown to be

V[y | x] = Pr[y > 0 | x]Vy>0[y | y > 0, x]

+ Pr[y = 0 | x]Ey>0[y | y > 0 | x]. (4.54)

The full model with the zeros and the positives is then used to identify the
parameters of both densities. Finite mixtures considered elsewhere, by contrast,
combine both zeros and positives from two or more densities.

Consider the hurdle version of the NB2 model. Let µ1i = exp(x′
iβ1) be the

NB2 mean parameter for the case of zero counts. Similarly, let µ2i = µ2(x′
iβ2)

for the positive set J = {1, 2, . . .}. Further define the indicator function 1[ yi ∈ J]
= 1 if yi ∈ J and 1[ yi ∈ J] = 0 if yi = 0. From the NB distribution with a
quadratic variance function, the following probabilities can be obtained:

Pr[yi = 0 | xi ] = (1 + α1µ1i )
−1/α1 ; (4.55)

1 − Pr[yi = 0 | xi ] =
∑
yi ∈J

h(yi | xi ) = 1 − (1 + α1µ1i )
−1/α1 ; (4.56)
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Pr[yi | xi , yi > 0] = �
(
yi + α−1

2

)
�
(
α−1

2

)
�(yi + 1)

(
1

(1 + α2µ2i )1/α2 − 1

)−α−1
2

×
(

µ2i

µ2i + α−1
2

)yi

. (4.57)

The equation in (4.55) gives the probability of zero counts, while (4.56) is
the probability that the threshold is crossed. Equation (4.57) is the truncated-at-
zero NB2 distribution. The log-likelihood function for the observations splits
into two components, thus:

L1(β1, α1)=
n∑

i = 1

[(1 − 1[yi ∈ J]) ln Pr[yi = 0 | xi ]]

+
n∑

i = 1

1[yi ∈ J] ln(1 − Pr[yi = 0 | xi ]),

and

L2(β2, α2) =
n∑

i = 1

1[yi ∈ J] ln[Pr yi | xi , yi > 0]

L(β1,β2, α1, α2) = L1(β1, α1) + L2(β2, α2).

(4.58)

Here L1(β1, α1) is the log-likelihood for the binary process that splits the ob-
servations into zeros and positives, and L2(β2, α2) is the likelihood function
for the truncated negative binomial part for the positives. Because the two
mechanisms are assumed (functionally) independent, the joint likelihood is
maximized by separately maximizing each component. Practically this means
that the hurdle model can be estimated using software that may not explicitly
include the hurdles option. The Poisson hurdle and the geometric hurdle mod-
els examined in Mullahy (1986) can be obtained from (4.55) through (4.57)
by setting α1 = α2 = 0 and α1 = α2 = 1, respectively. Note that when α1 = 1,
Pr[yi = 0 | xi ] = (1 + µ1i )−1, so that if µ1i = exp(x′

1iβ1), the binary process
model is a logit model.

4.7.2 Zero-Inflated Counts

Zero-inflated count models provide another way to model excess zeros. Con-
sider the following:

Pr[yi = 0]=ϕi + (1 − ϕi )e−µi ,

Pr[yi = r ]= (1 − ϕi )
e−µi µr

i

r !
, r = 1, 2, . . . .

(4.59)

This distribution can also be interpreted as a finite mixture with a degenerate
distribution whose mass is concentrated at zero (see the next section). In (4.59)
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the proportion of zeros, ϕi , is added to the P[µi ] distribution, and other frequen-
cies are reduced by a corresponding amount. One possible justification for this
is the case of misrecorded observations, where the misrecording is concentrated
exclusively in the zero class. The proportion ϕi may be further parameterized by
a (logistic) transformation of ziγ. The objective is to estimate (β,γ). Assume
identifiability. Because

V[yi ]= (1 − ϕi )
(
µi + ϕiµ

2
i

)
>µi (1 − ϕi ) = E[yi ],

excess zeros imply overdispersion.
Lambert (1992) introduced the zero-inflated Poisson (ZIP) model in which

µi = µ(xi ,β) and the probability ϕi is parameterized as a logistic function of
the observable vector of covariates zi , thereby ensuring nonnegativity of ϕi ;
that is,

yi =0 with probability ϕi

yi ∼P[µi ] with probability (1 − ϕi )

ϕi =
exp
(
z′

iγ
)

1 + exp
(
z′

iγ
) . (4.60)

Although the logistic functional form is convenient, generalizations of the lo-
gistic such as Prentice’s F distribution (Stukel, 1988) may also be used. Identi-
fiability of any additional parameters thereby introduced should be verified.

Let 1(yi = 0) denote an indicator variable that takes value 1 if yi = 0, and
zero otherwise. The joint likelihood function after omitting constants is given
by

L(β,γ)=
n∑

i = 1

1(yi = 0) ln
(
exp
(
z′

iγ
)+ exp

(−exp
(
x′

iβ
)))

+
n∑

i = 1

(1 − 1(yi = 0))
(
yi x′

iβ − exp
(
x′

iβ
))

−
n∑

i = 1

ln
(
1 + exp

(
z′

iγ
))

.

Lambert suggested using the EM algorithm to maximize the likelihood. As
in the censored regression case, this uses expected likelihood formulation. If
the indicator variables are replaced by their expected values, the expected like-
lihood function is obtained. The expected value may be treated as a parameter
and replaced by an estimate if an initial estimate of γ is available. The expected
likelihood function, EL(β,γ), may then be maximized for the unknown pa-
rameters β. Given the functional independence of the µi and ϕi components,
the joint likelihood can be maximized by the EM algorithm (Lambert, 1992); in
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practice, convergence is also fairly rapid even if the Newton-Raphson algorithm
is used. The model can be extended to the negative binomial case. Further, the
logistic specification may be replaced by ϕi = F(z′

iγ) where F(·) is any valid
cdf. This latter approach works most satisfactorily if the correlation between
the x and z variables is small. In practice, variables that enter ϕ function may
also determine µ, making it harder to identify their individual roles.

Both the hurdles and ZIP models allow for two sources of overdispersion. One
of these allows for extra (or too few) zeros; the second allows for overdispersion
induced by individual heterogeneity in the positive set. The hurdle model can
also explain too few zeros. For example, the hurdle Poisson explains too few
if µ1 > µ2 (then e−µ1 < e−µ2 ). The with-zeros model cannot, although it can
if we change from 0 ≤ ϕ ≤ 1 to − f (0)/(1 − f (0)) ≤ ϕ ≤ 1. The increased
generality comes at the cost of a more heavily parameterized model, some of
whose parameters can be subject to difficulties of identification. Consequently
in maximum likelihood estimation convergence may be slow.

4.7.3 Example: Hurdles and Two-Part Decisionmaking

In a recent application, Pohlmeier and Ulrich (1995) develop a count model
of the two-part decisionmaking process in the demand for health care in West
Germany. Cross-section data from the West German Socioeconomic Panel are
used to estimate the model. The model postulates that “while at the first stage it
is the patient who determines whether to visit the physician (contact analysis),
it is essentially up to the physician to determine the intensity of the treatment
(frequency analysis)” (Pohlmeier and Ulrich, 1995, p. 340). Thus the analysis
is in the principal–agent framework in which the physician (the agent) deter-
mines utilization on behalf of the patient (the principal). This contrasts with the
approach in which the demand for health care is determined primarily by the
patient.

Pohlmeier and Ulrich estimate an NB1 hurdle model, a generalization of
Mullahy (1986), in which the first step is the binary outcome model of the contact
decision, which separates the full sample (5096) into those who had zero demand
for physician and specialist consultations during the period under study, and
the second stage, which estimates the left- (zero-) truncated negative binomial
model for those who had at least one physician (or specialist) consultation
(2125 or 1640). The authors point out that, under the then-prevalent system in
West Germany, the insured individual was required to initiate the demand for
covered services by first obtaining a sickness voucher from the sickness fund
each quarter. The demand for specialist services was based on a referral from a
general practitioner to the specialist. The authors argue that such an institutional
set-up supports a hurdles-type model, which allows contacts and frequency to
be determined independently.

The authors test the Poisson hurdle and NB1 against the Poisson and reject
the latter. Then the first two models are tested against a less restrictive NB1
hurdle model, which is preferred to all restrictive alternatives using Wald and
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Hausman specification tests. The authors report “important differences between
the two-part decisionmaking stages”; for example, the physician-density vari-
able, which reflects accessibility to service, has no significant impact on the
contact decision but has a significant positive impact on the frequency decision
in the general practitioner and the specialist equations. However, with more
than 20 coefficients in each of the two parts of the model, the NB1 hurdle model
could lead to overparameterization.

4.8 Finite Mixtures and Latent Class Analysis

A zero-inflated count model is a special case of a finite mixture model considered
in this section. The formal definition of a finite mixture is given in section 4.2.3.
The latter formulation is more general because it allows mixing with respect to
both zeros and positives, whereas the zero-inflated model only permits mixing
with respect to zeros. The assumption that mixing takes place with respect
to zeros only is relatively more attractive if the population can be realistically
divided into two components. Members of one subpopulation are “never at risk”
and hence never experience a positive number of events. Those of the second
are “at risk” and may experience a positive number of events.

4.8.1 Finite Mixtures

In a finite mixture model a random variable is postulated as a draw from a super-
population that is an additive mixture of C distinct populations in proportions
π1, . . . , πC , where

∑C
j = 1 π j = 1, π j ≥ 0 ( j = 1, . . . , C). The mixture density

is given by

f (yi |Θ) =
C−1∑
j = 1

π j f j (yi |θj ) + πC fC (yi |θC ), (4.61)

where each term in the sum on the right-hand side is the product of mix-
ing probability π j and the component (subpopulation) density f j (yi |θ j ). In
general the π j are unknown and hence to be estimated along with all other
parameters, denoted Θ. Also πC = (1 −∑C−1

j = 1 π j ). For identifiability, we use
the labeling restriction that π1 ≥ π2 ≥ . . . ≥ πC , which can always be satisfied
by rearrangement postestimation. This model has a long history in statistics;
see McLachlan and Basford (1988), Titternington, Smith, and Makov (1985),
Everitt and Hand (1981). To date, univariate formulations have been more pop-
ular. The identification and estimation of the model is complex (Lindsay, 1995).

The parameter π j may be further parameterized using, for example, the logit
function. Thus π j = exp(λ j )/(1+exp(λ j )) and λ j in turn may be parameterized
in terms of further observable covariates.

Although in principle the component distributions may be different para-
metric families, in practice it is usual to restrict them to be the same. Despite
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this, the finite mixture class offers a flexible way of specifying mixtures. There
are a number of advantages of using a discrete rather than a continuous mixing
distribution. The finite mixture representation provides a natural and intuitively
attractive representation of heterogeneity in a finite, usually small, number of
latent classes, each of which may be regarded as a “type,” or a “group.” The
choice of the number of components in the mixture determines the number of
“types,” but the choice of the functional form for the density can accommo-
date heterogeneity within each component. A finite mixture characterization
is attractive if the mixture components have a natural interpretation. However,
this is not essential. A finite mixture may be simply a way of flexibly and
parsimoniously modeling the data, with each mixture component providing a
local approximation in some part of the true distribution. As such the approach
is an alternative to nonparametric estimation.

Second, the finite mixture approach is semiparametric: It does not require
any distributional assumptions for the mixing variable. Third, the results of
Laird (1978) and Heckman and Singer (1984) suggest that estimates of such
finite mixture models may provide good numerical approximations even if the
underlying mixing distribution is continuous. Finally, the choice of a continuous
mixing density for some parametric count models is sometimes restrictive and
computationally intractable except if the conditional (kernel) and mixing den-
sities are from conjugate families, because otherwise the marginal density does
not have a closed form. By contrast, there are several promising approaches
available for estimating finite mixture models (Böhning, 1995).

Some special cases are of interest; for example, the random intercept model
in which the j th component of the density has intercept parameter θ j and the
slope parameters are restricted to be equal. That is, subpopulations are assumed
to differ randomly only with respect to their location parameter. This is some-
times referred to as a “semiparametric” representation of unobserved hetero-
geneity because a parametric assumption about the distribution of the error term
is avoided, by assuming that individuals fall randomly into C categories with
probabilities π1, π2, . . . , (1−∑C−1

i = 1 πi ). The more general model allows for full
heterogeneity by permitting all parameters in the C components to differ. This
case is sometimes referred to as a mixture with random effects in the intercept
and the slope parameters (Wedel, Desarbo, Bult, and Ramaswamy, 1993).

Finite mixtures of some standard univariate count models are discussed in
Titterington et al. (1985). The finite mixture model is somewhat different from
the heterogeneous Poisson model because it changes the conditional mean spec-
ification of the model, not just the variance function for a given mean. Its rele-
vance in the present context arises from practical difficulties of distinguishing
between alternative mixtures. If, however, the observed distribution is strongly
multimodal, there may be a good case for a finite mixture model. Denote by
P[µ] the Poisson distribution with parameter µ. Figure 4.3 shows two bimodal
univariate mixtures .75P[5] + .25P[1] and .5P[10] + .5P[1]. Both are bimodal
to an extent that depends on the closeness of the component means.
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Figure 4.3. Two univariate two-component mixtures of Poisson.

The uncentered (“raw”) moments of a finite mixture distribution may be
derived using the general formula

µ′
r (y) = E[yr ] =

C∑
j = 1

π jµ
′
r [y | f j (y)], (4.62)

where µ′
r denotes the r th uncentered moment and f j (y) denotes the jth compo-

nent (Johnson, Kotz, and Kemp, 1992). The central moments of the mixture can
then be derived using standard relations between the raw and central moments.

4.8.2 Nonparametric Maximum Likelihood

Let L(π,Θ, C | y) denote the likelihood based on (4.61) with C distinct para-
metrically specified components. The probability distribution f (yi | Θ̂; Ĉ) that
maximizes L(π,Θ, C | y) is called the semiparametric maximum likelihood
estimator. Lindsay (1995) has discussed its properties. In some cases C may
be given. Then the problem is to maximize L(π,Θ | C, y). It is easier to handle
estimation by maximizing log-likelihood for a selection of values of C and then
using model selection criteria to choose among estimated models.

4.8.3 Latent Class Analysis

The finite mixture model is related to latent class analysis (Aitkin and Rubin,
1985, Wedel et al., 1993). In practice the number of latent components has to be
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estimated, but initially we assume that the number of components in the mixture,
C , is given. Let di = (di1, . . . , diC ) define an indicator (dummy) variable such
that di j = 1;

∑
j di j = 1, indicating that yi was drawn from the j th (latent) group

or class for i = 1, . . . , n. That is, each observation may be regarded as a draw
from one of the C latent classes or “types,” each with its own distribution. The
finite mixture model specifies that (yi | di ,θ,π) are independently distributed
with densities

C∑
j = 1

di j f (yi |θ j ) =
C∏

j=1

f (yi |θ j )
di j,

and (di j | θ,π) are iid with multinomial distribution

C∏
j = 1 j

π
di j

j , 0 < π j < 1,

C∑
j = 1

π j = 1.

The last two relations imply that

(yi |θ,π)
iid∼

C∑
j = 1

π
di j

j f j (y;θ j ), 0 < π j < 1,

C∑
j = 1

π j = 1,

where π′ = [π1, . . . , πC ] and θ= [θ1, . . . ,θC ]. Hence the likelihood function
is

L(θ,π | y) =
n∏

i = 1

C∑
j = 1

π
di j

j [ f j (y;θ j )]
di j , 0 < π j < 1,

C∑
j = 1

π j = 1.

(4.63)

If π j , j = 1, . . . , C , is given, the posterior probability that observation yi

belongs to the population j , j = 1, 2, . . . , C , denoted zi j , is given by

zi j ≡ Pr[yi ∈ population j] = π j f j
(
yi | x′

i ,θ j
)∑C

j = 1 π j f j
(
yi | x′

i ,θ j
) . (4.64)

The average value of zi j over i is the probability that a randomly chosen indi-
vidual belongs to subpopulation j . This equals π j :

E[zi j ] = π j .

4.8.4 Estimation

A widely recommended procedure for estimating the finite mixture model is
the EM procedure, which is structured as follows. Given an initial estimate
[π(0),θ(0)], the likelihood function (4.63) may be maximized directly or using
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the EM algorithm in which the variables di j are treated as missing data. If the
di j were observable the log-likelihood of the model would be

L(π,Θ | y) =
n∑

i = 1

C∑
j = 1

di j [ln f j (yi ;θ j ) + ln π j ]. (4.65)

Replacing di j by its expected value, E[di j ], yields the expected log-likelihood,

EL(Θ | y,π) =
n∑

i = 1

C∑
j = 1

ẑi j [ln f j (yi ;θ j ) + ln π j ], (4.66)

where

E[di j ] = ẑi j .

The M step of the EM procedure maximizes (4.66) by solving the first-order
conditions

π̂ j −
∑n

i = 1 ẑi j

n
= 0, j = 1, . . , C (4.67)

n∑
i = 1

C∑
j = 1

ẑi j
∂ ln f j (yi ;θ j )

∂θ j
= 0. (4.68)

The marginal probability that an observation comes from the subpopulation j
is the average of all individual observation probabilities of coming from the j th

population. The E step of the EM procedure obtains new values of E[di j ] using
(4.64).

The EM algorithm may be slow to converge, especially if the starting val-
ues are not good. Other approaches such as the Newton-Raphson or Broyden-
Fletcher-Goldfarb-Shanno may also be worth considering. A discussion of re-
liable algorithms is in Böhning (1995). The applications reported in Chapter 6
use Newton-Raphson with numerically estimated gradients.

For C given, the covariance matrix of estimated parameters is obtained by
specializing the results in section 2.3.2. Alternative estimators for the variance,
including the sandwich and robust sandwich estimators, are also available.
However, these should be used with caution, especially if C is likely to be
misspecified. Treating C as known, if in fact it is not, means that the estimated
variances are conditional quantities.

4.8.5 Inference on C

The preceding account has not dealt with the choice of the parameter C . Two
approaches have been widely considered in the literature. The first is to use
likelihood ratio to test C = C∗ versus C = C∗ + 1. This is equivalent to the test
of H0 : πC∗+1 = 0 versus H1 : πC∗+1 = 0. Unfortunately, the likelihood ratio
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test statistic in this case does not have the standard chi-squared distribution
because the regularity conditions for likelihood-based inference are violated.

For example, let C = 2. We wish to test

H0 : f (yi |Θ) = P[θ1]

against

H1 : f (yi |Θ) = (1 − π ) P[θ1] + πP[θ2].

where Θ = (π,θ1,θ2) ∈ [0, 1] × (0, ∞) × (0, ∞), where θ1 = θ2. The null
holds if either π = 0 or θ1 = θ2. That is, the parameter space where H0 holds
is

Θ0 = (π,θ) = [0] × (0, ∞) × (0, ∞) ∪ [0, 1] × (0, ∞),

where θ1 =θ2 =θ. This is the entire θ space if π = 0, and the line segment
[0, 1] if θ1 =θ2. Under the null hypothesis the parameter π is not identifiable
because it is on the boundary of the parameter space. The standard assumption
for likelihood-based testing assumes regularity conditions stated in section 2.3.
This includes the condition that Θ is in the interior of parameter space. Hence,
the standard asymptotic distribution theory does not apply. Specifically, the
likelihood ratio test statistic does not have the chi-squared distribution under
the null. Hence, the standard critical values are inappropriate. One solution to
this problem is to use a parametric bootstrap to obtain the critical values (Feng
and McCulloch, 1996; see also section 6.4). This computer-intensive technique
has not been widely used in the Poisson regression context.

A second, simpler approach is to first fix the largest value of C one is prepared
to accept. Often this is a small number like 2, 3, or 4. The model is estimated for
all values of C ≤ C∗. Information criteria are used to select C (see Chapter 5).
Chapter 6 contains examples and further discussion.

In an unconstrained model, adding additional components can easily lead
to overparameterization in two senses. The total number of parameters may
be large. Then the number of components may also be too large relative to
the information in the data. Because the problem is akin to classification into
“types,” doing so reliably requires that interindividual differences are large
in the relevant sense. In the case of a constrained mixture, such as the ran-
dom intercept model, the resulting increase in the number of parameters is
small, but in the unconstrained model in which all parameters are allowed to
vary, the total number of parameters can be quite large (see Chapter 6 for an
example).

If the model is overparameterized, one can expect difficulties in estimation
due to flat log-likelihood. This problem is further compounded by the possible
multimodality of the mixture likelihood. Thus it is possible for an estimation
algorithm to converge to a local rather than a global maximum. In practical
applications of finite mixtures, therefore, it is important to test for the presence
of mixture components. If the evidence for mixture is weak, identification is a
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problem. It is also important to test whether a global maximum of the likelihood
is attained. These important issues are reconsidered in Chapter 6.

4.9 Estimation by Simulation

The specific parametric models of heterogeneity considered in this chapter have
the convenient feature that they generate a closed-form marginal distribution,
which then forms the basis of the likelihood. Such an outcome is somewhat arti-
ficially generated. In many otherwise appealing models a closed-form marginal
density may not be generated. It is still possible to estimate the parameters of the
mixture distribution using computer-intensive methods such as simulated max-
imum likelihood or simulated method of moments (Gourieroux and Monfort,
1997). The approach is illustrated using a Poisson–normal mixture.

Consider the Poisson model with normally distributed multiplicative hetero-
geneity term

yi | µi , νi ∼ P
[
yi | exp

(
x′

iβ + σνi
)]

,

νi ∼ N[0, 1].

The marginal distribution is

h(yi | µi )=Eν

[
f
[
yi | exp

(
x′

iβ + σνi
)]]

=
∫ ∞

−∞
f
[
yi | exp

(
x′

iβ + σνi
)]

φ(νi ) dνi

=
∫ ∞

−∞

1

yi !
exp
(−exp

[
x′

iβ + σνi
])

× exp
[(

x′
iβ + σνi

)yi
] 1√

2π
e−ν2/2 dνi , (4.69)

where the third line follows because φ(ν) is the standard normal density. There
is no closed-form solution for h(yi | µi ), unlike for the gamma heterogeneity
term considered in section 4.2.

An alternative approach is to use simulation. Because the marginal distri-
bution is a mathematical expectation, the expression can be approximated by
replacing the n-element vector ν by draws from the N[0, 1] distribution. Then

h(yi | µi ) ≈ 1

S

S∑
s = 1

f
[
yi | exp

(
x′

iβ + σν
(s)
i

)]
. (4.70)

This method is also called Monte Carlo integration. The simulated likelihood
function can be built up using n terms like that above. To intuitively understand
the procedure note that if the heterogenenity term were observable then the
likelihood could be constructed directly. In the absence of such information,
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we use S draws from a pseudorandom number generator to approximate the
term. Simulated maximum likelihood estimates are obtained by maximizing
the log-likelihood function

L(β, σ ) =
n∑

i = 1

ln
1

S

S∑
s = 1

f
[
yi | exp

(
x′

iβ + σν
(s)
i

)]
. (4.71)

It is known that if S is held fixed while n → ∞, the resulting estimator of
(β, σ ) is biased (McFadden and Ruud, 1994; Gourieroux and Monfort, 1997).
However, if S and n tend to infinity in such a way that

√
S/n → 0, the estimator

is both consistent and asymptotically efficient. An active area of research, for
problems in which it is computationally burdensome to let S go to infinity, is
to incorporate a bias correction in the expression for the density and then build
the likelihood from it. For relatively simple problems such as this example,
however, there is no need to do this, as there is no practical problem in using a
very high value of S.

An alternative estimation procedure may be based on numerical integra-
tion. Here the integration is replaced by an H -point Gaussian quadrature with
quadrature points (nodes) νh and weights wh ,

h(yi | µi ) ≈ 1√
π

H∑
h = 1

wh[ f [yi | µi , νh]].

This approach was used by Hinde (1982) for Poisson-normal model. The table
of weights for Gaussian quadrature can be found in Stroud and Secrest (1966).

The simulation approach is flexible and potentially very useful in the context
of truncated or censored models with unobserved heterogeneity and also struc-
tural models. An example is given in Chapter 11. The simulation approach is
now also widely used in Bayesian analyses of posterior distributions that may
not possess a closed form.

4.10 Derivations

We sketch a proof of the Two Crossings Theorem, following Shaked (1980).
For simplicity, we consider only a one-parameter exponential family, which
covers distributions other than the Poisson, which is of main interest here.

For the random variable y, y ∈ Ry , let

f (y; θ ) = exp{a(θ ) + c(θ )y}

denote the density. We consider mixing with respect to θ , θ ∈ Rθ , given π (θ ),
a nondegenerate distribution with mean

µ =
∫

Rθ

θπ (θ ) dθ.
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The mixture density,

h(y) =
∫

Rθ

exp{a(θ) + c(θ )y}π (θ ) dθ,

is approximated by

f (y) ≡ f (y | µ) = exp{a(µ) + c(µ)y},
obtained by replacing θ by its mean µ in f (y; θ ). The Two Crossings Theorem
studies the sign pattern of h(y)− f (y), assuming that the parent and the mixture
distributions have the same mean; that is,∫

y f (y | µ) dy =
∫

yh(y) dy. (4.72)

Let S−(h − f ) denote the number of sign changes in h − y over the set R(y).
The number of sign changes of h − f is the same as the number of sign changes
of the function

r (y)= h(y)

f (y)
− 1

=
∫

R(θ )
exp{(a(θ ) − a(µ)) + (c(θ ) − c(µ))y}π (θ ) dθ − 1.

Because r (y) is convex on the setRy it is implied that S−(h− f ) ≤ 2. Obviously
S−(h − f ) = 0. To show that S−(h − f ) = 1, assume, on the contrary that
S−(h − f ) = 1. If the sign sequence is {+, −} then the cdf H (y) = ∫ h(y) dy
and F(y) = ∫ f (y) dy satisfy

F(y) ≥ H (y)

for all y. This result, together with h = f , implies∫
yh(y) dy <

∫
y f (y) dy,

which contradicts the assumption of equal means, (4.72). Similarly if the se-
quence is {−, +}, (4.72) is also contradicted. Thus S−(h − f ) = 1 and hence
S−(h− f ) = 2. The sign sequence {+, −, +} follows from the convexity of r (y).

4.11 Bibliographic Notes

Feller (1971) is a classic reference for several topics discussed in this chapter.
Cox processes are concisely discussed in Kingman (1993, pp. 65–72). A re-
cent accessible discussion of the Two Crossings Theorem of Shaked (1980) is
by Mullahy (1997b). Shaked’s analysis applies to a one-parameter exponential
family. The two-crossings result is extended by Gelfand and Dalal (1990, p. 57)
to a two-parameter exponential family by exploiting convexity as in section 8.9.
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Chapters 4 and 5 in Lancaster (1990) contain material complementary to that in
sections 4.2 and 4.3. Our material in section 2.3.5 borrows heavily from Winkel-
mann (1995), who provides a useful discussion of dependence and dispersion.
Lee (1997) provides a further development and important extensions of this
approach using simulated maximum likelihood to estimate the model. Gourier-
oux and Visser (1997) also use the duration model to define a count model; they
also consider the heterogeneity distribution arising from the presence of both
individual and spell-specific components.

Lucerňo (1995) examines several models in which clustering leads to overdis-
persion. An application of truncated Poisson is Grogger and Carson (1991).
See also Creel and Loomis (1990) and Brännäs (1992). The monograph by
McLachlan and Basford (1988) provides a good treatment of finite mixtures,
and Wedel et al. (1993) and Deb and Trivedi (1997) are econometric applica-
tions. Brännäs and Rosenqvist (1994) and Böhning (1995) have outlined the
computational properties of alternative algorithms. Finite mixtures can be han-
dled in a Bayesian framework using Markov chain Monte Carlo methods as in
Robert (1996). Detailed analysis of the moment properties of truncated count
regression models include Gurmu (1991), who considers the zero-truncated
Poisson, and Gurmu and Trivedi (1992), who deal with left or right trunca-
tion in general and who also deal with tests of overdispersion in the truncated
Poisson regression. Censored Poisson regression was analyzed in some detail
by Gurmu (1993), who uses the EM algorithm. Amemiya (1985) provides a
good exposition of the EM algorithm. Crepon and Duguet (1997b) apply the
simulation-based estimator to a panel model. Treatment of heterogeneity based
on simulation is quite general in Gourieroux and Monfort (1991). A flexible ap-
proach to count models based on series expansions is given later in Chapter 12,
which also gives further references. Some background material for this is in
Chapter 8.

4.12 Exercises

4.1 The Katz family of distributions is defined by the probability recursion

Pr[y + 1]

Pr[y]
= µ + γ y

1 + y
for y = 0, 1, . . . , and µ + γ y ≥ 0.

Show that this yields overdispersed distributions for 0 < γ < 1, and underdis-
persed distributions for γ < 0.

4.2 Using the NB2 density show that the density collapses to that of the Poisson
as the variance of the mixing distribution approaches zero.

4.3 The Poisson-lognormal mixture is obtained by considering the following
model in which µ is normally distributed with mean x′β and variance 1. That is,
given y | µν ∼ P[µν], ln µν = x′β+ σν, ν ∼ N[0, 1], show that although the
Poisson-lognormal mixture cannot be written in a closed form, the mean of the
mixture distribution is shifted by a constant. Show that the first two moments
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of the marginal distribution are:

E[y | x] = exp

(
x′β + 1

2
σ 2

)
V[y | x] = exp(2x′β)[exp(2σ 2) − exp(σ 2)] + exp

(
x′β + 1

2
σ 2

)
.

4.4 Compare the variance function obtained in 4.3 with the quadratic variance
function in the NB2 case.

4.5 (a) Suppose y takes values 0, 1, 2, . . . with density f (y) and mean µ. Find
E[y | y > 0].

(b) Suppose y takes values 0, 1, 2, . . . with hurdle density given by

Pr[y = 0]= f1(0) and

Pr[y = k]= (1 − f1(0))/(1 − f2(0)) f2(0), k = 1, 2, . . .

where the density f2(y) has untruncated mean µ2, i.e.,
∑∞

k = 0 k f (k) =
µ2. Find E[y].

(c) Introducing regressors, suppose the zeros are given by a logit model
and positives by a Poisson model, i.e.,

f1(0)=1/[1 + exp(x′β1)]

f (k)=exp[−exp(x′β2)][exp(x′β2)k/y!], k = 1, 2, . . . ;

give an expression for E[y | x].
(d) Hence obtain an expression for ∂E[y | x]/∂x for the hurdle model.

4.6 Derive the information matrix for µ and φ in the double-Poisson case.
Show how its block-diagonal structure may be exploited in devising a computer
algorithm for estimating these parameters.

4.7 Let y denote the zero-truncated Poisson-distributed random variable with
density

f (y | µ) = µye−µ/[y!(1 − e−µ)], µ > 0.

Let µ be a random variable with distribution

g(µ) = c(1 − e−µ)e−θµµη−1/y!

where the normalizing constant c = �(η)θ−η[1 + [θ/(1 + θ )]η]. Show that the
marginal distribution of y is zero-truncated NB distribution. (This example is
due to Boswell and Patil (1970), who emphasized that in this case the mixing
distribution is not a gamma distribution.)



CHAPTER 5

Model Evaluation and Testing

5.1 Introduction

It is desirable to analyze count data using a cycle of model specification, es-
timation, testing, and evaluation. This cycle can go from specific to general
models – for example, it can begin with Poisson and then test for negative bino-
mial – or one can use a general to specific approach – for example, begin with
negative binomial and then test the restrictions imposed by Poisson. For inclu-
sion of regressors in a given count model either approach might be taken; for
choice of the count data model itself other than simple choices such as Poisson
or negative binomial the former approach is most often useful. For example, if
the negative binomial model is inadequate, there is a very wide range of models
that might be considered, rendering a general-to-specific approach difficult to
implement.

The preceding two chapters have presented the specification and estimation
components of this cycle for cross-section count data. In this chapter we focus on
the testing and evaluation aspects of this cycle. This includes residual analysis,
goodness-of-fit measures, and moment-based specification tests, in addition to
classical statistical inference.

Residual analysis, based on a range of definitions of the residual for het-
eroskedastic data such as counts, is presented in section 5.2. A range of measures
of goodness of fit, including pseudo R-squareds and a chi-square goodness-
of-fit statistic, are presented in section 5.3. Likelihood-based hypothesis tests
for overdispersion, introduced in section 3.4, are discussed more extensively
in section 5.4. Small-sample corrections, including the bootstrap pairs proce-
dure for quite general cross-section data models, are presented in section 5.5.
Moment-based tests, using the conditional moment test framework, are pre-
sented in section 5.6. Discrimination among nonnested models is the subject of
section 5.7. Many of the methods are illustrated using a regression model for
the number of takeover bids, which is introduced in section 5.2.5.

The presentation here is in places very detailed. For the practitioner, the
use of simple residuals such as Pearson residuals is well-established and can
be quite informative. For overall model fit in fully parametric models, chi-
square goodness-of-fit measures are straightforward to implement. In testing
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for overdispersion in the Poisson model, the overdispersion tests presented
already in section 3.4 often are adequate. The current chapter gives a more
theoretical treatment. Bootstrap methods, such as those outlined here, should
be performed if more refined small-sample inference is desired. Conditional
moment tests are easily implemented, but their interpretation if they are applied
to count data is quite subtle due to the inherent heteroskedasticity. Finally,
the standard methods for discriminating between nonnested models have been
adapted to count data.

The treatment of many of these topics, as with estimation, varies according to
whether we use a fully parametric maximum likelihood framework or a condi-
tional moment approach based on specification of the first one or two moments
of the dependent variable. Even within this classification results may be spe-
cialized, notably maximum likelihood methods to LEF and moment methods
to GLMs. Also, most detailed analysis is restricted to cross-section data. Many
of the techniques presented here have been developed only for such special
cases and their generality is not always clear. There is considerable scope for
generalization and application to a broader range of count data models.

5.2 Residual Analysis

Residuals measure the departure of fitted values from actual values of the de-
pendent variable. They can be used to detect model misspecification; to detect
outliers, or observations with poor fit; and to detect influential observations, or
observations with a big impact on the fitted model.

Residual analysis, particularly visual analysis, can potentially indicate the
nature of misspecification and ways that it may be corrected, as well as provide
a feel for the magnitude of the effect of the misspecification. By contrast, formal
statistical tests of model misspecification can be black boxes, producing only a
single number that is then compared to a critical value. Moreover, if one tests
at the same significance level (usually 5%) without regard to sample size, any
model using real data will be rejected with a sufficiently large sample even if it
does fit the data well.

For linear models a residual is easily defined as the difference between
actual and fitted value. For nonlinear models the very definition of a residual
is not unique. Several residuals have been proposed for the Poisson and other
GLMs. These residuals do not always generalize in the presence of common
complications, such as censored or hurdle models, for which it may be more
fruitful to appeal to residuals proposed in the duration literature. We present
many candidate definitions of residuals and stress that at this stage there appears
to be no one single residual that can be used in all contexts.

We also give a brief treatment of detection of outliers and influential ob-
servations. This topic is less important in applications in which data sets are
large and the relative importance of individual observations is small. And if
data sets are small and an influential or outlying observation is detected, it is
not always clear how one should proceed. Dropping the observation or adapting
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the model simply to better fit one observation creates concerns of data-mining
and overfitting.

5.2.1 Pearson, Deviance, and Anscombe Residuals

The natural residual is the raw residual

ri = (yi − µ̂i ), (5.1)

where the fitted mean µ̂i is the conditional mean µi = µ(x′
iβ) evaluated at β =

β̂. Asymptotically this residual behaves as (yi − µi ), because β̂
p→ β implies

µ̂i
p→ µi . For the classical linear regression model with normally distributed

homoskedastic error (y − µ) ∼ N[0, σ 2], so that in large samples the raw
residual has the desirable properties of being symmetrically distributed around
zero with constant variance. For count data, however, (y −µ) is heteroskedastic
and asymmetric. For example, if y ∼ P[µ] then (y − µ) has variance µ and
third moment µ. So the raw residual even in large samples is heteroskedastic
and asymmetric.

For count data there is no one residual that has zero mean, constant variance,
and symmetric distribution. This leads to several different residuals according
to which of these properties is felt to be most desirable.

The obvious correction for heteroskedasticity is the Pearson residual

pi = (yi − µ̂i )√
ω̂i

, (5.2)

where ω̂i is an estimate of the variance ωi of yi . The sum of the squares of
these residuals is the Pearson statistic, defined in (5.16). For the Poisson, GLM,
and NB2 models, respectively, one uses ω = µ, ω = αµ and ω = µ + αµ2. In
large samples this residual has zero mean and is homoskedastic (with variance
unity), but it is asymmetrically distributed. For example, if y is Poisson then
E[(y − µ)3/

√
µ] = 1/

√
µ.

If y is generated by an LEF density one can use the deviance residual, which
is

di = sign (yi − µ̂i )
√

2{l(yi ) − l(µ̂i )}, (5.3)

where l(µ̂) is the log-density of y evaluated at µ = µ̂ and l(y) is the log-density
evaluated at µ = y. A motivation for the deviance residual is that the sum of
squares of these residuals is the deviance statistic, defined in (5.18), which is the
generalization for LEF models of the sum of raw residuals in the linear model.
Thus, for the normal distribution with σ 2 known, di = (yi − µi )/σ , the usual
standardized residual. For the Poisson this residual equals

di = sign (yi − µ̂i )
√

2{yi ln(yi/µ̂i ) − (yi − µ̂i )}, (5.4)
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where y ln y = 0 if y = 0. Most other count data models are not GLMs, so this
residual cannot be used. A notable exception is the NB2 model with α known.
Then

di = sign(yi − µ̂i )

×
√

2{yi ln(yi/µ̂i ) − (yi + α−1) ln((yi + α−1)/(µ̂i + α−1))}.
(5.5)

The Anscombe residual is defined to be the transformation of y that is closest
to normality, then standardized to mean zero and variance 1. This transformation
has been obtained for LEF densities. If y is Poisson-distributed, the function
y2/3 is closest to normality and the Anscombe residual is

ai = 1.5
(
y2/3

i − µ
2/3
i

)
µ

1/6
i

. (5.6)

The Pearson, deviance, and Anscombe residuals for the Poisson can all be
reexpressed as a function of y/µ alone. McCullagh and Nelder (1989, p. 39)
tabulate these residuals for selected values of c = y/µ. Here we present this
graphically in Figure 5.1. All three residuals are zero when y = µ, i.e., c = 1,
and are increasing in y/µ. It is clear that there is very little difference between
the deviance and Anscombe residuals. The Pearson residuals are scaled differ-
ently, though also increase with c, and are roughly twice as big for c > 1. Pierce
and Schafer (1986) consider these residuals in some detail.

5.2.2 Generalized Residuals

Cox and Snell (1968) define a generalized residual to be any function

Ri = Ri (xi , θ̂, yi ), (5.7)

subject to some weak restrictions. This quite broad definition includes Pearson,
deviance, and Anscombe residuals as special cases.

Many other possible residuals satisfy (5.7). For example, consider a count
data model with conditional mean function µ(xi ,θ) and multiplicative error,
that is, yi = µ(xi ,θ)εi where E[εi | xi ] = 1. Solving for εi = yi/µ(xi ,θ)
suggests the residual Ri = yi/µ(xi , θ̂). An additive error leads one instead to
the raw residual yi − µ(xi , θ̂) presented in the previous section.

Another way to motivate a generalized residual is to make comparison to
least-squares first-order conditions. For single-index models with log-density
li = l(yi , η(xi ,θ)) the first-order conditions are

n∑
i=1

∂ηi

∂θ

∂li

∂ηi
= 0. (5.8)
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Figure 5.1. Comparison of Pearson, deviance, and Anscombe residuals.

Comparison with
∑n

i=1 xi (yi − x′
iβ) = 0 for the linear model suggests inter-

preting ∂ηi/∂θ as the regressors and using

Ri = ∂li/∂ηi (5.9)

as a generalized residual. For the Poisson model with ηi = µi = µ(xi ,θ) this
leads to the residual (yi −µi )/µi . The Pearson residual (yi −µi )/

√
µi arises if Ri

is standardized to have unit variance. This last result, that the Pearson residual
equals ∂li/∂ηi/

√
V[∂li/∂ηi ], holds for all LEF models. More problematic is

how to proceed in models more general than single-index models. For the NB2
and ordered-probit models the log-density is of the form li = l(yi , η(xi ,β),α)
and one might again use Ri = ∂li/∂ηi by considering the first-order conditions
with respect to β only.

For regression models based on a normal latent variable several authors
have proposed residuals. Chesher and Irish (1987) propose using as residual
Ri = E[ε∗

i | yi ] as the residual where ε∗
i = y∗

i −µi , y∗
i is an unobserved variable

that is distributed as N[µi , σ
2], and the observed variable yi = g(y∗

i ). Different
functions g(·) lead to probit, censored tobit, and grouped normal models. This
approach can be applied to ordered probit (or logit) models for count data.
Gourieroux, Monfort, Renault, and Trognon (1987a) generalize this approach
to LEF densities. Thus, let the log of the LEF density of the latent variable
be l∗i = l∗(y∗

i , η(xi ,θ)). If y∗
i was observed one could use R∗

i = ∂l∗i /∂ηi

as a generalized residual. Instead one uses Ri = E[R∗
i | yi ]. An interesting

result for LEF densities is that Ri = ∂li/∂ηi , where li is the log-density of the
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observed variable. Thus the same residual is obtained by applying (5.9) to the
latent variable model and then conditioning on observed data as is obtained by
directly applying (5.9) to the observed variable.

A count application is the left-truncated Poisson model, studied by Gurmu
and Trivedi (1992), whose results were summarized in section 4.5. Then y∗

i ∼
P[µi ] and we observe yi = y∗

i if y∗
i ≥ r . For the latent variable model R∗

i =
(y∗

i −µi )/µi . Because E[y∗
i | y∗

i ≥ r ] = µi +δi , where the correction factor δi is
given in section 4.5.1, the residual for the observed variable is Ri = E[R∗

i | y∗
i ≥

r ] = (yi − µi − δi )/µi . Alternatively, inspection of the maximum-likelihood
first-order conditions given in section 4.5.2 also leads to this residual.

5.2.3 Using Residuals

Perhaps the most fruitful way to use residuals is by plotting residuals against
other variables of interest. Such plots include residuals plotted against predicted
values of the dependent variable, for example to see whether the fit is poor for
small or large values of the dependent variable; against omitted regressors, to
see whether there is any relationship in which case the residuals should be
included; and against included regressors, to see whether regressors should
enter through a different functional form than that specified.

For the first plot it is tempting to plot residuals against the actual value of
the dependent variable, but such a plot is not informative for count data. To see
this, consider this plot using the raw residual. Because Cov[y − µ, y] = V[y],
which equals µ for Poisson data, there is a positive relationship between y − µ

and y. Such plots are more useful for the linear regression model under clas-
sical assumptions, in which case V[y] is a constant and any pattern in the
relationship between y − µ and y is interpreted as indicating heteroscedas-
ticity. For counts we instead plot residuals against predicted means and note
that Cov[y − µ, µ] = 0. A variation is to plot the actual value of y against
the predicted value. This plot is difficult to interpret, however, if the dependent
variable takes only a few values.

If there is little variation in predicted means the residuals may also be lumpy
due to lumpiness in y, making plots of the residuals against the fitted mean dif-
ficult to interpret. A similar problem arises in the logit and other discrete choice
models. Landwehr, Pregibon, and Shoemaker (1984) propose graphical smooth-
ing methods (see also Chesher and Irish, 1987). For the probit model based on
a normal latent variable, Gourieroux, Monfort, Renault, and Trognon (1987b)
propose use of simulated residuals as a way to overcome lumpiness, but this
adds considerable noise. The approach could be applied to ordered probit and
logit models for count data for which the underlying latent variable is discrete.

Even if the variables being plotted are not lumpy it can still be difficult to
detect a relationship, and it is preferable to perform a nonparametric regression
of R on x , where R denotes the residual being analyzed and x is the variable it
is being plotted against. One can then plot the predictions R̂ against x , where
R̂ is the estimate of the potentially nonlinear mean E[R | x].
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There are a number of methods for such nonparametric regression. Let yi be
a dependent variable, in the preceding discussion a model residual, and xi be
a regressor, in the preceding discussion the dependent variable, fitted mean, or
model regressor. We wish to estimate E[yl | xl], where the evaluation points xl

may or may not be actual sample values of x . The nonparametric estimator of
the regression function is

ŷl = Ê[yl | xl] =
(

n∑
i=1

wil yi

)/(
n∑

i=1

wil

)
(5.10)

where the weights wil are decreasing functions of |xi − xl |. Different methods
lead to different weighting functions, with kernel and nearest-neighbors meth-
ods particularly popular. A more recent method that is easy to implement and
appears to perform well is weighted local linear regression, proposed by Fan
(1992).

An overall test of adequacy of a model may be to see how close the residuals
are to normality. This can be done by a normal scores plot, which orders the
residuals ri from smallest to largest and plots them against the values predicted
if the residuals were exactly normally distributed, that is, plot the ordered ri

against

rnormi = r̄ + sr �−1((i − .5)/n), (5.11)

i = 1, . . . , n, where sr is the sample standard deviation of r and �−1 is the
inverse of the standard normal cdf. If the residuals are exactly normal this
produces a straight line. Davison and Gigli (1989) advocate using such normal
scores plots with deviance residuals to check distributional assumptions.

5.2.4 Small Sample Corrections and Influential Observations

The preceding motivations for the various residuals have implicitly treated µ̂i as
µi , ignoring estimation error in µ̂i . Estimation error can lead to quite different
small-sample behavior between, for example, the raw residual (yi − µ̂i ) and
(yi − µi ) just as it does in the linear regression model.

In the linear model, y = x′
iβ+u, it is a standard result that the OLS residual

vector (y−µ̂) = (I − H)u, where H = X(X′X)−1X′. Under classic assumptions
that E[uu′] = σ 2I it follows that E[(y − µ̂)(y − µ̂)′] = σ 2(I − H). Therefore,
(yi − µ̂i ) has variance (1 − hii )σ 2, where hii is the i th diagonal entry of H. For
very large n, hii → 0 so the OLS residual has variance σ 2 as expected. But for
small n the variance may be quite different and it is best to use the standardized
residual (yi − µ̂i )/

√
(1 − hii )s2.

The matrix H also appears in detecting influential observations. Because in
the linear model µ̂ = ŷ = Hy, H is called the hat matrix. If hii , the i th diagonal
entry in H, is large, then the design matrix X, which determines H, is such that
yi has a big influence on its own prediction.
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Pregibon (1981) generalized this analysis to the logit model. The logit results
in turn have been extended to GLMs (see for example Williams, 1987, and
McCullagh and Nelder, 1989 for a summary). For GLMs the hat matrix is

H = W1/2X(X′WX)−1X′W1/2, (5.12)

where W = Diag[wi ], a diagonal matrix with i th entry wi , and wi = (∂µi/

∂x′
iβ)2/V[yi ]. For the Poisson with exponential mean function wi = µi , so

H is easily calculated. As in the linear model the n × n matrix H is idempotent
with trace equal to its rank k, the number of regressors. So the average value
of hii is k/n, and values of hii in excess of 2k/n are viewed as having high
leverage. The studentized Pearson residual is

p∗
i = pi/

√
1 − hii (5.13)

and the studentized deviance residual is

d∗
i = di/

√
1 − hii . (5.14)

Other small-sample corrections for generalized residuals are given by Cox and
Snell (1968). See also Davison and Snell (1991), who consider GLM and more
general residuals.

A practical problem in implementing these methods is that H is of dimension
n × n, so that if one uses the obvious matrix commands to compute H the data
set cannot be too large, due to the need to compute a matrix with n2 elements.
Even n = 100 may lead to problems in some programs that support matrix
commands, and some ingenuity may be needed to calculate the diagonal entries
in H.

These asymptotic approximations are for small n. Some authors also con-
sider so-called small-m asymptotics, which correct for not having multiple
observations on y for each value of the regressors. Such corrections lead to
an adjusted deviance residual that is closer to the normal distribution than the
deviance residual. For the Poisson the adjusted deviance residual is

dadji = di + 1/(6
√

µi ). (5.15)

Pierce and Schafer (1986) find that the adjusted deviance residual is closest
to normality, after taking account of the discreteness by making a continuity
correction that adds or subtracts 0.5 to or from y, toward the center of the
distribution.

5.2.5 Example: Takeover Bids

Jaggia and Thosar (1993) model the number of bids received by 126 U.S. firms
that were targets of tender offers during the period from 1978 through 1985 and
were actually taken over within 52 weeks of the initial offer. The dependent
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Table 5.1. Takeover bids: actual frequency distribution

Count 0 1 2 3 4 5 6 7 8 9 10
Frequency 9 63 31 12 6 1 2 1 0 0 1
Relative frequency .071 .500 .246 .095 .048 .008 .016 .008 .001 .000 .008

Table 5.2. Takeover bids: variable definitions and summary statistics

Standard
Variable Definition Mean deviation

NUMBIDS Number of takeover bids 1.738 1.432
LEGLREST Equals 1 if legal defense by lawsuit .429 .497
REALREST Equals 1 if proposed changes in asset structure .183 .388
FINREST Equals 1 if proposed changes in ownership structure .103 .305
WHITEKNT Equals 1 if management invitation for friendly .595 .493

third-party bid
BIDPREM Bid price divided by price 14 working days before bid 1.347 .189
INSTHOLD Percentage of stock held by institutions .252 .186
SIZE Total book value of assets in billion of dollars 1.219 3.097
SIZESQ SIZE squared 10.999 59.915
REGULATN Equals 1 if chronic condition limiting activity .270 .446

count variable is the number of bids after the initial bid (NUMBIDS) received
by the target firm. These data are also analyzed at the end of section 5.3.4.

Data on the number of bids are given in Table 5.1. Less than 10% of the firms
received zero bids, one half of the firms received exactly one bid (after the initial
bid), a further one quarter received exactly two bids, and the remainder of the
sample received between three and ten bids. The mean number of bids is 1.738
and the sample variance is 2.050. This is only a small amount of overdispersion
(2.050/1.738 = 1.18), which can be expected to disappear as regressors are
added.

The variables are defined and summary statistics given in Table 5.2. Regres-
sors can be grouped into three categories: (1) defensive actions taken by man-
agement of the target firm: LEGLREST, REALREST, FINREST, WHITEKNT;
(2) firm-specific characteristics: BIDPREM, INSTHOLD, SIZE, SIZESQ; and
(3) intervention by federal regulators: REGULATN. The defensive action vari-
ables are expected to decrease the number of bids, aside from WHITEKNT,
which may increase bids as it is itself a bid. With greater institutional hold-
ings it is expected that outside offers are more likely to be favorably received,
which encourages more bids. As size of the firm increases there are expected
to be more bids, up to a point where the firm gets so large that few others are
capable of making a credible bid. This is captured by the quadratic in firm size.
Regulator intervention is likely to discourage bids.

The Poisson PML estimates are given in Table 5.3, along with standard errors
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Table 5.3. Takeover bids: Poisson PMLE with
NB1 standard errors and t ratios

Poisson PMLE

Variable Coefficient Standard errors t statistic

ONE .986 .461 2.14
LEGLREST .260 .130 2.00
REALREST −.196 .166 −1.18
FINREST .074 .187 .40
WHITEKNT .481 .137 3.51
BIDPREM −.678 .326 −2.08
INSTHOLD −.362 .367 −.99
SIZE .179 .052 3.44
SIZESQ −.008 .003 −2.81
REGULATN −.029 .139 −.21
−ln L 185.0

and t statistics assuming an NB1 variance function. The estimated value of the
overdispersion parameter α is 0.746, which is considerably less than unity.
At the same time, a formal test of underdispersion using the LM test does not
reject the null hypothesis of no overdispersion, leading Jaggia and Thosar (1993)
to prefer the Poisson estimator.

The defensive action variables are generally statistically insignificant at 5%
except for LEGLREST, which actually has an unexpected positive effect. While
the coefficient of WHITEKNT is statistically different from zero at 5%, its
coefficient implies that the number of bids increases by 0.481 × 1.738 � .84
of a bid. This effect is not statistically significantly different from unity. (If a
white-knight bid has no effect on bids by other potential bidders we expect it to
increase the number of bids by one.) The firm-specific characteristics with the
exception of INSTHOLD are statistically significant with the expected signs.
BIDPREM has a relatively modest effect, with an increase in the bid premium
of 0.2, which is approximately one standard deviation of BIDPREM, or 20%,
leading to a decrease of 0.2 × 0.677 × 1.738 � .24 in the number of bids. Bids
first increase and then decrease as firm size increases. Government-regulator
intervention has very little effect on the number of bids.

Summary statistics for different definitions of residuals from the same Pois-
son PML estimates are given in Table 5.4. These residuals are the raw, Pearson,
deviance, and Anscombe residuals defined in, respectively, (5.1), (5.2), (5.4),
and (5.6), small-sample corrected or studentized Pearson and deviance residuals
(5.13) and (5.14) obtained by division by

√
1 − hii , and the adjusted deviance

residual (5.15).
The various residuals are intended to be closer to normality, that is, with no

skewness and kurtosis equal to 3, than the raw residual if the data are P[µi ].
For these real data, which are not exactly P[µi ], this is the case for all except
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Table 5.4. Takeover bids: descriptive statistics for various residuals

Standard
Residual Mean deviation Skewness Kurtosis Minimum 10% 90% Maximum

r .00 1.23 1.4 7.4 −3.22 −1.30 1.27 5.57
p .00 .83 1.1 4.9 −1.61 −.96 .99 3.03
p∗ −.00 .89 1.1 5.1 −1.87 −1.02 1.02 3.11
d −.05 .96 .7 9.4 −3.65 −.95 .56 4.07
d∗ −.05 1.03 .7 9.7 −3.80 −1.06 .58 4.28
dadj .09 .96 .6 9.3 −3.55 −.86 .69 4.19
a −.10 .85 .2 3.9 −2.41 −1.16 .89 2.41

Note: r, raw; p, Pearson; p∗, studentized Pearson; d, deviance; d∗, studentized deviance; dadj,
adjusted deviance; a, Anscombe residual.

Table 5.5. Takeover bids: correlations of various residuals

Residual r p p∗ d d∗ dadj a

r 1.000
p .976 1.000
p∗ .983 .998 1.000
d .919 .917 .918 1.000
d∗ .925 .913 .918 .998 1.000
dadj .920 .917 .919 1.000 .988 1.000
a .951 .980 .977 .934 .928 .934 1.000

Note: r, raw; p, Pearson; p∗, studentized Pearson; d, deviance; d∗, studentized de-
viance; dadj, adjusted deviance; a, Anscombe residual.

the deviance residual, which has quite high kurtosis. The Anscombe residual
is clearly preferred on these criteria. Studentizing makes little difference. It is
expected that it will make little difference for most observations, because the
average hii = 10/126 = .079 leading to a small correction. For this sample
even the second largest value of hii = .321 only leads to division of Pearson
and deviance residuals by .82, not greatly different from unity.

The similarity between the residuals is also apparent from Table 5.5, which
gives correlation amongst the various residuals. The correlations between the
residuals are all in excess of 0.9, and small-sample corrected residuals have
correlation of 0.998 or more with the corresponding uncorrected residual.

We conclude that for this sample the various residuals should all tell a sim-
ilar story. We focus on the Anscombe residual ai , since this is the closest to
normality. Various residual plots are presented in Figure 5.2.

Panel 1 of Figure 5.2 plots the Anscombe residual against the dependent
variable. This shows the expected positive relationship, explained earlier. It is
better to plot against the predicted mean, which is done in panel 2. It is difficult
to visually detect a relationship.
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Figure 5.2. Takeover bids: residual plots.

A normal score plot of the Anscombe residual, that is, a plot of the residual
against the prediction (5.11) if the residual is normally distributed, is given in
panel 3 of Figure 5.2. The relationship is close to linear, although the high values
of the Anscombe residuals are above the line, suggesting higher-than-expected
residuals for large values of the dependent variable.

The hat matrix defined in (5.12) can be used for detecting influential ob-
servations. A plot of the i th diagonal entry hii against observation number is
given in panel 4 of Figure 5.2. For this sample there are six observations with
hii > 3k/n = .24. These are observations 36, 80, 83, 85, 102, and 126 with
hii of, respectively, .28, .32, .70, .32, .28, and .30. If instead we use the OLS
leverage measures, H = X(X′X)−1X′, the corresponding diagonal entries are
.18, .27, .45, .58, .18, and .16, so that one would come to similar conclusions.

On dropping these six observations the coefficients of the most highly statis-
tically significant variables change by around 30%. The major differences are
a change in the sign of SIZESQ, and that both SIZE and SIZESQ become very
statistically insignificant. Further investigation of the data reveals that these six
observations are for the six largest firms, and that the size distribution has a very
fat tail with the kurtosis of SIZE equal to 31, explaining the high leverage of
these observations. The leverage measures very strongly alert one to the prob-
lem, but the solution is not so clear. Dropping the observations with large SIZE



5.3. Goodness of Fit 151

is not desirable if one wants to test the hypothesis that, other things being equal,
very large firms attract fewer bids than medium-size firms. Different functional
forms for SIZE might be considered, such as log(SIZE) and its square, or an
indicator variable for large firms might be used.

For this example there is little difference in the usefulness of the various
standardized residuals. The sample size with 126 observations regressors is
relatively small for statistical inference based on asymptotic theory, especially
with 10 regressors, yet is sufficiently large that small-sample corrections made
virtually no difference to the residuals. Using the hat matrix to detect influential
observations was useful in suggesting possible changes to the functional form
of the model.

5.3 Goodness of Fit

In the preceding section the focus was on evaluating the performance of the
model in fitting individual observations. Now we consider the overall perfor-
mance of the model. Common goodness-of-fit measures for GLMs are the Pear-
son and deviance statistics, which are weighted sums of residuals. These can be
used to form pseudo R-squared measures, with those based on deviance statis-
tics preferred. A final measure is comparison of average predicted probabilities
of counts with empirical relative frequencies, using a chi-square goodness-of-fit
test that controls for estimation error in the regression coefficients.

5.3.1 Pearson Statistic

A standard measure of goodness of fit for any model of yi with mean µi and
variance ωi is the Pearson statistic

P =
n∑

i=1

(yi − µ̂i )2

ω̂i
, (5.16)

where µ̂i and ω̂i are estimates ofµi andωi . If the mean and variance are correctly
specified then E[

∑n
i=1(yi − µi )2/ωi ] = n, because E[(yi − µi )2/ωi ] = 1. In

practice P is compared with (n − k), reflecting a degrees of freedom correction
due to estimation of µi .

The simplest count application is to the Poisson regression model. This sets
ωi = µi , so that

PP =
n∑

i=1

(yi − µ̂i )2

µ̂i
. (5.17)

In the GLM literature it is standard to interpret PP > n − k as evidence of
overdispersion – that is, the true variance exceeds the mean, which implies
E[(yi − µi )2/µi ] > 1; PP < n − k indicates underdispersion. Note that this
interpretation presumes correct specification of µi . In fact PP = n − k may
instead indicate misspecification of the conditional mean.
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In practice even the simplest count data models make some correction for
overdispersion. In the GLM literature the variance is a multiple of the mean as
in section 3.2.4. Then ω̂i = φ̂µ̂i where φ̂ = φ̂NB1 = (n − k)−1∑n

i=1{(yi −
µ̂i )2/µ̂i }. But this implies that P always equals (n − k), so P is no longer a
useful diagnostic. If instead one uses the NB2 model, ω̂i = µ̂i + α̂µ̂2

i , with
α̂ the maximum likelihood estimate of α from section 3.3.1, then P is still
a useful diagnostic. So the Pearson statistic cannot be used to test whether
overdispersion is adequately modeled in the GLM framework but can be used
if the NB2 MLE is used. Even here, departures of P from (n − k) may actually
reflect misspecification of the conditional the mean.

Some references to the Pearson statistic suggest that it is asymptotically chi-
square distributed, but this is only true in the special case of grouped data with
multiple observations for each µi . McCullagh (1986) gives the distribution in
the more common case of ungrouped data, in which case one needs to account
for the dependence of µ̂i on β̂. This distribution can be obtained by appeal
to the results on CM tests given in section 2.6.3. Thus TP = P ′V̂−1

P P
a∼ χ2(1),

where the formula for the variance VP is quite cumbersome. For the NB2 model
estimated by maximum likelihood one can use the simpler OPG form of the CM
test. Then an asymptotically equivalent version of TP is n times the uncentered
R2 from auxiliary regression of 1 on the k +2 regressors (yi − µ̂i )2/(µ̂i + α̂µ̂2

i ),
(yi −µ̂i )/(1+α̂µ̂i )xi and {α̂−2[ln(1+α̂µ̂i )−

∑yi −1
j=0 ( j +α̂−1)]+(yi −µ̂i )/α(1+

α̂µ̂i )}. Studies very seldom implement such a formal test statistic.

5.3.2 Deviance Statistic

A second measure of goodness of fit, restricted to GLMs, is the deviance. Let
L(µ) ≡ ln L(µ) denote the log-likelihood function for a LEF density, defined
in section 2.4, where µ is the n × 1 vector with i th entry µi . Then the fitted
log-likelihood is L(µ̂), and the maximum log-likelihood achievable, that in a
full model with n parameters, can be shown to be L(y), where µ̂ and y are the
n × 1 vectors with i th entries µ̂i and yi . The deviance is defined to be

D(y, µ̂) = 2{L(y) − L(µ̂)}, (5.18)

which is twice the difference between the maximum log-likelihood achievable
and the log-likelihood of the fitted model.

GLMs additionally introduce a dispersion parameter φ, with variance scaled
by a(φ). Then the log-likelihood is L(µ, φ), and the scaled deviance is defined
to be

SD(y, µ̂, φ) = 2{L(y, φ) − L(µ̂, φ)}. (5.19)

For GLM densities SD(y, µ̂, φ) equals a function of y and µ̂ divided by a(φ).
It is convenient to multiply SD(y, µ̂, φ) by the dispersion factor a(φ), and the
deviance is defined as

D(y, µ̂) = 2a(φ){L(y, φ) − L(µ̂, φ)}. (5.20)
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The left-hand side of (5.20) is not a function of φ because the terms in φ in the
right-hand side cancel. McCullagh (1986) gives the distribution of the deviance.

For the linear regression model under normality, the deviance equals the
residual sum of squares

∑n
i=1(yi − µ̂i )2. This has led to the deviance being

used in the GLM framework as a generalization of the sum of squares. This
provides the motivation for the deviance residual defined in section 5.2.1. To
compare sequences of nested GLMs, the analysis of deviance generalizes the
analysis of variance.

For the Poisson model

DP =
n∑

i=1

{
yi ln

(
yi

µ̂i

)
− (yi − µ̂i )

}
, (5.21)

where y ln y = 0 if y = 0. This statistic is also called the G-squared statistic;
see Bishop, Feinberg, and Holland (1975). Because Poisson residuals sum to
zero if an intercept is included and the exponential mean function is used, DP

can more easily be calculated as
∑

i yi ln(yi/µ̂i ). For the NB2 model with α

known,

DNB2 =
n∑

i=1

{
yi ln

(
yi

µ̂i

)
− (yi + α−1) ln

[
yi + α−1

µ̂i + α−1

]}
. (5.22)

5.3.3 Pseudo R-Squared Measures

There is no universal definition of R-squared in nonlinear models. A number
of measures can be proposed. This indeterminedness is reflected in use of
“pseudo” as a qualifier. Pseudo R-squareds usually have the property that, on
specialization to the linear model, they coincide with an interpretation of the
linear model R squared.

The attractive features of the linear model R-squared measure disappear in
nonlinear regression models. In the linear regression model, the starting point
for obtaining R2 is decomposition of the total sum of squares. In general,

n∑
i=1

(yi− y)2 =
n∑

i=1

(yi − µ̂i )
2 +

n∑
i=1

(µ̂i− y)2

+ 2
n∑

i=1

(yi − µ̂i )(µ̂i− y). (5.23)

The first three summations are, respectively, the total sum of squares (TSS),
residual sum of squares (RSS), and explained sum of squares (ESS). The final
summation is zero for OLS estimates of the linear regression model if an inter-
cept is included. It is nonzero, however, for virtually all other estimators and
models, including the Poisson and NLS with exponential conditional mean. This
leads to different measures according to whether one uses R2 = 1− RSS/TSS
or R2 = ESS/TSS. Furthermore, because estimators such as the Poisson MLE



154 5. Model Evaluation and Testing

do not minimize RSS, these R squareds need not necessarily increase as regres-
sors are added, and even if an intercept is included the first of these may be
negative and the second may exceed unity.

The deviance is the GLM generalization of the sum of squares, as noted
in the previous subsection. Cameron and Windmeijer (1996, 1997) propose a
pseudo-R2 based on decomposition of the deviance. Then

D(y, ȳ) = D(y, µ̂) + D(µ̂, ȳ), (5.24)

where D(y, ȳ) is the deviance in the intercept-only model, D(y, µ̂) is the de-
viance in the fitted model, and D(µ̂, ȳ) is the explained deviance. One uses

R2
DEV = 1 − D(y, µ̂)

D(y, ȳ)
, (5.25)

which measures the reduction in the deviance due to inclusion of regressors.
This equals D(µ̂, ȳ)/D(y, ȳ), the R2 based instead on the explained deviance.
It lies between 0 and 1, increases as regressors are added, and can be given an
information-theoretic interpretation as the proportionate reduction in Kullback-
Liebler divergence due to inclusion of regressors. Only the last of these prop-
erties actually requires correct specification of the distribution of y.

This method can be applied to models for which the deviance is defined. For
the Poisson linear regression model the deviance is given in (5.21) leading to

R2
DEV,P =

∑n
i=1 yi ln

(
µ̂i

ȳ

)− (yi − µ̂i )∑n
i=1 yi ln

( yi

ȳ

) , (5.26)

where y ln y = 0 if y = 0. The same measure is obtained for the Poisson GLM
with NB1 variance function. For maximum likelihood estimation of the negative
binomial with NB2 variance function the deviance pseudo-R2 is

R2
DEV,NB2 = 1 −

∑n
i=1 yi ln

(
µ̂i

ȳ

)− (yi + â) ln
( yi +â

µ̂i +â

)∑n
i=1 yi ln

( ŷi

ȳ

)− (yi + â) ln
( yi +â

ȳ+â

) (5.27)

where â = 1/α̂ and α̂ is the estimate of α in the fitted model. Note that R2
DEV,P

and R2
DEV,NB2 have different denominators and are not directly comparable.

In particular it is possible, and indeed likely for data that are considerably
overdispersed, that R2

DEV,P > R2
DEV,NB2. One can instead modify the deviance

pseudo-R2 measures to have common denominator
∑n

i=1 yi ln(yi/ȳ), in which
case the intercept-only Poisson is being used as the benchmark model. The
NB1 model is not a GLM model, although Cameron and Windmeijer (1996)
nonetheless propose a deviance-type R2 measure in this case.

Cameron and Windmeijer (1996) motivate the deviance R2 measures as
measures based on residuals; one uses deviance residuals rather than raw resid-
uals. One can alternatively view these measures in terms of the fraction of
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the potential log-likelihood gain that is achieved with inclusion of regressors.
Formally,

R2 = Lfit − L0

Lmax − L0
= 1 − Lmax − Lfit

Lmax − L0
, (5.28)

where Lfit and L0 denote the log-likelihood in the fitted and intercept-only
models and Lmax denotes the maximum log-likelihood achievable. In (5.28),
(Lmax − L0) is the potential log-likelihood gain and (Lmax − Lfit) is the log-
likelihood gain achieved. This approach was taken by Merkle and Zimmermann
(1992) for the Poisson model. The difficult part in implementation to more
general models is defining Lmax. For some models Lmax is unbounded, in which
case any model has an R2 of zero. For GLM models Lmax = L(y) is finite and
the approach is useful.

For nonlinear models some studies have proposed instead using the pseudo-
R2 measure R2 = 1 − (Lfit/L0), sometimes called the likelihood ratio index.
This is the same as (5.28) in the special case Lmax = 0, which is the case
for binary logit. More generally, however, the likelihood ratio index can be
considerably less than unity for discrete densities, regardless of how good the
fit is, because Lmax ≤ 0. Also, for continuous densities, problems may arise as
Lfit > 0 and negative R2 values are possible.

Poisson packages usually report Lfit and L0. Using (5.28), R2
DEV,P can be

computed if one additionally computes Lmax = ∑i {yi log yi − yi − log yi !}.
The measure can also be clearly applied to truncated and censored variants of
these models.

Cameron and Windmeijer (1996) also consider a similar R2 measure based
on Pearson residual. For models with variance function ω(µ, α)

R2
PEARSON = 1 −

n∑
i=1

(yi − µ̂i )2

ω(µ̂i , α̂)

/ n∑
i=1

(yi − µ̂0)2

ω(µ̂0, α̂)
, (5.29)

where α̂ is the estimate of α in the fitted model and µ̂0 = µ̂0(α̂) denotes the
predicted mean in the intercept-only model estimated under the constraint that
α = α̂. For Poisson and NB2 models µ̂0 = ȳ. This measure has the attraction
of requiring only mean–variance assumptions and being applicable to a wide
range of models. This measure can be negative, however, and can decrease as
regressors are added. These weaknesses are not just theoretical, as they are found
to arise often in simulations and in applications. Despite its relative simplicity
and generality, use of R2

PEARSON is not recommended.

5.3.4 Chi-Square Goodness of Fit Test

For fully parametric models such as Poisson and negative binomial maximum
likelihood, a crude diagnostic is to compare fitted probabilities with actual
frequencies, where the fitted frequency distribution is computed as the average
over observations of the predicted probabilities fitted for each count.
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Suppose the count yi takes values 0, 1, . . . , m where m = maxi (yi ). Let the
observed frequencies (i.e., the fraction of the sample with y = j) be denoted by
p̄ j and the corresponding fitted frequencies be denoted p̂ j , j = 0, . . . , m. For the
Poisson, for example, p̂ j = n−1∑n

i=1 exp(−µ̂i )µ̂
j
i /j!. Comparison of p̂ j with

p̄ j can be useful in displaying poor performance of a model, in highlighting
ranges of the counts for which the model has a tendency to underpredict or
overpredict, and for allowing a simple comparison of the predictive performance
of competing models. Without doing a formal test, however, it is not clear
when p̂ j is “close” enough to p̄ j for one to conclude that the model is a good
one.

Formal comparison of p̂ j and p̄ j can be done using a CM test. We consider a
slightly more general framework than the above, where the range of y is broken
into J mutually exclusive cells, where each cell may include more than one value
of y and the J cells span all possible values of y. For example, in data where
only low values are observed, the cells may be {0}, {1}, {2, 3} and {4, 5, . . .}. Let
di j (yi ) be an indicator variable with di j = 1 if yi falls in the j th set and di j = 0
otherwise. Let pi j (xi ,θ) denote the predicted probability that observation i falls
in the j th set, where to begin with we assume the parameter vector θ is known.
Consider testing whether di j (yi ) is centered around pi j (xi ,θ),

E[di j (yi ) − pi j (xi ,θ)] = 0, j = 1, . . . , J, (5.30)

or stacking all J moments in obvious vector notation

E[di (yi ) − pi (xi ,θ)] = 0. (5.31)

This hypothesis can be tested by testing the closeness to zero of the correspond-
ing sample moment

m(θ̂) =
n∑

i=1

(di (yi ) − pi (xi , θ̂)). (5.32)

This is clearly a CM test, presented in section 2.6.3. The CM test statistic is

Tχ2 = m(θ̂)′V̂−
mm(θ̂), (5.33)

where V̂m is a consistent estimate of Vm , the asymptotic variance matrix of
m(θ̂), and V̂−

m is the Moore-Penrose generalized inverse of V̂m . The generalized
inverse is used because the J × J matrix Vm may not be of full rank. Under
the null hypothesis that the density is correctly specified, that is, that pi j (xi ,θ)
gives the correct probabilities, the test statistic is chi-square distributed with
rank[V̂m] degrees of freedom.

The results in section 2.6.3 can be used to obtain Vm , which here usually
has rank[Vm] = J − 1 rather than J as a consequence of the probabilities
over all J cells summing to one. This entails considerable algebra, and it
is easiest to instead use the asymptotically equivalent OPG form of the test,
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which is appropriate because fully parametric models are being considered
here so that θ̂ will be the MLE. The test is implemented calculating n times the
uncentered R2 from the artificial regression of 1 on the scores si (yi , xi , θ̂) and
di j (yi ) − pi j (xi , θ̂), j = 1, . . . , J − 1, where one cell has been dropped due to
rank[Vm] = J −1. In some cases rank[Vm] < J −1. This occurs if the estimator
θ̂ is the solution to first-order conditions that set a linear transformation of m(θ̂)
equal to zero or is asymptotically equivalent to such an estimator. An example
is the multinomial model, with an extreme case being the binary logit model
whose first-order conditions imply

∑n
i=1(di j (yi ) − pi j (xi , θ̂)) = 0, j = 0, 1.

The test statistic (5.33) is called the chi-square goodness-of-fit test, as it is a
generalization of Pearson’s chi-square test,

J∑
j=1

(n p̄ j − n p̂ j )2

n p̂ j
. (5.34)

In an exercise it is shown that (5.34) can be rewritten as (5.33) in the spe-
cial case in which Vm is a diagonal matrix with i th entry

∑n
i=1 pi j (xi ,θ).

Although this is the case in the application originally considered by Pear-
son – yi is iid and takes only J discrete values and a multinomial MLE is
used – in most regression applications the more general form (5.33) must be
used. The generalization of Pearson’s original chi-square test by Heckman
(1984), Tauchen (1985), Andrews (1988a, 1988b), and others is reviewed in
Andrews (1988b, pp. 140–141). For simplicity we have considered partition of
the range of y into J cells. More generally the partition may be over the range of
(y, x).

Example: Takeover Bids (Continued)

We consider goodness-of-fit measures for the Poisson estimates given in Ta-
ble 5.3. The Pearson statistic (5.17) is 72.52, much less than its theoretical
value of n − k = 116, indicating underdispersion. The deviance statistic (5.21)
is 75.87. The Poisson deviance R2 given in (5.26) equals .25 while the Pear-
son R2 given in (5.29) equals .35. Note that these two R2 measures are still
valid if the conditional variance equals αµi rather than µi and can be eas-
ily computed using knowledge of the deviance and Pearson statistics plus the
frequency distribution given in Table 5.1. Although experience with these R2

measures is limited, it seems reasonable to conclude that the fit is quite good
for cross-section data. If one instead runs an OLS regression, the R2 equals .24.

Before performing a formal chi-square goodness-of-fit test, it is insightful
to compare predicted relative frequencies p̂ j with actual relative frequencies
p̄ j . These are given in Table 5.6, where counts of five or more are grouped
into the one cell to prevent cell sizes from getting too small. Clearly the Pois-
son overpredicts greatly the number of zeros and underpredicts the number of
ones.
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Table 5.6. Takeover bids: Poisson MLE
predicted and actual probabilities

Counts Actual Predicted |Diff| Pearson

0 .0714 .2132 .1418 11.81
1 .5000 .2977 .2020 17.32
2 .2460 .2327 .0133 .10
3 .0952 .1367 .0415 1.58
4 .0476 .0680 .0204 .77
≥5 .0397 .0517 .0120 .00

Note: Actual, actual relative frequency; Predicted, pre-
dicted relative frequency; |Diff|, absolute difference be-
tween predicted and actual probabilities; Pearson, contri-
bution to Pearson’s chi-square test.

The last column of Table 5.6 gives n( p̄ j − p̂ j )2/ p̂ j , which is the contribution
of count j to Pearson’s chi-square test statistic (5.34). Although this test statistic,
whose value is 31.58, is inappropriate due to failure to control for estimation
error in p̂ j , it does suggest that the major contributors to the formal test will be
the predictions for zeros and ones. The formal chi-square test statistic (5.33)
yields a value 48.66 compared to a χ2(5) critical value of 9.24 at 5%. The
Poisson model is strongly rejected.

We conclude that the Poisson is an inadequate fully parametric model, due to
its inability to model the relatively few zeros in the sample. Analysis of the data
by Cameron and Johansson (1997) using alternative parametric models – Katz,
hurdle, double-Poisson, and a flexible parametric model – is briefly discussed
in section 12.3.3. Interestingly, none of the earlier diagnostics, such as residual
analysis, detected this weakness in the Poisson estimates.

5.4 Hypothesis Tests

Hypothesis tests on regression coefficients and dispersion parameters in count
data models involve straightforward application of the theory in section 2.6.
A general approach is the Wald test. If the maximum likelihood framework is
used, for example a negative binomial model, one can additionally use LR and
LM tests. This theory has already been applied in Chapter 3 to basic count data
models and is not presented here.

In this section we present only test statistics which are not straightforward
to obtain. These are hypothesis tests of the Poisson restriction of variance–
mean equality in the likelihood framework, notably the LM test against the Katz
system (which includes negative binomial), and the closely related LM test due
to Cox (1983) which does not require specification of the complete distribution
under the alternative hypothesis. These tests are revisited in section 5.6, in the
context of moment-based rather than likelihood-based tests.
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5.4.1 LM Test for Overdispersion against Katz System

Tests for overdispersion are tests of the variance–mean equality imposed by the
Poisson against the alternative that the variance exceeds the mean. These are
implemented by tests of the Poisson with mean µi and variance µi , against the
negative binomial with mean

E[yi | xi ] = µi = µ(xi ,β) (5.35)

and variance

V[yi | xi ] = µi + αg(µi ), (5.36)

for specified function g(µi ). Usually g(µi ) = µi or g(µi ) = µ2
i . The null hy-

pothesis is

H0 : α = 0. (5.37)

Such tests are easily implemented as LR, Wald, or LM tests of H0 against
Ha : α > 0. These tests are presented in Chapter 3. As noted there, the usual
critical values of the LR and Wald cannot be used, and adjustment needs to be
made because the null hypothesis α = 0 lies on the boundary of the parameter
space for the negative binomial, which does not permit underdispersion.

Tests for underdispersion, or variance less than the mean, can be constructed
in a similar manner. One needs a distribution that permits underdispersion and
nests the Poisson. The Katz system, defined in Chapter 4, has this property. For
overdispersed data it equals the commonly used negative binomial. For under-
dispersed data, however, the Katz system model is not offered as a standard
model in count-data packages. The LM test, which requires estimation only
under the null hypothesis of Poisson, is particularly attractive for the underdis-
persed case.

Derivation of the LM test of Poisson against the Katz system, due to Lee
(1986), who considered g(µi ) = µi and g(µi ) = µ2

i , is not straightforward.
In section 5.8 it is shown that for the Katz system density with mean µi and
variance µi + αg(µi )

∂L
∂β

∣∣∣∣
α=0

=
n∑

i=1

µ−1
i (y − µi )

∂µi

∂β

∂L
∂α

∣∣∣∣
α=0

=
n∑

i=1

1

2
µ−2

i g(µi ){(yi − µi )
2 − yi }.

(5.38)

The LM test is based on these derivatives evaluated at the restricted MLE,
which is θ̂ = (β̂

′
α̂)′ = (β̂

′
0)′ where β̂ is the Poisson MLE. But the first

summation in (5.38) equals the derivative with respect to β of the Poisson log-
likelihood with general conditional mean µi (β), so ∂L/∂β|β=β̂,α=0 = 0 and
hence

∂L
∂θ

∣∣∣∣
β=β̂,α=0

=
[

0∑n
i=1 µ̂−2

i g(µ̂i ) 1
2 {(yi − µ̂i )2 − yi }

]
. (5.39)
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To construct the LM test stated earlier in section 2.6.1, we additionally need
a consistent estimate of the variance matrix, which by the information matrix
equality is the limit of T −1E[(∂L/∂θ|α=0)(∂L/∂θ′|α=0)]. Now under the null
hypothesis that y ∼ P[µ],

E[(y − µ)2] = µ

E[{(y − µ)2 − y}(y − µ)] = 0 (5.40)

E[{(y − µ)2 − y}2] = 2µ2.

This implies

E

[
∂2L

∂θ∂θ′

∣∣∣∣
α=0

]
=
[∑n

i=1 µ−1
i

∂µi

∂β
∂µi

∂β′ 0
0

∑n
i=1

1
2µ−2

i g2(µi )

]
.

(5.41)

Given (5.39) and (5.41) the LM test statistic in section 2.6.1 is constructed. This
will be a (k + 1) × (k + 1) matrix with zeros everywhere except for the last
diagonal entry. Taking the square root of this scalar yields

TLM =
[

n∑
i=1

1

2
µ̂−2

i g2(µ̂i )

]−1/2 n∑
i=1

1

2
µ̂−2

i g(µ̂i ){(yi − µ̂i )
2 − yi }.

(5.42)

Because the negative binomial is the special case α > 0 of the Katz sys-
tem, this statistic is the LM test for Poisson against both negative binomial
overdispersion and Katz system underdispersion. At significance level .05, for
example, the null hypothesis of equidispersion is rejected against the alternative
hypothesis of overdispersion if TLM > z.05, underdispersion if TLM < −z.05 and
over- or underdispersion if |TLM| > z.025.

Clearly one can obtain different LM test statistics by nesting the Poisson in
other distributions. In particular Gurmu and Trivedi (1993) nest the Poisson
in the double-Poisson, a special case of nesting the LEF in the extended LEF,
which they more generally consider, and obtain a test statistic for overdispersion
that is a function of the deviance statistic.

The LM test for Poisson against negative binomial has been extended to pos-
itive Poisson models by Gurmu (1991) and to left- and right-truncated Poisson
models by Gurmu and Trivedi (1992). These extensions involve a number of
complications, including non–block-diagonality of the information matrix so
that the off-diagonal elements in the generalization of (5.41) are nonzero.

5.4.2 Auxiliary Regressions for LM Test

As is usual for test statistics, there are many asymptotically equivalent versions
under H0 of the overdispersion test statistic TLM given in (5.42). Several of these
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can be easily calculated from many different auxiliary OLS regressions. Like
TLM they are distributed as N[0, 1], or χ2(1) on squaring, under H0.

The auxiliary OPG regression for the LM test given in section 2.6.1 uses the
uncentered explained sums of squares from OLS regression of 1 on 1

2 µ̂−2
i g(µ̂i )

{(yi − µ̂i )2 − yi } and µ̂−1
i (yi − µ̂i )∂µi/∂β|β̂. The square root of this is asymp-

totically equivalent to TLM.
An asymptotically equivalent variant of this auxiliary regression is to use the

uncentered explained sums of squares from OLS regression of 1 on 1
2 µ̂−2

i g(µ̂i )
{(yi − µ̂i )2 − yi } alone. This simplification is possible, as 1

2 µ̂−2
i g(µ̂i ){(yi −

µ̂i )2 − yi } and µ̂−1
i (yi − µ̂i )∂µi/∂β|β̂ are asymptotically uncorrelated because

for the Poisson E[{(yi − µi )2 − yi }(yi − µi )] = 0 by (5.40), and because∑n
i=1 µ̂−1

i (yi − µ̂i )∂µi/∂β|β̂ = 0 by the first-order conditions for the H0

Poisson MLE. The square root of the explained sum of squares is

T∗
LM =

[
n∑

i=1

(
1

2

)2

µ̂−4
i g2(µ̂i ){(yi − µ̂i )

2 − yi }2

]−1/2

(5.43)

×
n∑

i=1

1

2
µ̂−2

i g(µ̂i ){(yi − µ̂i )
2 − yi },

using the result that the square root of the uncentered explained sum of squares
from regression of y∗

i on the scalar xi is (
∑

i x2
i )−1/2∑

i xi y∗
i . This test is

asymptotically equivalent to TLM, as for the Poisson

E

[
1

2
µ−2

i {(yi − µi )
2 − yi }2

]
= 1, (5.44)

by the last equation in (5.40).
In the special case g(µi ) = µl

i , Cameron and Trivedi (1986) proposed using
an alternative variant of TLM. For general g(µi ) this variant becomes

T∗∗
LM=
[

1

n

n∑
i=1

1

2
µ̂−2

i {(y − µ̂i )
2 − yi }2

]−1/2[ n∑
i=1

1

2
µ̂−2

i g2(µ̂i )

]−1/2

×
n∑

i=1

1

2
µ̂−2

i g(µ̂i ){(yi − µ̂i )
2 − yi }. (5.45)

This is asymptotically equivalent to TLM because the first term in parentheses
has plim unity by (5.44). This can be computed as the square root of n times the
uncentered explained sum of squares from the OLS regression of 1

2 µ̂−1
i {(yi −

µ̂i )2 − yi } against 1
2 µ̂−1

i g(µ̂i ).
In general the t test from the regression y∗

i = αxi + ui , where xi is a scalar,
can be shown to equal (1/s)(

∑
i x2

i )−1/2∑
i xi y∗

i , where s is the standard error
of this regression. For the regression

(
√

2µ̂i )
−1{(yi − µ̂i )

2 − yi } = (
√

2µ̂i )
−1g(µ̂i ) α + vi , (5.46)
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it follows that the t statistic for α = 0 is

T∗∗∗
LM =

[
s2

n∑
i=1

1

2
µ̂−2

i g2(µ̂i )

]−1/2 n∑
i=1

1

2
µ̂−2

i g(µ̂i ){(yi − µ̂i )
2 − yi },

(5.47)

where

s2 = 1

n − 1

n∑
i=1

(
√

2µ̂i )
−2{(yi − µ̂i )

2 − yi − g(µ̂i ) α̂}2. (5.48)

This test is asymptotically equivalent to TLM, because plim s2 = 1 under H0

on setting α = 0 and using the moment condition (5.44). This is the regression
given in section 3.4, on elimination of 1

2 from both sides of the regression and
letting g(µi ) = µ2

i for tests against NB2 and g(µi ) = µi for tests against NB1.
In principle the LM test statistic can be computed using any of these many

auxiliary regressions, as they are all asymptotically equivalent under H0. In
practice the computed values can differ significantly. This is made clear by
noting that asymptotic equivalence is established using assumptions, such as
E[{(yi − µi )2 − yi }2] = 2µi , which hold only under H0.

The regression (5.46) has a physical interpretation, in addition to being a
computational device. It can be viewed as a WLS regression based on testing
whether α = 0 in the population moment condition

E[(yi − µi )
2 − yi ] = αg(µi ). (5.49)

This moment condition is implied by the alternative hypothesis given by (5.35)
and (5.36). Tests based on (5.49) of overdispersion or underdispersion, under
much weaker stochastic assumptions than Poisson against the Katz system,
were proposed by Cameron and Trivedi (1985, 1990a). Their testing approach
is presented in section 5.6.

5.4.3 LM Test against Local Alternatives

Cox (1983) proposed a quite general method to construct the LM test statistic
without completely specifying the density under the alternative hypothesis. The
general result is presented before specialization to overdispersion tests.

Let y have density f (y | λ), where the scalar parameter λ is itself a random
variable, distributed with density p(λ | µ, τ ) where µ and τ denote the mean and
variance of λ. This mixture distribution approach has already been presented
in Chapter 4. For example, if y is Poisson-distributed with parameter λ where
λ is gamma-distributed, then y is negative binomial distributed, conditional on
the gamma distribution parameters.

Interest lies in the distribution of y given µ and τ

h(y | µ, τ ) =
∫

f (y | λ)p(λ | µ, τ ) dλ. (5.50)
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A second-order Taylor series expansion of f (y | λ) about λ = µ yields

h(y | µ, τ ) =
∫

{ f (y | µ) + f ′(y | µ)(λ − µ)

+ 1

2
f ′′(y | µ)(λ − µ)2 + R}p(λ | µ, τ ) dλ (5.51)

where f ′(·) and f ′′(·) denote the first and second derivatives, respectively, and
R is a remainder term. Cox (1983) considered only small departures of λ from
its mean of µ, specifically V[λ] = τ = δ/

√
n, where δ is finite nonzero. After

considerable algebra, given in section 5.8, this can be reexpressed as

h(y | µ, τ ) = f (y | µ) exp

[
1

2
τ

{
∂2 ln f (y | µ)

∂µ2

+
(

∂ ln f (y | µ)

∂µ

)2}]
+ O(n−1). (5.52)

Cox (1983) considered LM (or score) tests against this approximation to the
alternative hypothesis density, which from 5.52 reduces to the null hypothesis
density f (y | µ) if τ = 0.

For application to the Poisson we suppose V[λ] = τ = δg(µ)/
√

n, which
implies V[y] = µ + δg(µ)/

√
n. Then in (5.36) we are considering local al-

ternatives α = δ/
√

n. The log-likelihood under local alternatives is L =∑n
i=1 ln h(yi | µi , τ ) and

∂L
∂α

∣∣∣∣
α=0

=
n∑

i=1

1

2
g(µi )

{
∂2 ln f (yi | µi )

∂µ2
i

+
(

∂ ln f (yi | µi )

∂µi

)2}
.

(5.53)

If f (yi | µi ) is the Poisson density this yields

∂L
∂α

∣∣∣∣
α=0

=
n∑

i=1

1

2
g(µi )µ

−2
i {(yi − µi )

2 − yi }, (5.54)

which is exactly the same as the second term in (5.38). The first term, ∂L/∂β|α=0

is also the same as in (5.38), and the LM test statistic is TLM, given in (5.42).
The approach of Cox (1983) demonstrates that TLM in (5.42) is valid for

testing Poisson against all local alternatives satisfying (5.35) and (5.36), not just
the Katz system. The general form (5.52) for the density under local alternatives
is clearly related to the information matrix equality. In section 5.6.5 we make
the connection between the Cox test and the information matrix test.

5.5 Inference with Finite Sample Corrections

A brief discussion of small-sample performance of hypothesis tests in the Pois-
son and negative binomial models is given by Lawless (1987b). He concluded
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that the LR test was preferable for tests on regression coefficients, although
none of the methods worked badly in small samples. There was, however, con-
siderable small-sample bias in testing dispersion parameters.

The standard general procedure to handle small-sample bias in statistical
inference is the bootstrap, proposed by Efron (1979) and presented in the next
subsection. This method has to date not been widely applied to count models.
One potential complication is that the bootstrap requires resampling from an
iid distribution, but the errors in cross-section count data models are typically
not identically distributed.

The main application of small-sample corrections for count data analysis has
been a method quite different from the bootstrap, one proposed by Dean and
Lawless (1989a) for LM tests of overdispersion. This method has been applied
in several studies, which find in simulations that the improved size performance
is small except if sample sizes are small, say less than 30 observations.

5.5.1 Bootstrap

The bootstrap, introduced by Efron (1979), is a method to obtain the distribution
of a statistic by resampling from the original data set. An introductory treatment
is given by Efron and Tibsharani (1993). An excellent treatment with emphasis
on common regression applications is given by Horowitz (1997). Here we focus
on application to cross-section count data regression models, particularly the
Poisson PMLE, using the bootstrap pairs procedure under the assumption that
(yi , xi ) is iid.

Reasons for performing a bootstrap in estimation and statistical inference
include weaker stochastic assumptions, simpler computation, and potentially
better small-sample performance. The first two reasons are often compelling
reasons for using the bootstrap in applied work even if small-sample perfor-
mance gains are not achieved. An example of using the bootstrap under weaker
stochastic assumptions has been given in section 3.2.6, where the standard error
of the Poisson PMLE was obtained under the assumption that (yi , xi ) is iid and
E[yi | xi ] = exp(x′

iβ). Here V[yi | xi ] is not specified, and the distributional as-
sumptions are similar to those made in obtaining the robust sandwich standard
errors. Examples of simpler computation include obtaining the distribution of
r(θ̂), in applications in which r(·) is a complicated function of θ, by bootstrap
rather than the delta method given in section 2.6.2; and obtaining the distri-
bution of a sequential two-step estimator by bootstrap, rather than the method
discussed in section 2.5.3 and detailed in Newey (1984). Despite these other
advantages, the statistical literature has focused on small-sample performance
of the bootstrap.

The bootstrap can be applied to estimation of moments of the distribution
of a statistic, testing hypotheses, and construction of confidence intervals.

We begin with use of the bootstrap to estimate standard errors. Let θ̂ j denote
the estimator of the j th component of the parameter vector θ. The bootstrap
procedure is as follows:
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1. Form a new pseudosample of size n, (y∗
l , x∗

l ), l = 1, . . . , n, by sam-
pling with replacement from the original sample (yi , xi ), i = 1, . . . , n.

2. Obtain the estimator, say θ̂1 with j th component θ̂ j,1, using the pseu-
dosample data.

3. Repeat steps 1 and 2 B times giving B estimates θ̂ j,1, . . . , θ̂ j,B .
4. Estimate the standard deviation of θ̂ j using the usual formula for the

sample standard deviation of θ̂ j,1, . . . , θ̂ j,B , or

seBoot[θ̂ j ] =
√√√√ 1

B − 1

B∑
b=1

(θ̂ j,b − θ̄ j )2 (5.55)

where θ̄ j is the usual sample mean θ̄ j = (1/B)
∑B

b=1 θ̂ j,b. The esti-
mated standard error is the square root of VBoot[θ̂P, j ].

The bootstrap is very easy to implement in this example, given a resampling
algorithm and a way to save parameter estimates from the B simulations. The
only drawback is that if estimating the model once takes a long time, estimating
it B times may be too computationally burdensome. Efron and Tibshirani (1993,
p. 52) state that B = 200 is generally sufficient for standard error estimation.
The method is easily adapted to statistics other than an estimator – replace θ̂
by the statistic of interest, and to estimates of moments other than the sample
standard deviation.

The bootstrap can additionally provide improved estimation of the distribu-
tion of a statistic in small samples, in the sense that as n → ∞ the bootstrap
estimator converges faster than the usual first-order asymptotic theory. These
gains occur because in some cases it is possible to construct the bootstrap as
a numerical method to implement an Edgeworth expansion, which is a more
refined asymptotic theory than the usual first-order theory. A key requirement
for improved small-sample performance of the bootstrap is that the statistic
being considered is asymptotically pivotal, which means that the asymptotic
distribution of the statistic does not depend on unknown parameters.

We present a version of the bootstrap for hypothesis tests that yields improved
small-sample performance. Consider testing the hypothesis H0 : θ j = θ j0

against H0 : θ j = θ j0, where estimation is by the Poisson PMLE. The t statistic
used is t j = (θ̂ j − θ j0)/s j , where s j is the robust sandwich standard error
estimate for θ̂ j which assumes that (yi , xi ) is iid. On the basis of first-order
asymptotic theory, we would reject H0 at level α if |t j | > zα/2.

The bootstrap procedure to test H0 is as follows:

1. Form a new pseudosample of size n, (y∗
l , x∗

l ), l = 1, . . . , n, by sam-
pling with replacement from the original sample (yi , xi ), i = 1, . . . , n.

2. Obtain the estimator θ̂ j,1, the standard error s j,1, and the t statistic
t j,1 = (θ̂ j,1 − θ j0)/s j,1 for the pseudosample data.

3. Repeat steps 1 and 2 B times, yielding t j,1, . . . , t j,B .
4. Order these B t statistics and calculate t j,[α/2] and t j,[1−α/2], the lower

and upper α/2 percentiles of t j,1, . . . , t j,B .
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5. Reject H0 at level α if t j , the t statistic from the original sample, falls
outside the interval (t j,[α/2], t j,[1−α/2]).

For confidence intervals the same bootstrap procedure is used, except that
at step 2 one forms t∗

j,1 = (θ̂ j,1 − θ̂ j )/s j,1, centering around the estimate of θ j

from the original example, and at the last stage one constructs the 100(1 −α)%
confidence interval (θ̂ j − t∗

j,[α/2]s j , θ̂ j + t∗
j,[1−α/2]s j ).

This bootstrap procedure leads to an improved small-sample performance
in the following sense. Let α be the nominal size for a test procedure. Usual
asymptotic theory produces t tests with actual size α + O(n−1/2), whereas
this bootstrap produces t tests with actual size α + O(n−1). This refinement
is possible because it is the t statistic, whose asymptotic distribution does not
depend on unknown parameters, that is bootstrapped. For both hypothesis tests
and confidence intervals the number of iterations should be larger than for
standard error estimation, say B = 1000.

An alternative bootstrap method is the percentile method. This calculates
θ j,[α/2] and θ j,[1−α/2], the lower and upper α/2 percentiles of θ̂ j,1, . . . , θ̂ j,B .
Then one rejects H0 : θ j = θ j0 against Ha : θ j = θ j0 if θ j0 does not lie in
(θ j,[α/2], θ j,[1−α/2]), and one uses (θ j,[α/2], θ j,[1−α/2]) as the 100(1 − α)% confi-
dence interval. This alternative procedure is asymptotically valid but is no better
than using the usual asymptotic theory because it is based on the distribution
of θ̂ j , which unlike t j depends on unknown parameters. Similarly, using the
usual hypothesis tests and confidence intervals, with the one change that s j is
replaced by a bootstrap estimate, is asymptotically valid but no better than the
usual first-order asymptotic methods.

These alternative approaches illustrate the need to bootstrap the right statis-
tic to achieve small-sample performance gains. Theoretically inferior methods
may still be very useful in actual applications, however, as they do not require
computation of s j using potentially complicated asymptotic results. Also, for
very large samples there may be little need for asymptotic refinements.

The bootstrap can also be used for bias correction. Consider estimation of
θ j , the j th component of θ. Let θ̂ j denote the usual estimator of θ j using the
original sample, and let θ̄ j denote the average over B bootstrap replications of
the bootstrap estimates. The estimator θ̄ j is a bootstrap measure of E[θ̂ j ], so the
bootstrap estimate of bias is (θ̄ j − θ̂ j ). Before giving a general formula, consider
a specific example of bias correction in which θ̂ j = 4 and θ̄ j = 5. Then θ̂ j is
upward-biased with bias of 1 because the bootstrap estimate of E[θ̂ j ] is 5. To
correct for this upwards bias in the estimator θ̂ j we subtract the bias from the
sample estimate θ̂ j , giving a bias-corrected estimate of 3. More generally, the
bias-corrected estimate of θ j is θ̂ j − (θ̄ j − θ̂ j ) = 2θ̂ j − θ̄ j . Note that the bias-
corrected estimate of θ j is not θ̄ j . Efron and Tibsharani (1993, p. 138) provide
several other caveats on using the bootstrap for bias correction.

A key requirement for validity of the bootstrap is that resampling be done
on a quantity that is iid. The bootstrap pairs procedure ensures this, resampling
jointly the pairs (yi , xi ), which are assumed to be iid. In the linear model with
homoskedastic errors an alternative and more commonly used procedure is
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to bootstrap or resample the residuals. Efron and Tibshirani (1993, p. 113)
discuss bootstrapping pairs, rather than residuals, for the linear model with iid
errors where both approaches are possible. For count data, bootstrapping the
residuals is not valid as the errors are heteroskedastic, for example, and therefore
not iid.

Horowitz (1997) gives a detailed example of bootstrap hypothesis tests for the
linear model with heteroskedasticity. In addition to bootstrap pairs, he uses the
wild bootstrap of Liu (1988); see also Mammen, 1993), which imposes on
the bootstrap the restriction that the conditional mean of the error is zero. The
wild bootstrap performs considerably better than bootstrapping pairs. These
methods can be adapted to the Poisson PMLE. Presumably further gains can be
obtained by imposing any additional moment assumptions that might be made,
such as the GLM assumption that the variance is a multiple of the mean. For
fully parametric models such as the hurdle model one can perform hypothesis
tests using a parametric bootstrap.

For time series data, dependence is a potential problem. In the linear model it
is accounted for by assuming an autoregressive moving average error structure
and resampling the underlying white noise error, or by using the moving-blocks
bootstrap in which blocks are independent but the correlation structure within
blocks is preserved. These time series methods are in their infancy.

5.5.2 Other Corrections

Small-sample corrections to testing in count data models have rarely been done,
although this should change rapidly as the bootstrap becomes increasingly used.
To date the leading example of small-sample correction in count models has
been to LM tests for overdispersion, using an approach due to Dean and Law-
less (1989a), which differs from the Edgeworth expansion and bootstrap. This
method can be applied to any GLM, not just the Poisson.

Dean and Lawless (1989a) considered the LM test statistic for Poisson against
NB2 given in (5.42). The starting point is the result in McCullagh and Nelder
(1983, appendix C) that for GLM density with mean µi and variance V[yi ], the
residual (yi − µ̂i ) has approximate variance (1 − hii )V[yi ], where hii is the i th

diagonal entry of the hat matrix H defined in (5.12). Applying this result to the
Poisson, it follows that

E[(yi − µ̂i )
2 − yi ] � (1 − ĥi i )µ̂i − µ̂i � −hii µ̂i . (5.56)

This leads to small-sample bias under H0 : E[(yi − µi )2 − yi ], which can be
corrected by adding ĥi i µ̂i to components of the sum in the numerator of (5.42),
yielding the adjusted LM test statistic

Ta
LM =

[
n∑

i=1

1

2
µ̂−2

i g2(µ̂i )

]−1/2

×
n∑

i=1

1

2
µ̂−2

i g(µ̂i ){(yi − µ̂i )
2 − yi + ĥi i µ̂i }. (5.57)
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For the Poisson with exponential mean function, ĥi i is the i th diagonal entry in
W1/2X(X′WX)−1X′W1/2 where W = Diag[µ̂i ] and X is the matrix of regres-
sors.

Dean and Lawless (1989a) considered tests of Poisson against NB2 overdis-
persion, g(µi ) = µ2

i . The method has also been applied to other GLM models.
Application to overdispersion in the binomial model is relatively straightfor-
ward and is presented in Dean (1992). Application to a truncated Poisson model,
also a GLM, is considerably more complex and is given by Gurmu and Trivedi
(1992). For data left-truncated at r , meaning only yi ≥ r is observed, the
adjusted LM test for Poisson against negative binomial is

Ta
LM = [Îαα]−1/2

n∑
i=1

1

2
µ̂−2

i g(µ̂i )

× {(yi − µ̂i )
2 − yi + (2yi − µ̂i − r + 1)λ(r − 1, µ̂i )µ̂i },

where Îαα is the scalar subcomponent for α of the inverse of the information
matrix −E[∂2L/∂θ∂θ′] evaluated at θ̂ = (β̂

′
, 0)′, see Gurmu and Trivedi (1992,

p. 350), and λ(r − 1, µ) = f (y, µ)/1 − F(y, µ) where f (·) and F(·) are the
untruncated Poisson density and cdf.

The procedure has a certain asymmetry in that a small-sample correction
is made only to the term in the numerator of the score test statistic. Conniffe
(1990) additionally considered correction to the denominator term.

This method for small-sample correction of heteroskedasticity tests is much
simpler than using the Edgeworth expansion, which from Honda (1988) is
surprisingly complex even for the linear regression model under normality. The
method cannot be adapted to tests of the regression coefficients themselves,
however, as the score test in this case involves a weighted sum of (yi − µ̂i ) and
the above method yields a zero asymptotic bias for (yi − µ̂i ). Small-sample
adjustments are most easily done using the bootstrap, which as already noted
is actually an empirical implementation of an Edgeworth expansion.

5.6 Conditional Moment Specification Tests

Likelihood-based hypothesis tests, for overdispersion, were presented in sec-
tion 5.4. In this section we instead take a moment-based approach to hypothesis
testing, using the CM test framework. The general approach is outlined in sec-
tion 5.6.1. See also section 2.6.3 for motivation and general theory. The focus is
on CM tests of correct specification of the mean and variance. Key results, and
links to the LM tests presented earlier, are given in section 5.6.2. Generalization
of these results to general cross-section models is given in section 5.6.3. In
section 5.6.4 we present CM tests based on orthogonal polynomials in (y − µ),
an alternative way to use the low-order moments of y. Two commonly used CM
tests, the Hausman test and the information test, are presented in, respectively,
sections 5.6.5 and 5.6.6.
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One conclusion from this section is that many insights gained from the linear
regression model with homoskedastic errors require substantial modification
before being applied to even the simple Poisson model models. This is because
the Poisson has complications of both nonlinear conditional mean function and
heteroskedasticity that is a function of that mean. A better guide is provided by
a binary choice model, such as logit or probit. But even this is too limited as
the variance function cannot be misspecified in binary choice models, because
it is always the mean times one minus the mean, whereas with count data
the variance function is not restricted to being that imposed by the Poisson
regression model.

5.6.1 Introduction

Suppose a model implies the population moment condition

E[mi (yi , xi ,θ)] = 0, i = 1, . . . , n, (5.58)

where mi (·) is an r × 1 vector function. A CM test of this moment condition is
based on the closeness to zero of the corresponding sample moment condition,
that is

m(θ̂) =
n∑

i=1

m̂i ,

where m̂i = mi (yi , xi , θ̂). The CM test statistic in general is

n∑
i=1

m̂′
i

{
V

[
n∑

i=1

m̂i

]}−1 n∑
i=1

m̂i ,

and is asymptotically chi-square distributed.
Two issues arise in applying CM tests. First is choice of the function mi (·).

Here we focus on tests based on the first two moments of count data regression
models. Second is choosing how to implement the test. Several asymptotically
equivalent versions are available, some of which can be computed using an aux-
iliary regression. Here we focus on applications in which the moment condition
is chosen so that mi (·) satisfies

E

[
∂mi (yi , xi ,θ)

∂θ′

]
= 0. (5.59)

Then from section 2.6.3 the CM test statistic simplifies to

n∑
i=1

m̂′
i

[
n∑

i=1

E
[
mi m′

i

]∣∣
θ̂

]−1 n∑
i=1

m̂i . (5.60)



170 5. Model Evaluation and Testing

If mi (·) is a scalar, taking the square root of (5.60) yields the test statistic

TCM =
[

n∑
i=1

E
[
m2

i

]∣∣
θ̂

]−1/2 n∑
i=1

m̂i , (5.61)

which is asymptotically N[0, 1] if (5.58) and (5.59) hold. An asymptotically
equivalent version is

T∗
CM =

[ n∑
i=1

m̂2
i

]−1/2 n∑
i=1

m̂i . (5.62)

Even if (5.59) does not hold, implementation is still simple, provided θ̂ is the
MLE. Then a chi-square test statistic is the uncentered explained sum of squares
from regression of 1 on m̂i and ŝi , where ŝi = ∂ ln f (yi | xi ,θ)/∂θ|θ̂.

If possible CM tests are compared to the LM test, which is a special case of a
CM test and is, of course, the most powerful test if a fully parametric approach
is taken. Particular interest lies in tests of correct specification of the conditional
mean and variance.

For the Poisson regression, the LM test for exclusion of the subcomponent
x2i of xi = [x′

1i , x′
2i ]

′ model is a CM test of

E[mi (yi , xi ,β1)] = E[(yi − µ1i )x2i ] = 0, (5.63)

where µ1i = exp(x′
1iβ1).

For overdispersion, the test of Poisson with variance µi = µ(x′
iβ) against

the Katz system with variance function µi +αg(µi ) is from (5.39) a CM test of

E[mi (yi , xi ,β)] = E[{(yi − µi )
2 − yi }µ−2

i g(µi )] = 0. (5.64)

Note that the simplifying condition (5.59) holds for mi (yi , xi ,β) in (5.64),
provided (5.64) holds and E[yi − µi ] = 0. It can be shown that for the moment
condition (5.64) the test statistic (5.61) yields TLM given in (5.42), and the test
statistic (5.62) yields T∗

LM given in (5.43).
CM tests can be obtained under relatively weak stochastic assumptions. Sev-

eral examples are given here, beginning with one in which a regression provides
the motivation or basis for the test rather than just providing a way to calculate
a test statistic.

5.6.2 Regression-Based Tests for Overdispersion

Consider cross-section data (yi , xi ) where under the null hypothesis the first
two moments are those of the Poisson regression model

H0 : E[yi | xi ] = µi = µ(xi ,β), V[yi | xi ] = µi , (5.65)

while under the alternative hypothesis

Ha : E[yi | xi ] = µi = µ(xi ,β), V[yi | xi ] = µi +αg(µi ), (5.66)
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where g(µi ) is a specified function such as µi or µ2
i . The moments (5.66) are

those of, for example, the negative binomial models presented in section 3.3.
The moment condition (5.66) implies

Ha : E[{(yi − µi )
2 − yi }|xi ] = αg(µi ), (5.67)

while H0 imposes the constraint that α = 0. If µi is known one could perform a t
test of α = 0 based on regression of (yi −µi )2 − yi on g(µi ). Two complications
are that µi is unknown and that the error term in this regression is in general
heteroskedastic as the conditional variance of (yi − µi )2 − yi is a function of
µi , say

ωi = ω(µi ) = V[(yi − µi )
2 − yi |xi ]. (5.68)

The null hypothesis

H0 : α = 0 (5.69)

can be tested by the t test of α = 0 in the LS regression√
ω̂i {(yi − µ̂i )

2 − yi } = α
√

ω̂i g(µ̂i ) + ui , (5.70)

where µ̂i = µ(x′
i β̂), ω̂i = ω(µ̂i ) and β̂ is a consistent estimator of β under

H0. The WLS regression is used as it yields the most efficient least-squares
regression estimator of α and hence the most powerful or optimal test. In prin-
ciple replacing µi by µ̂i leads to a more complicated distribution for α̂. This
is not a problem in this particular application, however, essentially because
∂{(yi − µi )2 − yi }/∂β = −2(yi − µi )∂µi/∂β has expected value 0 so (5.59)
holds.

Standard results for OLS yields the t test statistic α̂/
√

V̂[α̂] or

TOLS
CM =

[
s2

n∑
i=1

ω̂−1
i g2(µ̂i )

]−1/2 n∑
i=1

ω̂−1
i g(µ̂i ){(yi − µ̂i )

2 − yi },
(5.71)

where

s2 = 1

n − 1

n∑
i=1

ω̂−1
i {(yi − µ̂i )

2 − yi − g(µ̂i ) α̂}2.

Under H0, plim s2 = 1 as α = 0, and one can equivalently use

TCM =
[

n∑
i=1

ω̂−1
i g2(µ̂i )

]−1/2 n∑
i=1

ω̂−1
i g(µ̂i ){(y − µ̂i )

2 − yi }.
(5.72)

Advantages of this approach to testing, beyond simplicity of use, include
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1. If the first four moments of yi under the null hypothesis are those of the
Poisson, TCM equals the optimal LM test statistic for testing Poisson
against the Katz system.

2. The test is easily adapted to situations in which assumptions on only
the first two moments are made.

3. The test can be given a simple interpretation as a CM test based on the
first two moments of yi .

4. The test is computed from an OLS regression that has interpretation
as a model, rather than merely a computational device to compute the
statistic.

5. The approach can be generalized to other testing situations.

These points are made clear in the following discussion.
First, in the fully parametric situation in which yi ∼ P[µi ], using formulae

for the first four moments of the Poisson one obtains ωi = 2µ2
i . But then TOLS

CM in
(5.71) equals T∗∗∗

LM , the LM test for Poisson against negative binomial presented
in (5.47), while TCM in (5.72) equals TLM given in (5.42).

Second, consider adaptation of the test statistic (5.71) in the case in which
only the first two moments of yi are assumed. Then ωi in (5.68) is unknown.
The least-squares regression (5.70) is again run, but with weighting function ω̂i

replaced by v̂i . One might choose v̂i = 2µ̂2
i , although one should note that it is

no longer assumed that ωi = 2µ2
i . Now the error ui has heteroskedasticity of

unknown functional form, so the t test of α = 0 uses robust sandwich standard
errors. The test statistic is

TRobust
CM =

[
n∑

i=1

û2
i v̂

−1
i g2(µ̂i )

]−1/2 n∑
i=1

v̂−1
i g(µ̂i ){(yi − µ̂i )

2 − yi },
(5.73)

where û2
i = {(yi − µ̂i )2 − yi − α̂g(µ̂i )}2 and α̂ is the least-squares estimator in

(5.70) with ω̂i replaced by v̂i . Under H0, TRobust
CM is asymptotically N[0, 1].

In the special case in which v̂i = 2µ̂2
i the test statistic (5.73) provides a

variant of the LM test statistic for overdispersion given in section 5.4 that is
robust to misspecification of the third and fourth moments of yi . This is directly
analogous to the modification of the Breusch-Pagan LM test for heteroskedas-
ticity in the regression model under normality proposed by Koenker (1982) to
allow for nonconstant fourth moments of the dependent variable.

Third, consider a CM test for variance–mean equality. The null hypothesis
(5.65) implies that

E[{(yi − µi )
2 − yi }|xi ] = 0, (5.74)

which in turn implies

E[h(µi ){(yi − µi )
2 − yi }] = 0, (5.75)
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where we let h(µi ) be a specified scalar function. The test based on closeness
to zero of

∑n
i=1 h(µ̂i ){(yi − µ̂i )2 − yi } is a special case of the CM chi-square

test statistic given in section 2.6.3. Because ∂{(yi − µi )2 − yi }/∂β = −2(yi −
µi )∂µi/∂β has expected value 0 and so (5.59) holds, one can use TCM given in
(5.61)

TCM =
[

n∑
i=1

h2(µ̂i )ω̂i

]−1/2 n∑
i=1

h(µ̂i ){(yi − µ̂i )
2 − yi }, (5.76)

where ωi = E[{(yi −µi )2 − yi }2|xi ]. TCM is asymptotically N[0, 1] under (5.74).
This test specifies only a moment condition under H0. Different choices of
function h(µi ) will test in different directions away from H0, with the optimal
choice of h(µi ) depending on the particular alternative to (5.74). The regression-
based approach makes it clear that if the alternative is (5.67) then the optimal
choice is h(µi ) = ω−1

i g(µi ).
Fourth, consider calculation of overdispersion test statistics by an auxil-

iary regression. The usual approach is to obtain a CM or LM test statistic and
then give ways to calculate the statistic or an asymptotically equivalent vari-
ant of the statistic by an auxiliary regression. This regression has no physical
interpretation, being merely a computational device. Such tests are best called
regression-implemented tests, although they are often called regression-based
because their computation is based on a regression. By comparison the overdis-
persion test statistic given in this subsection is regression-based in the stronger
sense that there is a regression motivation for the test statistic.

The final point, that this regression-based or regression-motivated test ap-
proach generalizes to other testing situations, is outlined in the next subsection.

Regression-based tests for overdispersion were proposed by Cameron and
Trivedi (1985, 1990a). In addition to the regression (5.70) they also considered
the t test of α = 0 in the least-squares regression√

ω̂i {(yi − µ̂i )
2 − µ̂i } = α

√
ω̂i g(µ̂i ) + ui . (5.77)

This replaces yi by µ̂i in the left-hand side, the rationale being that the moment
condition (5.66) implies not only (5.67) but also

Ha : E[{(yi − µi )
2 − µi } | xi ] = αg(µi ). (5.78)

The test based on the regression (5.77) is more difficult to implement because
replacing µi by µ̂i makes a difference in this regression, because ∂{(yi −µi )2 −
µi }/∂β = −{2(yi − µi ) + 1}∂µi/∂β has nonzero expected value. Cameron
and Trivedi (1985) show that the analog of (5.72) is

TCM,2 =
[

n∑
i=1

n∑
j=1

ŵi j g(µ̂i )g(µ̂ j )

]−1/2

×
n∑

i=1

n∑
j=1

ŵi j g(µ̂i ){(y j − µ̂ j )
2 − µ̂ j }, (5.79)
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where wi j is the ijth entry in W = [D − ∆(∆′D−1
µ ∆)−1∆′]−1, D and Dµ are

n × n diagonal matrices with i th entries (2µ2
i + µi ) and µi , respectively, and

∆ is an n × k matrix with i th row ∂µi/∂β
′.

The test TCM,2 is a different test from TCM in (5.72), with different power
properties. In particular TCM,2 is the LM test, and hence the most powerful test,
for testing N[µi , µi ] against N[µi , µi +αg(µi )]. It has already been shown that
TCM is the LM test for P[µi ] against NB2. In addition to greater power in the
standard setup for overdispersion tests, TCM has the advantage of being easier
to implement.

5.6.3 Regression-Based CM Tests

Suppose that a specified model imposes the conditional moment restriction

E[r (yi , xi ,θ) | xi ] = 0, (5.80)

where for simplicity r (·) is a scalar function. Suppose we wish to test this restric-
tion against the specific alternative conditional expected value for r (yi , xi ,θ)

E[r (yi , xi ,θ) | xi ] = g(xi ,θ)′α, (5.81)

where g(·) and α are p × 1 vectors.
The moment condition (5.80) can be tested against (5.81) by test of α = 0

in the regression

r (yi , xi ,θ) = g(xi ,θ)′α + εi . (5.82)

The most powerful test of α = 0 is based on the efficient GLS estimator, which
for data independent over i is the WLS estimator

α̂ =
[

n∑
i=1

1

σ 2(xi ,θ)
g(xi ,θ)g(xi ,θ)′

]−1

×
n∑

i=1

1

σ 2(xi ,θ)
g(xi ,θ)r (yi , xi ,θ), (5.83)

where

σ 2(xi ,θ) = E0[r (yi , xi ,θ)2 | xi ] (5.84)

is the conditional variance of r (yi , xi ,θ) under the null hypothesis model.
Tests based on α̂ are equivalent to tests based on any full rank transforma-

tion of α̂. Most simply multiply by
∑n

i=1 σ−2(xi ,θ)g(xi ,θ)r (yi , xi ,θ). This is
equivalent to a CM test of the unconditional moment condition

E[m(yi , xi ,θ)] = E

[
1

σ 2(xi ,θ)
g(xi ,θ)r (yi , xi ,θ)

]
= 0. (5.85)

Note that the unconditional moment (5.85) for the CM test is obtained as a test
of the conditional moment condition (5.80) against the alternative (5.81).
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An example already considered is testing variance–mean equality, in which
case r (yi , xi ,β) = (yi − µi )2 − yi and g(xi ,β)′α = αµ2

i in the case of
overdispersion of NB2 form. If the Poisson assumption is maintained under
the null, then σ 2(xi ,β) = 2µ2

i and the CM test based on the unconditional
moment (5.85) simplifies to a test of

E[(yi − µi )
2 − yi ] = 0. (5.86)

Now consider a CM test based on an unconditional moment condition that
can be partitioned into a product of the form

E[m∗(yi , xi ,θ)] = E[g∗(xi ,θ)r∗(yi , xi ,θ)], (5.87)

where yi only appears through the scalar function r∗(·). A simple interpretation
of this test is that it is testing failure of the conditional moment condition

E[r∗(yi , xi ,θ) | xi ] = 0, (5.88)

in the direction g∗(xi ,θ). A much more specific interpretation of the direction
of the test, using (5.85), is that it is testing (5.88) against the conditional moment
condition

E[r∗(yi , xi ,θ) | xi ] = σ ∗2(xi ,θ)g∗(xi ,θ)′α, (5.89)

where

σ ∗2(xi ,θ) = V[r∗(yi , xi ,θ) | xi ].

Considering again the test of overdispersion of NB2 form, it is not imme-
diately apparent what form of overdispersion is being tested by the CM test
of (5.86). Using (5.89), however, the test can be viewed as a test against the
alternative E[(yi − µi )2 − yi ] = αµi

2, where this interpretation uses the result
that the null hypothesis Poisson model implies V[(yi − µi )2 − yi ] = 2µ2

i .

To summarize, in the usual case in which interest lies in the expected value of
a scalar function r (yi , xi ,θ) of the dependent variable, CM tests of an explicit
null against an explicit alternative conditional expected value of r (yi , xi ,θ)
are easily developed. Going the other way, a CM test for zero unconditional
expected value of the product of r (yi , xi ,θ) and a specified function of xi and
θ can be interpreted as a test of an explicit null against an explicit alternative
conditional expected value of r (yi , xi ,θ).

This approach, called regression-based CM tests by Cameron and Trivedi
(1990c), therefore provides a link between the standard formulation of CM tests
as model misspecification tests in no particular direction and formal hypothesis
tests which test against an explicit alternative hypothesis. Several applications,
and extension to the case in which r(yi , xi ,θ) is a vector, are given in Cameron
and Trivedi (1990c).

The preceding discussion looks only at the formation of the moment for
the CM test. For actual implementation one can either run regression (5.82),



176 5. Model Evaluation and Testing

that is, replace θ by θ̂ and use weights σ−1(xi , θ̂), or form a test based on the
sample analog of (5.85),

∑n
i=1 σ−2(xi , θ̂)g(xi , θ̂)r (yi , xi , θ̂). In either case the

distribution is most easily obtained if condition (5.59) holds, which is the case
if in addition to (5.80)

E

[
∂r (yi , xi ,θ)

∂θ′

]
= 0. (5.90)

For example, in testing variance–mean equality, the choice ri (yi , xi ,θ) = {(yi −
µi )2 − µi } satisfies (5.90).

In other testing situations it is also possible to construct tests in which (5.90)
holds. In particular, for testing that the correct model for heteroskedasticity is a
specified function v(µi ) against the alternative that V[yi | xi ] = v(µi )+αg(µi ),
where E[yi | xi ] = µi = µ(xi ,β), the choice

r (yi , xi ,β) = (yi − µi )
2 − ∂v(µi )

∂µi
(yi − µi ) − v(µi ), (5.91)

satisfies (5.90). The regression-based CM test using (5.91) not only is easy
to implement but also coincides with the LM test of Poisson against negative
binomial, the LM test of binomial against the beta binomial, and the Breusch-
Pagan (Breusch and Pagan, 1979) test of normal homoskedastic error against
normal heteroskedastic error (in which case v(µi ) = v(µi , σ

2) = σ 2). For
details see Cameron (1991).

Further examples of regression-based CM tests are given here.

5.6.4 Orthogonal Polynomial Tests

In the CM test framework it is natural to focus on tests of correct specification
of the first few conditional moments of the dependent variable. One possibility
is to construct a sequence of tests based on whether the expected values of yk

i
equal those imposed by the model, for k = 1, 2, 3, . . . . Another is to use central
moments, in which case the sequence is of the expected values of (yi − µi )k

for k = 1, 2, 3, . . . .

An alternative approach, proposed by Cameron and Trivedi (1990b), is to
consider a sequence of orthogonal polynomial functions in yi , in which case
terms in the sequence are uncorrelated. One can additionally consider orthonor-
mal polynomials, for which terms are orthogonal and normalized to have unit
variance.

For the Poisson density, the orthonormal polynomials are called the Gram-
Charlier polynomial series, with first three terms

Q1(y) = (y − µ)/
√

µ

Q2(y) = {(y − µ)2 − y}/√2µ

Q3(y) = {(y − µ)3 − 3(y − µ)2

− (3µ − 2)(y − µ) + 2µ}/
√

6µ3.

(5.92)
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Further terms are obtained using Q j (y) = ∂{(1 + z)y exp(−µz)}/∂z|z=0. Note
that E[Q j (y)] = 0. These polynomials have the property of orthogonality, that
is, E[Q j (y)Qk(y)] = 0 for j = k, and are normalized so that E[Q2

j (y)] = 1.
These properties hold if y is P[µ], and also hold for the first j terms under
the weaker assumption that y has the same first j + k moments as P[µ] for
orthogonality, and the same first 2 j moments as P[µ] for orthonormality.

The orthonormal polynomials can be used directly for CM tests. Thus, to test
correct specification of the j th moment of yi , assuming correct specification of
the first ( j − 1) moments, use

E[m j (yi , xi ,β)] = E[Q j (yi , xi ,β) g j (xi ,β)] = 0, (5.93)

where for regression applications Q j (yi , xi ,β) is Q j (y) in (5.92) evaluated at
µi = µ(xi ,β). Using the regression-based interpretation of the CM test in (5.88)
and (5.89), this is a test of E[Q j (yi , xi ,β) | xi ] = 0 against E[Q j (yi , xi ,β)
| xi ] = g(xi ,β)′α j , where simplification occurs because V[Q j (yi )] = 1 due
to orthonormality. Define the j th central moment of the Poisson to be µ′

j =
E[(y −µ) j ]. Then, equivalently, given the assumption of correct assumption of
the first ( j−1) moments, the CM test (5.93) is a test of E[(yi −µi ) j ] = µ′

j against
E[(yi −µi ) j ] = µ′

j +g(xi ,β)′α j . These CM tests are easy to compute, because
for the Poisson the orthonormal polynomials satisfy E[∂ Q j (y)/∂µ] = 0, so
(5.59) holds.

The orthonormal polynomials can also be used to construct LM tests for the
Poisson against series expansions around a baseline Poisson density. A property
of orthogonal polynomials is that a general density g(y) can be represented as
the following series expansion around the baseline density f (y)

g(y) = f (y)

[
1 +

∞∑
j=1

a j Q j (y)

]
,

where a j = ∫
Q j (y)g(y) dy and g(y) is assumed to satisfy the bounded-

ness condition
∫ {g(y)/ f (y)}2 f (y) dy < ∞. Then, because ln g(y) = ln f (y)+

ln[1 +∑∞
j=1 a j Q j (y)],

∂ ln g(y)

∂a j

∣∣∣∣
a1=0,a2=0,...

= Q j (y), j = 1, 2, . . . .

This suggests a sequence of score tests for the null hypothesis that the Poisson
density is correctly specified

E[Q j (yi , xi ,β)] = 0, j = 1, 2, . . . . (5.94)

For the Poisson, the tests based on orthonormal polynomials equal the stan-
dard LM tests for correct specification of the first two moments. Thus tests based
on Q1(yi ) = (yi − µi ) coincide with the LM test (5.63) for excluded variables,
while tests based on Q2(yi ) = (yi − µi )2 − yi correspond to the LM test (5.64)
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for Poisson against the Katz system. Non-Poisson skewness can be tested using
Q3(yi ) given in (5.92). This is essentially the same test as that of Lee (1986)
for the Poisson against truncated Gram-Charlier series expansion.

The CM tests proposed here differ in general from those obtained by con-
sidering only the j th central moment. For example, consider a CM test of the
second moment of the Poisson, conditional on correct specification of the first.
Then, because E[(y − µ)2] = µ for y ∼ P[µ], the CM test based on the second
central moment is

E[{(yi − µ(xi ,β))2 − µ(xi ,β)} g2(xi ,β)] = 0.

The test based on the second orthogonal polynomial from (5.92) is

E[{(yi − µ(xi ,β))2 − yi } g2(xi ,β)] = 0.

As pointed out at the end of section 5.6.2 for overdispersion tests with g2(xi ,β) =
µ−2

i g(µi ), these different moment conditions lead to quite different tests.
Key properties of orthogonal and orthonormal polynomials are summarized

in Cameron and Trivedi (1993) and also discussed in Chapter 8. The discussion
here has focused on the Poisson. The properties that the resulting CM tests co-
incide with standard LM tests for mean and variance, and that the tests are easy
to implement as (5.59) holds, carry over to the LEF with quadratic variance
function (QVF). For the LEF-QVF the variance is a quadratic function of the
mean, V[y] = v0 + v1µ + v2µ

2, where various possible choices of the coeffi-
cients v0, v1, and v2 lead to six exponential families, five of which, the normal,
Poisson, gamma, binomial, and negative binomial, constitute the Meixner class.
This is discussed in detail in Cameron and Trivedi (1990b).

Finally, although results are especially straightforward for LEF-QVF den-
sities, one can construct orthogonal polynomial sequences for any assumed
model. In particular, letting µ = E[y] and µ j = E[(y − µ) j ] for j = 2, 3, the
first two orthogonal polynomials are

P1(y) = y − µ

P2(y) = (y − µ)2 − µ3

µ2
(y − µ) − µ2.

(5.95)

These can be used for tests of the specified conditional mean and variance in
general settings.

5.6.5 Information Matrix Tests

The IM test, introduced in section 2.6.3, is a CM test for fully parametric models
of whether the information matrix equality holds, that is, whether

E

[
vech

(
∂2 ln fi

∂θ∂θ′ + ∂ ln fi

∂θ

∂ ln fi

∂θ′

)]
= 0, (5.96)
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where fi = fi (yi , xi ,θ) is the density. This can be applied in a straightfor-
ward manner to any specified density for count data, such as negative binomial
and hurdle, and is easily computed using the OPG regression given in section
2.6.3.

An interesting question is what fundamental features of the model are be-
ing tested by an IM test. Chesher (1984) showed that quite generally the IM
test is a test for random parameter heterogeneity; Hall (1987) showed that
for the linear model under normality, subcomponents of the IM test were tests
of heteroskedasticity, symmetry, and kurtosis. Here we focus on Poisson reg-
ression.

For the Poisson regression model with exponential mean function, substitu-
tion into (5.96) of the first and second derivatives of the log-density with respect
to θ yields

E
[{(yi − µi )

2 − µi }vech
(
xi x′

i

)] = 0. (5.97)

The IM test is a CM test of (5.97). If only the component of the IM test based
on the intercept term is considered, the IM test coincides with the LM test
of overdispersion of form V[yi ] = µi + αµ2

i , because the test is based on∑n
i=1(yi − µ̂i )2 − µ̂i , which equals

∑n
i=1(yi − µ̂i )2 − yi as the Poisson first-

order conditions imply
∑n

i=1(yi − µ̂i ) = 0.
Considering all components of the IM test, (5.97) is of the form (5.87). Using

E[{(yi − µi )2 − µi }2] = 2µ2
i , this leads to the interpretation of the IM test as

a test of E[{(yi − µi )2 − µi } | xi ] = 0 against E[{(yi − µi )2 − µi } | xi ] =
µ2

i vech(xi x′
i )

′α. So the IM test is a test against overdispersion of form V[yi ] =
µi + µ2

i vech(xi x′
i )

′α. This result is analogous to the result of Hall (1987) for
the regression parameters subcomponent for the linear regression model under
normality. Note, however, that vech(xi x′

i )
′α is weighted by µ2

i , whereas in the
linear model the test is simply against V[yi ] = σ 2 + vech(xi x′

i )
′α.

The result (5.97) holds only for an exponential conditional mean. If the
conditional mean is of general form µi = µ(x′

iβ) then the IM test can be shown
to be a CM test of

E

[
yi − µi

µi
vech

(
∂2µi

∂β∂β′

)]
+ E

[{
(yi − µi )2 − yi

µ2
i

}
vech
(
xi x′

i

)]= 0.

(5.98)

This tests both the specification of the variance, through the second term, and the
more fundamental condition that the conditional mean is misspecified. Similar
results for LEF models in general are given in Cameron and Trivedi (1990d).

The Poisson regression model is a special case of a model in which the
underlying distribution of yi depends only on the scalar µi , which is then
parameterized to depend on a function of k regression parameters, meaning that
the density is of the special form f (yi | µ(xi ,β)). It follows that ∂ ln fi/∂β =
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(∂ ln fi/∂µi )(∂µi/∂β) and the IM test (5.96) can be expressed as a test of

E

[
∂ ln fi

∂µi
vech

(
∂2µi

∂β∂β′

)]

+ E

[{
∂2 ln fi

∂µ2
i

+
(

∂ ln fi

∂µi

)2}
vech

(
∂µi

∂β

∂µi

∂β′

)]
= 0. (5.99)

There are clearly two components to the IM test. The first component is a test of
whether E[∂ ln fi/∂µi ] = 0, required for consistency of the MLE which solves∑n

i=1 ∂ ln fi/∂µi (∂µi/∂β) = 0. The second component is a test of the IM
equality in terms of the underlying parameter µi rather than the regression
parameter β.

Setting τ = vech((∂µi/∂β)(∂µi/∂β
′))′α/

√
n in (5.52) yields a LM test of

α = 0, which equals the second component of the IM test. It follows that
the second component of the IM test is an LM test that the density is f (yi |µi )
where µi = µ(xi , β), against the alternative that it is f (yi | λi ) where λi is a
random variable with mean µi and variance vech((∂µi/∂β)(∂µi/∂β

′))′α/
√

n.
Cameron and Trivedi (1990d) show that the complete IM test, with both com-
ponents, is a test against the alternative that yi has density f (yi | λi ) where
λi is a random variable with mean µi + vech(∂2µi/∂β∂β′)/

√
n and variance

vech((∂µi/∂β)(∂µi/∂β
′))′α/

√
n. So the IM test additionally tests for misspec-

ification of the mean function.
Interpretations of the IM test have ignored the first component of the IM test

because they have focused on the linear model where µi = x′
iβ, in which case

∂2µi/∂β∂β′ = 0. In general the components can be negative or positive and so
may be offsetting. So even if the first component is large in magnitude, indicating
a fundamental misspecification, a model may pass the IM test. This indicates the
usefulness, in nonlinear settings, of determining the moment conditions being
tested by the IM test.

5.6.6 Hausman Tests

One way to test for simultaneity in a single linear regression equation with iid
errors is to compare the OLS and two-stage least-squares estimators. If there is
simultaneity the two estimators differ in probability limit, because OLS is incon-
sistent. If there is no simultaneity the two estimators have the same probability
limit, because both are consistent. Tests based on such comparisons between
two different estimators are called Hausman tests, after Hausman (1978), or Wu-
Hausman tests or even Durbin-Wu-Hausman tests, after Wu (1973) and Durbin
(1954) who also proposed such tests.

Consider two estimators θ̃ and θ̂ where

H0 : plim(θ̃ − θ̂) = 0

Ha : plim(θ̃ − θ̂) = 0.
(5.100)
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The Hausman test statistic of H0 is

TH = n (θ̃ − θ̂)′V−1
θ̃−θ̂

(θ̃ − θ̂), (5.101)

which is χ2(q) under H0, where it is assumed that
√

n(θ̃ − θ̂)
d→ N[0, Vθ̃−θ̂],

under H0. In some applications Vθ̃−θ̂ is of less than full rank, in which case
V−1

θ̃−θ̂
is replaced by the generalized inverse of Vθ̃−θ̂ and the degrees of freedom

are rank[Vθ̃−θ̂]. We reject H0 if TH exceeds the chi-square critical value.
The Hausman test is easy in principle but difficult in practice due to the need

to obtain a consistent estimate of the variance matrix Vθ̃−θ̂. In the special case
in which θ̃ is the fully efficient estimator under the null, Vθ̃−θ̂ = Vθ̂ − Vθ̃.
Therefore it is easily computed as the difference between the variance matrices
of the two estimators (see Hausman, 1978, or Amemiya, 1985, p. 146). An
example is linear regression with possible correlation between regressors and
the error, with θ̃ the OLS estimator, which is the efficient estimator under the
null of no correlation, while θ̂ is the two-stage least squares estimator, which
maintains consistency under the alternative. Hausman (1978) gives examples in
which the Hausman test can be computed by a standard test for the significance
of regressors in an augmented regression, but these results are confined to linear
models.

Holly (1982) considered Hausman tests for nonlinear models in the like-
lihood framework and compared the Hausman test with standard likelihood-
based hypothesis tests such as the LM test. Partition the parameter vector as
θ = (θ′

1,θ
′
2)′, where the null hypothesis H0 : θ1 = θ10 applies to the first

component of θ, and the second component θ2 is a nuisance parameter vec-
tor. Restricted and unrestricted maximum likelihood estimation of θ provides
two estimates θ̃2 and θ̂2 of the nuisance parameter. Suppose the alternative
hypothesis is H0 : θ1 = θ10 + δ, in which case classical hypothesis tests
are tests of H0 : δ = 0. Holly (1982) showed that by comparison the Haus-
man test based on the difference θ̃2 − θ̂2 is a test of H0 : I−1

22 I21δ = 0, where
Ii j = E[∂2L(θ1,θ2)/∂θi∂θ j ]. Holly (1987) extended analysis to nonlinear hy-
pothesis h(θ1) = 0, with Hausman tests based on linear combinations D(θ̃− θ̂)
rather than just the subcomponent (θ̃2 − θ̂2). Furthermore, the model under
consideration may be potentially misspecified, covering the PMLE based on an
exponential family density.

The Hausman test can potentially be used in many count applications, partic-
ularly ones analogous to those in the linear setting such as testing for endogene-
ity. It should be kept in mind, however, that the test is designed for situations
in which at least one of the estimators is inconsistent under the alternative.
Consider a Hausman test of Poisson against the NB2 model, where in the latter
model the conditional mean is correctly specified although there is overdisper-
sion (α = 0). The Poisson MLE is fully efficient under the null hypothesis.
Because the Poisson regression coefficients β maintain their consistency under
the alternative hypothesis, however, common sense suggests that a Hausman
test of the difference between NB2 and Poisson estimates of β will have no
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power. In terms of Holly’s framework, θ1 = α, θ2 = β, and the Hausman test
is a test of H0 : I−1

22 I21δ = 0. But here I21 = 0 from Chapter 3.2. In fact,
if the Poisson and NB2 estimates of β are compared, then large values of the
Hausman test statistic reflect more fundamental misspecification, that of the
conditional mean.

5.7 Discriminating among Nonnested Models

Two models are nonnested models if neither model can be represented as a
special case of the other. Further distinction can be made between models that
are overlapping, in which case some specializations of the two models are equal,
and models that are strictly nonnested, in which case there is no overlap at all.
Models based on the same distribution that have some regressors in common and
some regressors not in common are overlapping models. Models with different
nonnested distributions and models with different nonnested functional forms
for the conditional mean are strictly nonnested. Formal definitions are given in
Pesaran (1987) and Vuong (1989).

The usual method of discriminating among models by hypothesis test of
the parameter restrictions that specialize one model to the other, for example
whether the dispersion parameter is zero in moving from the negative binomial
to Poisson, is no longer available. Instead, beginning with Akaike (1973), mod-
els are compared on the basis of the fitted log-likelihood with penalty given for
lack of parsimony. Or, beginning with Cox (1961, 1962a), hypothesis testing
is performed in a nonstandard framework. These likelihood-based approaches
are presented here.

The Cox approach has spawned a variety of related procedures, some not
restricted to the likelihood framework. These are not presented here, for brevity
and because most applications have been to linear models. A brief review is
given in Davidson and MacKinnon (1993, chapter 11). Artificial nesting, pro-
posed by Davidson and MacKinnon (1981), leads to J tests and related tests.
The encompassing principle, proposed by Mizon and Richard (1986), leads to a
quite general framework for testing one model against a competing nonnested
model. White (1994) and Lu and Mizon (1996) link this approach with CM
tests. Wooldridge (1990b) derived encompassing tests for the conditional mean
in nonlinear regression models with heteroskedasticity, including GLMs such
as the Poisson estimated by PML.

5.7.1 Information Criteria

For comparison of nonnested models based on maximum likelihood, several
authors beginning with Akaike (1973) have proposed model selection criteria
based on the fitted log-likelihood function. Because we expect the log-likelihood
to increase as parameters are added to a model, these criteria penalize models
with larger k, the number of parameters in the model. This penalty function
may also be a function of n, the number of observations.
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Akaike (1973) proposed the Akaike information criterion

AIC = −2 ln L + k, (5.102)

with the model with lowest AIC preferred. The term information criterion is used
because the log-likelihood is closely related to the Kullback-Liebler information
criterion. Modifications to AIC include the Bayesian information criterion

BIC = −2 ln L + (ln n) k, (5.103)

proposed by Schwarz (1978) and the consistent Akaike information criterion

CAIC = −2 ln L + (1 + ln n) k. (5.104)

These three criteria give increasingly large penalties in k and n. As an ex-
ample, suppose we wish to compare two models where one model has one
more parameter than the other, so �k = 1, and the sample size is n = 1000, so
ln n = 6.9. For the larger model to be preferred it needs to increase 2 ln L by
1.0 if one uses AIC, 6.9 if BIC is used, and 7.9 if CAIC is used. By comparison
if the two models were nested and a likelihood ratio test was formed, the larger
model is preferred at significance level 5% if 2 ln L increases by 3.84. The AIC,
BIC, and CAIC in this example correspond to p-values of, respectively, .317,
.009 and .005.

5.7.2 Tests of Nonnested Models

There is a substantial literature on discrimination among nonnested models
on the basis of hypothesis tests, albeit nonstandard tests. Consider choosing
between two nonnested models – model Fθ with density f (yi | xi ,θ) and model
Gγ with density g(yi | xi ,γ).

The LR statistic for the model Fθ against Gγ is

LR(θ̂, γ̂) ≡ L f (θ̂) − Lg(γ̂) =
n∑

i=1

ln
f (yi | xi , θ̂)

g(yi | xi , γ̂)
. (5.105)

In the special case where the models are nested, Fθ ⊂ Gγ , we get the usual result
that 2 times LR(θ̂, γ̂) is chi-square distributed under the null hypothesis that
Gγ = Fθ . Here we consider the case of nonnested models in which Fθ ⊆ Gγ

and Gγ ⊆ Fθ . Then the chi-square distribution is no longer appropriate.
Cox (1961, 1962a) proposed solving this problem by applying a central limit

theorem under the assumption that Fθ is the true model. This approach is difficult
to implement as it requires analytically obtaining E f [ln( f (yi | xi ,θ)/g(yi | xi ,

γ))], where E f denotes expectation with respect to the density fi (yi | xi , θ ).
Furthermore, if a similar test statistic is obtained with the roles of Fθ and Gγ

reversed it is possible to find both that model Fθ is rejected in favor of Gγ and
that model Gγ is rejected in favor of Fθ .
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Vuong (1989) instead discriminated between models on the basis of their
distance from the true data-generating process, which has density h0(yi | Xi ),
where distance is measured using the Kullback-Liebler information criterion.
He proposed use of the statistic

TLR,NN= 1√
n

n∑
i=1

ln
f (yi | xi , θ̂)

g(yi |xi , γ̂)

÷
{

1

n

n∑
i=1

(
ln

f (yi | xi , θ̂)

g(yi | xi , γ̂)

)2

−
(

1

n

n∑
i=1

ln
f (yi | xi , θ̂)

g(yi | xi , γ̂)

)2}

= 1√
n

LR(θ̂, γ̂)

/
ω̂2, (5.106)

where

ω̂2 = 1

n

n∑
i=1

(
ln

f (yi | xi , θ̂)

g(yi | xi , γ̂)

)2

−
(

1

n

n∑
i=1

ln
f (yi | xi , θ̂)

g(yi | xi , γ̂)

)2

(5.107)

is an estimate of the variance of 1√
n

LR(θ̂, γ̂). Alternative asymptotically
equivalent statistics to (5.106) and (5.107) use ω̃2 = 1

n

∑n
i=1(ln( f (yi | xi , θ̂)/

g(yi | xi , γ̂)))2.

For strictly nonnested models

TLR,NN
d→ N[0, 1] (5.108)

under

H0 : Eh

[
ln

f (yi | xi ,θ)

g(yi | xi ,γ)

]
= 0, (5.109)

where Eh denotes expectation with respect to the (unknown) dgp h(yi | xi ). One
therefore rejects at significance level .05 the null hypothesis of equivalence of
the models in favor of Fθ being better (or worse) than Gγ if TLR,NN > z.05 (or
if TLR,NN < −z.05). The null hypothesis is not rejected if |TLR,NN| ≤ z.025.

Tests of overlapping models are more difficult to implement than tests of
strictly nonnested models because there is a possibility that f (yi | xi ,θ∗) =
g(yi | xi ,γ∗), whereθ∗ andγ∗ are the pseudotrue values ofθ andγ. To eliminate
the possibility of equality, Vuong (1989) shows that

Pr[nω̂2 ≤ x] − Mp+q (x ; λ̂2)
as→ 0, (5.110)

for any x > 0, under

Hω
0 : V0

[
ln

f (yi | xi ,θ)

g(yi | xi ,γ)

]
= 0, (5.111)
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where Eh denotes expectation with respect to the (unknown) dgp h(yi | xi ) and
θ and γ have dimensions p and q . Mp+q (x ; λ̂2) denotes the cdf of the weighted
sum of chi-squared variables

∑p+q
j=1 λ̂2

j Z2
j , where Z2

j are iid χ2(1) and λ̂2
j are

the squares of the eigenvalues of the sample analog of the matrix W defined in
Vuong (1989, p. 313). One therefore rejects Hω

0 if nω̂2 exceeds the critical value
obtained using (5.110). If Hω

0 is not rejected it is concluded that the data cannot
discriminate between Fθ and Gγ . If Hω

0 is rejected then proceed to discriminate
between Fθ and Gγ on the basis of the same test of H0 as used in the case of
strictly nested models.

Vuong (1989, p. 322) also considers the case in which one of the overlapping
models is assumed to be correctly specified, an approach qualitatively similar
to Cox (1961, 1962a), in which case

Pr[nω̂2 ≤ x] − Mp+q (x ; λ̂)
as→ 0, (5.112)

can be used as the basis for a two-sided test.

5.8 Derivations

5.8.1 Test of Poisson Against Katz System

The Katz system density with mean µ and variance µ + αg(µ) can be written
as

f (y) = f (0)
y∏

l=1

µ + αµ−1g(µ)(y − l)

[1 + αµ−1g(µ)] (y − l + 1)
,

for y = 1, 2, . . . , (5.113)

where f (0) is the density for y = 0. This density generalizes slightly the Chap-
ter 4 density, which sets g(µ) = µµk2 and changes the index from j to
l = y − j + 1. The log-density is

ln f (y) =
y∑

l=1

ln(µ + αµ−1g(µ)(y − l)) − ln(1 + αµ−1g(µ))

− ln(y − l + 1) + ln f (0). (5.114)

Then

∂ ln f (y)

∂α
=
{

y∑
l=1

µ−1g(µ)(y − l)

µ + αµ−1g(µ)(y − l)
− µ−1g(µ)

µ + αµ−1g(µ)

}

+ ∂ ln f (0)

∂α
.
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Specializing to H0 : α = 0

∂ ln f (y)

∂α

∣∣∣∣
α=0

=
{

y∑
l=1

µ−2g(µ)(y − l) − µ−1g(µ)

}
+ ∂ ln f (0)

∂α

∣∣∣∣
α=0

= µ−2g(µ){y(y − 1)/2 − µy} + ∂ ln f (0)

∂α

∣∣∣∣
α=0

,

using
∑y

l=1(y − l) = y(y −1)/2. Because E[∂ ln f (y)/∂α] = 0 under the usual
maximum likelihood regularity conditions, a derivative of the form ∂ ln f (y)/
∂α = h(y) + ∂ ln f (0)/∂α implies E[∂ ln f (0)/∂α] = −E[h(y)]. Therefore

∂ ln f (y)

∂α

∣∣∣∣
α=0

= µ−2g(µ){y(y − 1)/2 − µy − E[y(y − l)/2 − µy]}

= µ−2g(µ){y(y − 1)/2 − µy − (µ2/2 − µ2)}
= µ−2g(µ)

1

2
{(y − µ)2 − y}.

Similar manipulations lead to

∂ ln f (y)

∂β

∣∣∣∣
α=0

= µ−1(y − µ)
∂µ

∂β
.

Using L =∑n
i=1 ln f (yi ) leads directly to (5.38).

5.8.2 LM Test Against Local Alternatives

We begin with

h(y | µ, τ ) =
∫

{ f (y | µ) + f ′(y | µ)(λ − µ)

+ 1

2
f ′′(y | µ)(λ − µ)2 + R}p(λ | µ, τ ) dλ.

Because λ has mean µ and variance τ this implies

h(y | µ, τ ) = f (y | µ) + 0 + 1

2
f ′′(y | µ)τ + O(n−1).

Now

∂ ln f (y | µ)

∂µ
= f ′(y | µ)

f (y | µ)
,

and

∂2 ln f (y | µ)

∂µ2
= f ′′(y | µ)

f (y | µ)
− f ′(y | µ)2

f (y | µ)2

= f ′′(y | µ)

f (y | µ)
−
(

∂ ln f (y | µ)

∂µ

)2

,
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which implies

f ′′(y | µ) = f (y | µ)

{
∂2 ln f (y | µ)

∂µ2
+
(

∂ ln f (y | µ)

∂µ

)2}
.

Making this substitution yields

h(y | µ, τ ) = f (y | µ)

[
1 + 1

2
τ

{
∂2 ln f (y | µ)

∂µ2

+
(

∂ ln f (y | µ)

∂µ

)2}
+ O(n−1)

]
,

and using exp[x] � 1 + x for small x ,

h(y | µ, τ ) = f (y | µ) exp

[
1

2
τ

{
∂2 ln f (y | µ)

∂µ2

+
(

∂ ln f (y | µ)

∂µ

)2}]
+ O(n−1).

5.9 Bibliographic Notes

Key references on residuals include Cox and Snell (1968), who considered a
very general definition of residuals; Pregibon (1981), who extended many of
the techniques for normal model residuals to logit model residuals; McCullagh
and Nelder (1989, chapter 12), who summarize extensions and refinements
of Pregibon’s work to GLMs; and Davison and Snell (1991), who consider
both GLMs and more general models. Discussion of the Pearson and deviance
statistics is given in any GLM review, such as McCullagh and Nelder (1989) or
Firth (1991). In the econometrics literature, generalized residuals and simulated
residuals were proposed by Gourieroux, Monfort, Renault, and Trognon (1987a,
1987b) and are summarized in Gourieroux and Monfort (1995). The material
on R-squared measures is based on Cameron and Windmeijer (1996, 1997).
A comprehensive treatment of the chi-square goodness-of-fit test is given in
Andrews (1988a, 1988b), with the latter of these providing the more accessible
treatment.

There is a long literature on overdispersion tests. Attention has focused on
the LM test of Poisson against negative binomial, introduced in the iid case
by Collings and Margolin (1985) and in the regression case by Lee (1986) and
Cameron and Trivedi (1986). Small-sample corrections were proposed by Dean
and Lawless (1989a). A more modern approach is to use the bootstrap. Efron
and Tibsharani (1993) provide an introduction, and Horowitz (1997) covers the
regression case in considerable detail. Treatments of overdispersion tests under
weaker stochastic assumptions are given by Cox (1983), Cameron and Trivedi
(1985, 1990a), Breslow (1990), and Wooldridge (1991a, 1991b). White (1994)
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considers various specializations that arise for statistical inference with LEF
densities. White also covers the CM test framework in considerable detail.

5.10 Exercises

5.1 Show that if yi ∼ P[µi ] the log-density of yi is maximized with respect
to µi by µi = yi . Conclude that y maximizes L(µ) for the Poisson. Hence,
show that for the Poisson the deviance statistic defined in (5.18) specializes to
(5.21), and the deviance residual is (5.3).

5.2 Show that if yi has the LEF density defined in chapter 2.4.2 then the log-
density of yi is maximized with respect to µi by µi = yi . Conclude that y
maximizes L(µ) for LEF densities. Hence, obtain (5.22) for the deviance of the
NB2 density with α known, using the result in section 3.3.2 that this density is
a particular LEF density.

5.3 For discrete data yi that takes only two values, 0 or 1, the appropriate
model is a binary choice model with Pr[yi = 1] = µi and Pr[yi = 0] = 1−µi .
The density f (yi ) = µ

yi

i (1 − µi )yi is an LEF density. Show that the deviance
R2 in this case simplifies to R2 = 1 − (Lfit/L0) rather than the more general
form (5.28).

5.4 Show that Pearson’s chi-square test statistic given in (5.34) can be rewrit-
ten using the notation of section 5.3.4 as(

n∑
i=1

(di (yi ) − pi (xi , θ̂))

)′
D

(
n∑

i=1

(di (yi ) − pi (xi , θ̂))

)
.

Conclude that the test statistic (5.34) is only chi-square distributed in the
special case in which V−

m in (5.33) equals D. Hint:
∑n

i=1 di j (yi ) = n p̄ j and∑n
i=1 pi j (xi , θ̂) = n p̂ j , where D is a diagonal matrix with i th entry (

∑n
i=1

pi j (xi , θ̂))−1.

5.5 Obtain the general formula for the t statistic for α = 0 in the linear
regression y∗

i = αxi + ui , where xi is a scalar and an intercept is not included.
Hence, obtain the regression-based overdispersion test statistic given in (5.71).

5.6 Consider testing whether β2 = 0 in the regression model E[yi | xi ] =
exp(x′

1iβ1+x′
2iβ2). Show that a first-order Taylor series expansion aroundβ2 =

0 yields E[yi ] = µ1i +µ1i x′
2iβ2, where µ1i = exp(x′

1iβ1) and for smallβ2 the re-
mainder term is ignored. Hence, testβ2 = 0 using (5.85) for the regression-based
CM test of H0 : E[yi − µ1i | xi ] = 0 against Ha : E[yi − µ1i | xi ] = µ1i x′

2iβ2.
Show that when yi ∼ P[µ1i ] under H0, (5.85) is the same as (5.63), the moment
condition for the LM test of exclusion restrictions.

5.7 For yi ∼ P[µi = µ(x′
iβ)] show that the IM test is a test of moment condi-

tion (5.98) and specializes to (5.97) if µi = exp(x′
iβ).



CHAPTER 6

Empirical Illustrations

6.1 Introduction

In this chapter we provide a detailed discussion of empirical models based on
two cross-sectional data sets. The first of these analyzes the demand for medical
care by the elderly in the United States. This data set shares many features of
health utilization studies based on cross-section data. The second is an analysis
of recreational trips.

Section 6.2 extends the introduction by surveying two general modeling is-
sues. The first is the decision to model only the conditional mean versus the
full distribution of counts. The second issue concerns behavioral interpretation
of count models, an issue of importance to econometricians who emphasize
the distinction between reduced form and structural models. Sections 6.3 and
6.4 deal in turn with each of the two empirical applications. Each has several
subsections that deal with details. The health care example in section 6.3 is in-
tended to illustrate in detail the methodology for fitting a finite mixture model.
There are relatively few econometric examples that discuss at length the imple-
mentation of the finite mixture model and the interpretation of the results. The
example is intended to fill this gap. Section 6.5 pursues a methodological ques-
tion concerning the distribution of the LR test under nonstandard conditions,
previously raised in section 4.8.5. The final two sections provide concluding
remarks and bibliographic notes.

The emphasis of this chapter is on practical aspects of modeling. Each appli-
cation involves several competing models which are compared and evaluated
using model diagnostics and goodness-of-fit measures. Although the Poisson
regression model is the most common starting point in count data analysis, it is
usually abandoned in favor of a more general mixed Poisson model. This usu-
ally occurs after diagnostic tests reveal overdispersion. But in many cases this
mechanical approach can produce misleading results. Overdispersion may be a
consequence of many diverse factors. An empirical model that simply controls
for overdispersion does not shed any light on its source. Tests of overdispersion
do not unambiguously suggest remedies. This is because they may have power
against many commonplace misspecifications. Rejection of the null against a
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specific alternative does not imply that the alternative itself is valid. Hence
misspecifications and directions for model revision should be explored with
care.

6.2 Background

6.2.1 Fully Parametric Estimation

Event count models may have two different uses. In some cases, the main
interest is in modeling the conditional expectation of the count and in making
inferences about key parameters, such as price elasticity. Different models and
estimation methods may yield similar results with respect to the conditional
mean, even though they differ in the goodness of fit.

In other cases, the entire frequency distribution of events is relevant. An in-
teresting example is Dionne and Vanasse (1992), where the entire distribution
of auto accidents is used to derive insurance-premium tables as a function of
accident history and individual characteristics. Another example is the proba-
bility distribution of number of patient days in hospital as a function of patient
characteristics. These probabilities might be needed to generate the expected
costs of hospital stays.

If the objective is to make conditional predictions about the expected num-
ber of events, the focus is on the conditional mean function. But if the focus
is on the conditional probability of a given number of events, the frequency
distribution itself is relevant. In the former case, features such as overdisper-
sion may affect the prediction intervals but not mean prediction. In the latter
case overdispersion will affect the estimated cell probability. Hence, parametric
methods are attractive in the latter case, whereas robustness of the estimate is
more important in the former.

This neat separation of modeling issues is not possible, however, if con-
sistent estimation of the conditional expectation also requires fully parametric
models. For example, the conditional mean may correspond to that for the
ZIP or Poisson hurdle model, in which case one needs to model the probabili-
ties. Chapter 3 focused on methods by which other aspects of the distribution,
notably the variance, are modeled to improve efficiency. Chapter 4, in con-
trast, presents many parametric models in which consistent estimation of the
conditional mean parameters requires fully parametric methods. The attention
given to features such as variance function modeling varies on a case-by-case
basis.

To make the foregoing discussion concrete, consider the issue of how to treat
the joint presence of excess zero observations and long right tails relative to
the Poisson regression. One interpretation of this condition is that it indicates
unobserved heterogeneity. Hence, it is a problem of modeling the variance func-
tion. The Two-Crossings Theorem supports this interpretation. An alternative
interpretation is that the excess zeros reflect behavior. Many individuals do
not record (experience) positive counts because they do not “participate” in a
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relevant activity. That is, optimizing behavior generates corner solutions. On
this interpretation, the presence of excess zeros may well be a feature of the
conditional mean function, not the variance function. If one adds to this the
presence of unobserved heterogeneity, it is concluded that both the conditional
expectation and variance function are involved. So the use of an overdispersed
Poisson model, such as the negative binomial, without also allowing for the
additional nonlinearity generated by an excess of corner solutions, yields in-
consistent estimates of the parameters.

6.2.2 Repeated Events

Consider a single probabilistic event such as the desire for a recreational trip
or the number of spells of sickness. That may or may not lead to the outcome
of interest, such as a doctor visit or a recreational trip. If the outcome reflects
individual decision making, it may be analyzed within the random utility frame-
work used in binary choice models. Suppose we consider a doctor consultation.
Denote by U0 the utility of not seeking care and by U1 the utility of seeking
care. Both U0 and U1 are latent variables. Let

U1i = x′
iβ1 + ε1i

U0i = x′
iβ0 + ε0i ,

where xi is the vector of individual attributes, and ε1i and ε0i are random errors.
Then for individual i who seeks care, we have

U1i > U0i ⇒ ε0i − ε1i < x′
i (β1 − β0).

Thus, the probability of the decision to seek care is characterized by the standard
binary outcome model. The individual i seeks care if U1i > U0i , and we observe
y = 1. Otherwise we observe y = 0. The probability of y = 1, denoted π , is
given by Pr [ε0i − ε1i < x′

i (β1 − β0)].
Next consider repeated events of the same kind. If there is a fixed number,

N , of repetitions, the event distribution is binomial B(N , p). Suppose, how-
ever, that N is random and follows Poisson distribution. For simplicity treat
the events as N independent Bernoulli trials occurring over some time inter-
val. By the application of the Poisson-stopped binomial result, the number
of successes is Poisson-distributed (see Chapter 1). This argument justifies the
framework of count-data models for the study of repeated events based on event
counts.

This argument can be generalized in a straightforward manner to allow for
serial correlation of events or unobserved heterogeneity, both of which imply
overdispersion. The framework also generalizes to the multinomial case in
which the observed event is one of k outcomes. For example, the individual
may choose to visit any one of k possible recreational sites, and such a choice
outcome may be repeated a random number of times.
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6.3 Analysis of Demand for Health Services

Count models are extensively used in modeling healthcare utilization. Discrete
measures of units of healthcare use are often more easily available than data
on expenditures. They are usually obtained from national health or health ex-
penditure surveys, which also provide information on key covariates such as
measures of health insurance, health status, income, education, and many so-
ciodemographic variables.

This example draws on Deb and Trivedi (1997), which deals with counts of
medical care utilization. The article compares the performance of a negative
binomial (NB), two-part hurdles negative binomial (NBH), and finite mixture
negative binomial (FMNB) in a study of the demand for medical care by the
elderly aged 66 years and over in the United States, using six mutually exclusive
measures of utilization.

6.3.1 Health Service Data

A sample of 4406 cases was obtained from the National Medical Expenditure
Survey conducted in 1987 and 1988 (NMES). The data provide a comprehensive
picture of how Americans use and pay for health services. Here only one of
these six measures, that dealing with the office visits to physicians (OFP), is
considered. A feature of these data is that they do not include a high proportion
of zero counts but do reflect a high degree of unconditional overdispersion.

The NMES is based on a representative, national probability sample of the
civilian, noninstitutionalized population and individuals admitted to long-term
care facilities during 1987. Under the household survey of the NMES, more
than 38,000 individuals in 15,000 households across the United States were
interviewed quarterly about their health insurance coverage, the services they
used, and the cost and source of payments of those services. In addition to
healthcare data, NMES provides information on health status, employment,
sociodemographic characteristics, and economic status.

An important issue in healthcare modeling is endogeneity of health insur-
ance. If consumers make their decisions on health insurance and healthcare
utilization jointly, then the two are stochastically dependent. Hence, health in-
surance status should not be treated as a valid exogenous variable. We first
consider the argument of Deb and Trivedi (1997) that for the elderly U.S. popu-
lation it is reasonable to take health insurance status as an exogenous covariate.

All cases in the sample were covered by Medicare, a public insurance pro-
gram that offers substantial protection against healthcare costs. Residents of
the United States are eligible for Medicare coverage at age 65 years. Some
individuals start receiving Medicare benefits a few months into their 65th year
primarily because they fail to apply for coverage at the appropriate time. Virtu-
ally all individuals who are 66 years of age or older are covered by Medicare.
In addition, most individuals make a choice of supplemental private insurance
coverage shortly before or in their 65th year because the price of such insurance
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Table 6.1. OFP visits: actual frequency distribution

Number of visits 0 1 2 3 4 5 6 7 8 9 10 11 12 13+
Frequency 683 481 428 420 383 338 268 217 188 171 128 115 86 500

rises sharply with age and coverage becomes more restrictive. Therefore, given
the choice of sample, the treatment of private insurance status as predetermined,
rather than endogenous, is justified. On the other hand, to the extent that private
insurance purchase is in anticipation of required healthcare, given health status,
private insurance status may be treated as endogenous. Because the specification
controls for health status by including several health status variables, the force
of this argument is reduced. Exogeneity of insurance is a major econometric
simplification.

The frequency distribution of physician office visits is given in Table 6.1.
The zero counts account for only about 15% of the visits. There is a long right
tail. Around 11% of the patients have 13 or more visits. Definitions and sum-
mary statistics for the explanatory variables are presented in Table 6.2. The
health measures include self-perceived measures of health (EXCLHLTH and
POORHLTH ), the number of chronic diseases and conditions (NUMCHRON )
and a measure of disability status (ADLDIFF ). In order to control for regional
differences we use NOREAST, MIDWEST, and WEST. The demographic vari-
ables include AGE, race (BLACK ), sex (MALE ), marital status (MARRIED),
and education (SCHOOL). Finally, the economic variables are family income
(FAMINC ), employment status (EMPLOY ), supplementary private insurance
status (PRIVINS ), and public insurance status (MEDICAID). Medicaid, which
should not be confused with Medicare, is available to low-income individu-
als only. Both PRIVINS and MEDICAID serve as indicators of the price of
service.

6.3.2 Demand for Medical Care

Beginning with the obvious starting point of the Poisson regression is unneces-
sary. The data display a high degree of overdispersion, leading to the rejection
of the Poisson model. Even the NB1 and NB2 models are easily rejected by the
chi-squared goodness-of-fit test, suggesting that the conditional mean may be
misspecified.

Several recent studies have suggested that the two-part hurdle model pro-
vides a better starting point than the NB class. The two-part hurdle model has
performed satisfactorily in several empirical studies (Pohlmeier and Ulrich,
1995; Gurmu, 1997; Geil et al., 1997) of health utilization. It is typically supe-
rior to specifications in which the two separate origins of zero observations are
not recognized. It may be interpreted as a principal-agent type model in which
the first part specifies the decision to seek care as a binary outcome process,
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Table 6.2. OFP visits: variable definitions and summary statistics

Standard
Variable Definition Mean deviation

OFP Number of physician office visits 5.77 6.76
OFNP Number of nonphysician office visits 1.62 5.32
OPP Number of physician outpatient visits 0.75 3.65
OPNP Number of nonphysician outpatient visits 0.54 3.88
EMR Number of emergency room visits 0.26 0.70
HOSP Number of hospitalizations 0.30 0.75
EXCLHLTH Equals 1 if self-perceived health is excellent 0.08 0.27
POORHLTH Equals 1 if self-perceived health is poor 0.13 0.33
NUMCHRON Number of chronic conditions 1.54 1.35
ADLDIFF Equals 1 if the person has a condition that 0.20 0.40

limits activities of daily living
NOREAST Equals 1 if the person lives in northeastern U.S. 0.19 0.39
MIDWEST Equals 1 if the person lives in the midwestern U.S. 0.26 0.44
WEST Equals 1 if the person lives in the western U.S. 0.18 0.39
AGE Age in years (divided by 10) 7.40 0.63
BLACK Equals 1 if the person is African-American 0.12 0.32
MALE Equals 1 if the person is male 0.40 0.49
MARRIED Equals 1 if the person is married 0.55 0.50
SCHOOL Number of years of education 10.30 3.74
FAMINC Equals family income in $10,000 2.53 2.92
EMPLOYED Equals 1 if the person is employed 0.10 0.30
PRIVINS Equals 1 if the person is covered by 0.78 0.42

private health insurance
MEDICAID Equals 1 if the person is covered by Medicaid 0.09 0.29

and the second part models the number of visits for the individuals who receive
some care. The second part allows for population heterogeneity among the users
of health care.

A finite mixture model, as a competing model, has several additional attrac-
tive features. The finite mixture model allows for additional population hetero-
geneity but avoids the sharp dichotomy between the populations of “users” and
“nonusers.” In the finite mixture (“latent class”) formulation of unobserved het-
erogeneity the factor that splits the population into latent classes is assumed to
be based on the person’s latent long-term health status, which may not be well
captured by proxy variables such as self-perceived health status and chronic
health conditions. In the case of a two-point finite mixture model, a dichotomy
between the “healthy” and the “ill” groups, whose demands for health care are
characterized by, respectively, low mean and low variance and high mean and
high variance may be suggested. Although the two-step model captures an im-
portant feature of the data that the one-step model does not, the finite mixture
model has greater flexibility of functional form because it incorporates a com-
bination of discrete and continuous representation of population heterogeneity.
An example is a two-point finite mixture of NB models – within its framework,
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one might view a population of healthcare consumers as consisting of discrete
“types” (ill and healthy) and yet allow for heterogeneity within each type.

6.3.3 Competing Models

Three models are compared. The first is the NB model with mean E[yi | xi ] =
µi = exp(x′

iβ) and variance V[yi | xi ] = µi + αµ
p
i where α > 0 is an overdis-

persion parameter. The NB1 model is obtained by specifying p = 1; NB2 is
obtained by setting p = 2.∗

The second is the NBH, which has the following components:

Prh[yi = 0 | xi ] =
(

ψh,i

µh,i + ψh,i

)ψh,i

, (6.1)

Pr [yi > 0 | xi ] = 1 −
(

ψi

µi + ψi

)ψi

, (6.2)

where the subscript h refers to the hurdle distribution and ψi = (1/α)µ2−p
i .

This is introduced in section 4.7. In the NBH model, the mean of the count
variable is given by

E[yi | xi ] = Prh[yi > 0 | xi ]

Pr [yi > 0 | xi ]
µi (6.3)

and the variance by

V[yi | xi ] = Prh[yi > 0 | xi ]

Pr [yi > 0 | xi ]

[
µi + αµ

p
i +
(

1 − Prh[yi > 0 | xi ]

Pr [yi > 0 | xi ]

)
µ2

i

]
.

(6.4)

The third model is the C-component finite mixture density specified as fol-
lows:

f (yi |Θ) =
C−1∑
j=1

πj fj (yi |θj ) + πC fC (yi |θC ), (6.5)

where π1 ≥ π2 ≥ · · · · ≥ πC , πC = (1−∑C−1
j=1 πj ) are the mixing probabilities

(proportions of the sampled latent subpopulations) estimated along with all
other parameters, all collectively denoted by Θ; see section 4.8. The component
distributions in a C-point FMNB model (FMNB-C) are specified as

fj (yi ) = �(yi + ψj,i )

�(ψj,i )�(yi + 1)

(
ψj,i

µj,i + ψj,i

)ψ j,i
(

µ j,i

µ j,i + ψj,i

)yi

.

(6.6)

∗ This notation is slightly different from Chapter 3, where the notation is V[yi | xi ] = µi + αµ
p
i ,

with p = 1 yielding NB1 and p = 2 yielding NB2.
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A variant of the third model constrains slope coefficients to be equal. If
dim[βj ] = k, then the fully unconstrained C component mixture has dimen-
sion C(k + 1) − 1. The models in the current application become possibly
overparameterized when k is around 10. Hence considerations of parsimonious
parameterization motivate restrictions across the component densities. There-
fore Deb and Trivedi (1997) also considered a constrained FMNB-C (CFMNB-C)
in which all slope parameters in βj were restricted to be equal across all C com-
ponents. The differences between component distributions then arise only from
intercept differences.

The slope-constrained, or random intercept, model is the same as the dis-
crete specification of heterogeneity used in Simar (1976), Laird (1978), Lindsay
(1995), and Heckman and Singer (1984). This specification is relatively par-
simonious and, as discussed in Chapter 4, may provide an adequate semi- or
nonparametric representation of the possibly continuous distribution of unob-
served heterogeneity.

It is interesting that the CFMNB-C may be consistently estimated, up to the
intercept, by Poisson maximum likelihood. This follows from the exponential
mean function E[yi | xi ]. For example, with C = 2,

E[yi | xi ] = exp
[
πβ01 + (1 − π )β02 + x′

iβ
]
.

The intercept of the constrained finite mixture is a weighted sum of the intercepts
in the components, with weights being the population proportions π and 1−π .
Hence, Poisson maximum likelihood yields only an estimate of the weighted
sum of the intercepts and not the individual components that we need in order
to estimate subpopulation means.

6.3.4 Is There a Mixture?

There are two important issues in evaluating fitted finite mixture models. First,
is there evidence for the presence of more than one components? That is, is
mixing present? Second, is a global maximum attained in estimation?

Lindsay and Roeder (1992) have developed diagnostic tools for checking
these properties for the case of exponential mixtures. The key idea behind the
diagnostic for the presence of a mixture component is the Two Crossings Theo-
rem given in section 4.2. Let p̂(y;θ∗) denote fitted-cell probabilities calculated
under the assumption that the data are generated by a one-component model,
and let p̂(y; Ĉ) denote the fitted probability based on the assumption that the
sample comes from a C-component mixture distribution. Then by an extension
of Shaked’s Two Crossings Theorem, the differences ( p̂(y;θ∗)− p̂(y; Ĉ)) show
a {+, −, +} sign pattern. This is the basis of the first of two diagnostic tools
developed by Lindsay and Roeder. Their directional gradient function is

d(y, Ĉ,θ∗) =
(

p̂(y;θ∗)

p̂(y; Ĉ)
− 1

)
, y = 0, 1, 2, . . . , (6.7)
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where θ∗ is the unicomponent MLE and Ĉ is the C-component MLE. To calcu-
late d(y, Ĉ,θ∗) we first calculate d(yi , Ĉ,θ∗ | xi ) and then average across all
observations. The convexity of the graph of d(y, Ĉ,θ∗) against y is interpreted
as evidence in favor of a mixture. However, note that such convexity may be
observed for more than one value of C , leaving open the issue of which value
to select for C .

Lindsay and Roeder also suggest the use of the weighted sum measure

D(Ĉ,θ∗) =
∑
y∈S

d(y, Ĉ,θ∗)p(y) (6.8)

as an additional diagnostic. This can be interpreted as a quantitative measure of
the deviation in fitted cell probabilities induced by the mixture. A limitation of
this statistic is that in the event of a long right tail, the contribution of high values
of y may be large. This tends to make the components of D(Ĉ,θ∗) erratic, and
the statistic itself may be hard to interpret. Recognizing this feature, Lindsay
and Roeder suggest that a truncated gradient statistic is preferred for unbounded
densities. However, currently there is little guidance on how the statistic should
be truncated.

The diagnostic tools of Lindsay and Roeder are intended for exponential
mixtures. Strictly speaking, they should not be used for the negative binomial
mixture.∗ In this chapter these tools are applied in a heuristic and exploratory
fashion to the FMNB-C model.

6.3.5 Model Comparison and Selection

Given the presence of mixture, one may either sequentially compare models
with different values of C or compare unconstrained and constrained models
for a given C . Although these are both nested hypotheses, the use of the LR
test is only appropriate for the latter simplification, not the former in which the
hypothesis is on the boundary of the parameter space. This violates the standard
regularity conditions for maximum likelihood. For example, in a model with no
component-density parameters estimated, the LR test of the null hypothesis H0 :
πC = 0 versus Ha : πC = 0 does not have the usual null χ2(1) distribution. In-
stead, the asymptotic distribution of the likelihood ratio is a weighted chi-square.

Böhning et al. (1994) have used simulation analysis to examine the distribu-
tion of the LR test for several distributions involving a boundary hypothesis. This
showed that the use of the nominal χ2(1) test is likely to underreject the false
null. Therefore, systematic reliance on the LR test may cause an investigator to
choose a value of C that is too small. However, the use of information crite-
ria – we use the AIC and the BIC – for model selection has formal justification.
Leroux (1992) proves that under regularity conditions the maximum penalized

∗ Note, however, that the two-crossings result is extended to two-parameter exponential families
by Gelfand and Dalal (1990).
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likelihood approach, for example the use of the AIC-BIC, leads to a consistent
estimator of the true finite-mixture model (Leroux, 1992, section 3.3). Section
6.4 provides a further discussion of these issues using simulation evidence.

Model simplification in going from NBH to NB involves a standard nested
hypothesis; therefore, it may be based on the LR test. Finally, if FMNB-C,
C > 1, and NBH are the preferred models after initial tests, one should select
between these two. Note that FMNB-1 means NB and NB may refer to either
NB1 or NB2. Again this involves nonnested comparisons, for which we use
information criteria to choose between them.

A possible strategy for model selection can be summarized as follows:

• Fix maximum C = C∗. Use information criteria to compare the se-
quence of models FMNB-C∗, . . . ., FMNB-1.

• Use the LR test to compare FMNB-C and CFMNB-C.
• Use the LR test to compare NBH and NB.
• Use information criteria to compare FMNB-C (or CFMNB-C) and NBH.

Finally, to evaluate the goodness of fit of the model selected after this mul-
tilevel comparison of models, one may use the chi-square diagnostic test intro-
duced in section 5.3.4. This compares actual and fitted cell frequencies of events
for which cells are centered on integer values. The fitted cell frequencies are
calculated as follows. Let p̂i j , i = 1, 2, . . . , N ; y = 0, 1, 2, . . . , denote the fit-
ted probability that individual i experiences j events. Then the fitted frequency
in cell j is calculated as n p̂ j , where

p̂ j = 1

n

∑
i

p̂i j , j = 0, 1, 2, . . . . (6.9)

In the present case, the chi-square goodness-of-fit statistic is

TGoF = (f̄ − f̂ )′V̂−1(f̄ − f̂ ) (6.10)

where f̄ − f̂ is the q dimensional vector of difference between sample and fitted
cell frequencies, q is the number of cells used in the test, and V̂ is the estimated
variance matrix of the difference; see Chapter 5.3. Under the null hypothesis
of no misspecification the test has an asymptotic χ2(q − 1) distribution. In
most cases the last cell aggregates over several sample support points. If the
sample mean is low, then fewer support points are used than if the value is
large. For computational simplicity, the covariance matrix of f̄ − f̂ is estimated
by an auxiliary regression based on the outer product of gradients as discussed
in Andrews (1988b, Appendix 5).

Be aware that the proposed model comparison and selection approach is
subject to the usual criticism that there will be pre-test bias resulting from the
choices. Hence, if the data availability permits, the above approach should be
used on a training sample and the selected model should be reestimated using
new data.
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Table 6.3. OFP visits: likelihood ratio tests

χ2 degrees
Null model Alternative NB1 NB2 of freedom

NB NBH 59.8 183.4 17
NB CFMNB-2 116.7 106.7 3
NB FMNB-2 166.9 136.0 19
CFMNB-2 FMNB-2 50.2 29.2 16
CFMNB-2 CFMNB-3 0.002 0.003 3
FMNB-2 FMNB-3 11.3 0.002 19

Note: The LR test statistic of the null against the alternative is shown.

6.3.6 Evaluation of Fitted Models

Models can be compared and evaluated at two levels. First, model selection
criteria may be used to choose among competing models. Next, a goodness-
of-fit criterion can be used to evaluate whether the preferred model provides a
good fit to the data.

Table 6.3 presents LR tests of NB versus NBH, the unicomponent model
versus the two-component models (CFMNB-2 and FMNB-2), and the two-
component models versus the corresponding three-component models. The NB
model is rejected in favor of NBH in every case. The NB model is also rejected
in favor of two-component mixture models, notwithstanding the fact that we
have used conservative critical values.

Although there are problems with the LR test for choosing between two-
and three-component mixtures, it is interesting to note that we do not get a
significant LR statistic for any pairwise comparison between two- and three-
component finite mixture, regardless of whether the NB1 or NB2 mixtures are
used. Finally, within the two-component models, the evidence in favor of the
constrained model is mixed. The LR test of CFMNB-2 against FMNB-2, based
on the NB1 specification, rejects the null model, but if comparison is based on
the NB2 specification, the null model is not rejected at a 5% significance level.
This evidence is corroborated by the directional gradient function evaluated
against FMNB-2, which is presented in Figure 6.1 for the NB1 specification.
This appears to satisfy the convexity requirement.

Table 6.4 presents values of the AIC, BIC, and TGoF. These show that CFMNB-
2 and FMNB-2, based on the NB1 specifications, are the preferred models overall.
The AIC criterion favors the latter; the BIC criterion favors the more parsimo-
nious constrained specification based on the NB1 specification. To emphasize,
neither NBH nor FMNB-3 are preferred to the FMNB-2 model.

Taking together the evidence that has been described, the conclusion is that
the FMNB-2 model is best within each density class and that models based on
NB1 specifications perform better overall than those based on NB2 specifica-
tions. This evidence in favor of a two-component mixture also allows us to
interpret the two populations as being healthy and ill.
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Table 6.4. OFP visits: information criteria
(AIC and BIC)

NB1 NB2

NB AIC 24348 24440
BIC 24463 24555
TGoF 32.3 58.0

NBH AIC 24323 24291a

BIC 24546 24515
TGoF 37.4 21.8

CFMNB-2 AIC 24238 24340
BIC 24372c,d 24474c

TGoF 6.0 98.0
FMNB-2 AIC 24220a,b 24342

BIC 24456 24579
TGoF 11.2 123.8

CFMNB-3 AIC 24244 24346
BIC 24397 24499
TGoF 2666 2946

FMNB-3 AIC 24246 24380
BIC 24604 24738
TGoF 74.3 137

Note: AIC = −2 ln L + 2k, BIC = −2 ln L + k ln n, where L, k, and
n are the maximized log likelihood, number of parameters, and ob-
servations, respectively. TGoF is the χ2(5) goodness-of-fit test.
aModel preferred by the AIC within the negative binomial-i class.
bModel preferred by the AIC overall.
cModel preferred by the BIC within the negative binomial-i class.
d Model preferred by the BIC overall.

Figure 6.1. OFP visits: directional gradients.
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Table 6.5. OFP visits: FMNB2 NB1 model, actual, fitted
distributions and goodness-of-fit tests

Count 0 1 2 3 4 5 6+
Actual 15.5 10.9 9.7 9.5 8.7 7.7 38.0
Fitted 15.1 11.5 10.5 9.4 8.2 7.0 38.3
TGoF 14.80

Note: The fitted frequencies are the sample averages of the cell frequencies
estimated from the FMNB2 NB1 models. TGoF is the χ2(13) goodness-of-fit
test.

Table 6.6. OFP visits: FMNB2 NB1 model estimates and
standard errors

OFP OFP

Variable High users Low users Variable (cont.) High users Low users

EXCLHLTH −0.25 −0.77 MARRIED 0.04 −0.44
(0.06) (0.57) (0.04) (0.38)

POORHLTH 0.24 0.06 SCHOOL 0.01 0.15
(0.07) (0.89) (0.00) (0.05)

NUMCHRON 0.20 0.14 FAMINC −0.00 −0.00
(0.01) (0.11) (0.01) (0.01)

ADLDIFF 0.01 0.58 EMPLOYED −0.06 0.39
(0.04) (0.39) (0.05) (0.52)

NOREAST 0.08 0.21 PRIVINS 0.25 2.89
(0.05) (0.44) (0.05) (1.84)

MIDWEST 0.01 0.09 MEDICAID 0.34 −2.44
(0.04) (0.33) (0.06) (0.99)

WEST 0.09 0.23 ONE 0.78 1.71
(0.05) (0.44) (0.18) (0.63)

AGE 0.03 −0.57 α1 3.45 18.82
(0.02) (0.20) (0.19) (0.58)

BLACK −0.07 −1.16 π1 0.91
(0.06) (1.10) (0.02)

MALE −0.12 0.06
(0.04) (0.28) −ln L 12072.8

6.3.7 Assessing the Preferred Model

Having selected the model we shall now evaluate it in terms of statistical criteria
such as goodness of fit and its economic implications.

Table 6.5 presents the sample frequency distribution of the count variable
along with the sample averages of the estimated cell frequencies from the se-
lected model. We then present two views of the differences between the two
populations that compose the mixture. Table 6.6 contains parameter estimates
for the FMNB-2 models estimated using NB1 specifications. Finally, Table 6.7
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Table 6.7. OFP visits: FMNB2 NB1 model
fitted means and variances

Mean Variance

Low-use group 5.55 24.69
High-use group 8.17 161.93
Mixture 5.78 42.82

Note: The fitted means and variance for the two compo-
nents are calculated using Eqs. (6.10) and (6.11), respec-
tively.

reports the fitted mean and variances for the fitted component densities. The
first component corresponds to the healthy population; the second component
corresponds to the ill population. Figure 6.2 presents the fitted frequency dis-
tributions for the two subpopulations. The darker histogram shows the fitted
frequency distribution for low users, while the lighter histogram shows the
same for heavy users.

Goodness of fit: A comparison of sample and fitted frequency distributions
in Table 6.5 shows a good fit over the entire range of the distribution. The
discrepancy between the actual and fitted cell frequencies is never greater than
1%. Discrepancies between actual and predicted frequencies based on NB and
NBH models (not presented) are usually much larger.

The χ2(5) goodness-of-fit statistics are shown in Table 6.4 only for several
models. The CFMNB-2 and FMNB-2 models are not rejected by the test. The
NBH model based on the NB2 specification also provides a good fit to the data,
although that model is formally rejected. This suggests that the test may be too
stringent, an issue that is followed up further in section 6.4. The finite mixture
models do considerably better in relative terms.

Estimates of π , component means, and densities: The estimate of the π

component is 0.91 for OFP, large relative to its estimated standard errors. This
reinforces the evidence supporting the two-population hypothesis.

The sample moments for the high-use and low-use subpopulations, are shown
in Table 6.7. These are based on the formulae

E(yi | xi ) = µ̄i =
2∑

j=1

πjµj,i , (6.11)

and

V(yi | xi ) =
2∑

j=1

(
πjµ

2
j,i

[
1 + αjµ

p−2
j,i

])+ µ̄i − µ̄2
i . (6.12)

Healthy individuals who comprise 91% of the population have on average
5.6 visits to a physician; the remaining ill individuals seek care 8.2 times. The
component distributions shown in Figure 6.2 suggest that this difference in
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Figure 6.2. OFP visits: component densities from the FMNB2 NB1 model.

means is caused by a greater proportion of zeros and high values for the ill
population. It appears that, although most healthy individuals see a doctor a
few times a year for health maintenance and minor illnesses, a larger fraction
of the ill do not seek any (preventive?) care. Those ill individuals who do see
a doctor (these individuals have sickness events) do so much more often than
healthy individuals. Because preventive care usually takes the form of a visit to
a doctor in an office setting, one would not expect such a pattern of differences
between the healthy and ill to arise for the other measures of utilization.

6.3.8 Interpreting the Coefficients

In this section we highlight selected aspects of our results. We also interpret
some implications of the estimates given in Table 6.8. The following features
of the results underscore the advantage of a finite-mixture formulation. These
concern the differential response of different groups to changes in covariates.

• Consistent with previous studies, both the number of chronic condi-
tions (NUMCHRON) and self-perceived health status (EXCLHLTH
and POORHLTH) are important determinants of OFP. An additional
chronic condition increases the office visits by 20% in the low-use
(healthy) group and by 14% in the low-use (ill) group, but the latter
estimate is less precise than the former. The presence of EXCLHLTH
reduces OFP by around 75% in the high-use group and only 25% in
the low-use group.

• Medicaid coverage is a significant determinant of the number of doctor
visits. In both cases, the coefficient is significantly positive in the
component density for the high-use group and is significantly negative
in the component density for the low-use group. This is an intriguing
result that requires an explanation. For the healthy group, the price
(insurance) effect of the MEDICAID dummy outweighs the income
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Table 6.8. OFP visits: NB2 hurdle model estimates
and t ratios

Zeros Positives

Variable Coefficient |t | Coefficient |t |

EXCLHLTH −0.330 2.36 −0.377 4.32
POORHLTH 0.070 0.40 0.331 5.79
NUMCHRON 0.556 10.43 0.143 10.51
ALDIFF −0.187 −1.35 0.129 2.44
NOREAST 0.130 1.03 0.103 1.96
MIDWEST 0.102 0.86 −0.015 0.32
WEST 0.204 1.49 0.123 2.42
AGE 0.190 2.02 −0.075 1.61
BLACK −0.326 2.36 0.001 0.01
MALE −0.464 4.54 0.004 0.09
MARRIED 0.247 2.18 −0.092 1.99
SCHOOL 0.054 4.08 0.021 3.66
FAMINC 0.006 0.36 −0.002 −0.37
EMPLOYED −0.011 −0.07 0.029 0.39
PRIVINS 0.761 6.14 0.221 3.82
MEDICAID 0.550 2.96 0.184 2.69
ONE −1.471 1.92 1.630 4.07
α 0.743 18.40
−ln L 12110
TGoF 21.86

effect because Medicaid is a health insurance plan for the poor. But
for poor individuals within the low-use group the opportunity cost of
seeking care is disproportionately large relative to the money price of
care. This may induce them to seek care less often even though they
have Medicaid insurance coverage.

• Persons with supplementary private insurance seek care from physi-
cians in office more often than individuals without supplementary cov-
erage. The usage for OFP is estimated to be nearly 10 times higher for
the high-use group than the low-use group. For the former, PRIVINS
has a coefficient of 2.89 as compared with only 0.25 for the low-use
group. OFP is insensitive to marginal changes in price given the small
baseline price levels.

• Income effect on OFP usage is negligible. The family income variable
(FAMINC) does not affect OFP. Furthermore, EMPLOYED, which
may capture income effects also, is never significant. One explanation
for the negligible income effect is that the overall generosity of Medi-
care irrespective of family income, combined with Social Security
income, which guarantees a certain level of income, makes utilization
insensitive to marginal changes in income.
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The above results may be compared with the more commonly used NBH
model. We indicate some of the ways in which a comparison between the NBH
and FMNB models may be carried out but do not implement these ideas nu-
merically. One suitable measure is ∂E[yi | xi ]/∂xi, j , the change in the mean
number of events due to a unit change in a variable xj , which for simplic-
ity is assumed to be continuous. Some users may prefer elasticity measures
∂ ln E[yi | xi ]/∂ ln xi, j . Suppressing the individual subscript, this effect in the
NB version of the hurdle model is calculated as follows:

∂E[y | x]

∂xj
= ∂[Pr [y > 0 | x]E[y | x, y > 0]]

∂xj

= µτ

∂(1 − FNB(0 | x))

∂xj
+ (1 − FNB(0 | x))

∂µτ

∂xj
, (6.13)

where µτ denotes the mean of the zero truncated NB model (see section 4.5.1)
and 1 − FNB(0 | x) denotes the truncation probability Pr [y > 0 | x]. The two
terms in the third line reflect, respectively, the direct effect due to an individual
moving from the nonuser to user category and the indirect effect on the usage of
those already in the user category. Note that the calculation of this expression
involves both parts of the hurdle model. The truncation probability is given by
the binary (“zero”) part of the model, and the truncated mean by the “positive”
part of the model. Every term in the expression is conditioned on x. Using
the standard functional forms for F and µ, the expression given above can be
readily calculated for each xi . A suitable overall measure of partial response is
the sample average n−1∑

i ∂E[yi | xi ]/∂xi, j .

The corresponding expression for ∂E[yi |xi ]/∂xi, j from the FMNB-2 model
is relatively simple:

∂E[yi | xi ]

∂xi, j
= π1µ1,iβ

(1)
j + (1 − π1) µ2,iβ

(2)
j ,

where β
(1)
j and β

(2)
j are the response coefficients for the regressor xj from each

of the two components. Here the partial response is a weighted sum of the
partial responses in the two subpopulations. Because the sampling fractions are
treated as constants, the resulting expression is simpler than in the NBH model.

6.3.9 Economic Significance

Once a finite mixture model has been estimated, the posterior probability that
observation i belongs to category j can be calculated for all (i, j) pairs using
(4.64). Each observation may then be assigned to the highest probability class.
The crispness of the resulting classification by “types” or “groups” varies in
practice depending on the differences between the respective mean rates of
utilization. Large and significant differences induce a crisp classification of data.
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We can then obtain further insights into the data by examining the distribution
of related variables in different categories. These variables may be explanatory
variables already included in the regression, or other variables that are analyzed
separately. For example, we could make useful summary statements about the
sociodemographic characteristics of the identified groups. An example is from
marketing. One might wish to identify the characeristics of the group of frequent
purchasers of some item.

Such an ex-post analysis was applied to the data used in the present illustra-
tion. We augmented the data used here with information derived from similar
analyses of five additional count measures of healthcare utilization from the
same NMES data source (Deb and Trivedi, 1997). These measures are number
of nonphysician office visits (OFNP), number of physician hospital outpatient
visits (OPP), number of nonphysician hospital outpatient visits (OPNP), num-
ber of emergency room visits (EMR), and number of hospital stays (HOSP).
Separate models were specified and estimated for each utilization measure. Fi-
nally, a preferred specification of the model was determined using the criteria
presented in this chapter.

One interesting issue concerns the frequency with which individuals who
are assigned to the high-use group on one measure, such as OFP, get classified
similarly on a different measure, such as OFNP. A second issue is whether high
users are concentrated in particular sociodemographic groups.

According to our analysis of OFP, 91% of the sample falls in the low-
utilization category and the remaining 9% in the high-utilization category. Using
posterior probability calculation we have assigned every individual in our sam-
ple of 4406 to one of these two categories. Similar assignment was also made
using the finite mixture models for the other five variables. It is interesting to
find out whether the same individuals fall into the high- or low-use categories
with respect to different measures of utilization. This only requires simple two-
way frequency tables. Of the 99 users classified as high users of OFP, 66 (67%)
are also classified as high users of OFNP, and 77 (78%) as high users of OPNP.
However, less than 10 (10%) of these 99 are classified as high users of EMR or
HOSP. These intuitively sensible results suggest that OFP, OPNP, and OFNP
are closely related. Hence a joint analysis of these measures may be worthwhile.

Next we ask whether high usage is concentrated in particular demographic
groups. Here it is found that of the 516 black members of the sample, 416 (81%)
are classified as high users of OFNP and 462 (90%) are classified as high users
of OPNP. With respect to OFP, however, only 14 (14%) of the 99 high users
are black. Two-way frequency tables were also calculated for the high users
of OPP and OPNP against MEDICAID. Interestingly, these showed that of the
402 individuals on Medicaid, 271 (67%) were classified as high users of OFNP
and 364 (91%) as high users of OPNP. Of the 402 on Medicaid, 142 (35%) are
black, so these results seem internally coherent.

We end this discussion here. Those interested in detailed results and inter-
pretations should see Deb and Trivedi (1997). This illustration has shown that
the latent-class framework may be more realistic and fruitful than the hurdles
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framework, mainly because the dichotomy between one population at risk and
the other not so may be too extreme. At the same time caution should be ex-
ercised to avoid overfitting the data. For example, if measurement errors raise
the proportion of high counts there is a tendency to overestimate the number of
categories. Moment-type estimators may be devised to downweigh these high
counts.

Our next example deals with modeling of recreational trips. In this case we
have found that the hurdle model seems empirically more appropriate than the
latent-class model.

6.4 Analysis of Recreational Trips

In the literature on environmental and resource economics, count models have
been widely used to model recreational trips. A readily available measure of an
individual’s demand for some recreational activity is the frequency with which
a particular activity, such as boating, fishing, or hiking, was undertaken. An
important issue in these studies is the sensitivity of resource usage to entrance
charges and travel costs. The latter are inputs into calculations of the changes
in consumer welfare resulting from reduced access or higher costs.

The data used in analyses of trips are often derived from sample surveys of
potential users of such resources who are asked to recall their usage in some
past period. Sometimes, however, the data are derived from on-site surveys of
those who actually used the resource or facility during some time period. They
are not a random sample from the population. The resulting complications are
discussed in Chapter 11.

In this section we consider a case study based on data that come from a survey
that covers actual and potential users of the resource. This illustration draws
heavily from an article by Gurmu and Trivedi (1996), which provides further
details about several aspects that are dealt with briefly here. This illustration
considers a broader range of econometric specifications than is the case for the
NMES data.

6.4.1 Recreational Trips Data

The ideas and techniques of earlier chapters are illustrated by estimating a
recreation demand function, due to Ozuna and Gomaz (1995), based on survey
data on the number of recreational boating trips to Lake Somerville, Texas, in
1980, denoted by TRIPS. The data are a subset of that collected by Sellar, Stoll,
and Chavas (1985) through a survey administered to 2000 registered leisure
boat owners in 23 counties in eastern Texas. All subsequent analyses are based
on a sample of 659 observations. Their descriptive features and data definitions
are shown in Tables 6.9 and 6.10. For a more comprehensive description of
the data and the method used for calculating the costs of the visit, the reader
is referred to Sellar et al. (1985). Two noteworthy features of Table 6.9 are the
relatively long tail – 50 respondents reported taking 10 or more trips – and
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Table 6.9. Recreational trips: actual frequency distribution

Number of Trips 0 1 2 3 4 5 6 7 8 9 10 11 12 15 16 20 25 26 30 40 50 88
Frequency 417 68 38 34 17 13 11 2 8 1 13 2 5 14 1 3 3 1 3 3 1 1

Table 6.10. Recreational trips: variable definitions and
summary statistics

Standard
Variable Definition Mean deviation

TRIPS Number of recreational boating trips in 1980 2.244 6.292
by a sampled group

SO Facility’s subjective quality ranking on 1.419 1.812
a scale of 1 to 5

SKI Equal 1 if engaged in water-skiing at the lake 0.367 0.482
I Household income of the head of the group 3.853 1.851

($1,000/year)
FC3 Equal 1 if user’s fee paid at Lake Somerville 0.019 0.139
C1 Dollar expenditure when visiting Lake Conroe 55.42 46.68
C3 Dollar expenditure when visiting Lake Somerville 59.93 48.77
C4 Dollar expenditure when visiting Lake Houston 55.99 46.13

the high proportion of zero observations. More than 65% of the respondents
reported taking no trips in the survey period. There is also some clustering
at 10 and 15 trips, creating a rough impression of multimodality. Further, the
presence of responses in “rounded” categories like 20, 25, 30, 40, and 50 raises
a suspicion that the respondents in these categories may not accurately recall
the frequency of their visits.

6.4.2 Initial Specifications

The models and methods of Chapter 3 provide a starting point. In modeling this
data set, we focus on the choice of the parametric family and estimation method,
representation of unobserved heterogeneity in the sample, and evaluation of the
fitted model. Our example is intended to provide alternatives to the commonly
followed approach in which one settles on the NB model after pretesting for
overdispersion.

As a first approximation, one may begin, following Ozuna and Gomaz
(1995), with the Poisson regression based on the conditional mean func-
tion

µi ≡ E[TRIPSi ] = exp

(
β0 +

7∑
j=1

βi xi j

)
, (6.14)
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Table 6.11. Recreational trips: Poisson, NB2, and ZIP model
estimates and t ratios

Poisson NB2 ZIP

Variable Coefficient | t | | t |EW Coefficient | t | Coefficient | t |

ONE .264 2.82 0.61 −1.12 5.04 1.964 3.76
SO .471 27.60 9.66 .722 16.45 .046 0.53
SKI .418 7.31 2.15 .621 4.38 .445 2.54
I −.111 5.68 2.21 −.026 0.64 −.1078 2.33
FC3 .898 11.37 3.64 .669 1.48 .656 2.67
C1 −.003 1.10 0.23 .048 4.62 .003 0.23
C3 −.042 25.4 3.62 −.092 15.3 −.040 3.69
C4 .036 13.3 3.85 .038 4.43 .028 3.33
α — 1.37 9.24 — —
R2

P .65 — — — —
− ln L 1529 825 1338
CAIC 2998 1582 2616
TZ 6.87 — —
TGoF 252.57 23.52

where the vector x = (SO, SKI, I, FC3, C1, C3, C4). The Poisson regression
results are given in column 2 of Table 6.11. Also provided are absolute t ratios,
and the second t ratio in the Poisson column is the “robust” Eicker-White t ratio.
The t statistics of all coefficients except that of C1 are significant. However, the
robust versions of the t ratios are much smaller, reflecting how the neglect of
overdispersion inflates the Poisson t ratios.

Three measures of goodness of fit are also included. The first is the deviance
measure presented in section 5.3.2. For the Poisson family, the deviance measure
is also called the G2 statistic.

A second measure presented is a pseudo-R2 measure based on Pearson
residuals (see section 5.3.3). Table 6.11 shows a relatively high Pearson-based
R2

P value of 0.65, suggesting a good fit. One could instead use a pseudo-R2

based on deviance residuals also presented in section 5.3.3.
The third indicator of the goodness of fit of the Poisson model is based on a

comparison of observed zero outcomes and the proportion expected in the zero
cell under the null model. This is a special case of the chi-square goodness-of-
fit test based on several cell frequencies. A formal test approach, proposed by
Mullahy (1997b), relies on the fact that the actual proportion of zero outcomes
in an arbitrarily overdispersed Poisson model tends to exceed the proportion
expected under the Poisson null. Letting 1(·) be the 0/1 indicator function and
y = TRIPS, Mullahy’s test is based on

m̂ = n−1
N∑

i=1

[1(yi = 0) − exp(−µ̂)] ≡ n−1
∑

i

δi . (6.15)
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Let ε̂i = yi − f̂ i and xi denote a column vector of explanatory variables. The
computationally tractable version of the test, which is asymptotically distributed
as N[0, 1], may be implemented using the statistic:

TZ =
√

nm̂√
V̂

, (6.16)

where V̂ = n−1∑
i v2

i where

vi = δi −
[

n−1
∑

i

1(yi = 0)ε̂i x′
i

][(
−
∑

i

θ̂i xi x′
i

)−1

xi ε̂i

]
.

(6.17)

The excess zero test statistic for the trip data is TZ = 6.87, which is statistically
significant, suggesting that the Poisson null be rejected. Actually the rejection
is even stronger if a more general chi-square goodness-of-fit test is used. A
five-degrees-of-freedom test based on (6.10) has a value of 252.6, indicating a
poor fit to the data.

The deficiencies in the fitted (Poisson) model are obvious in the compar-
ison of the actual and fitted frequency distributions of trips. The actual fre-
quency of zeros (417) is considerably higher than the fitted value of 276. Sec-
ond, the fitted model overpredicts the observed frequencies between 1 and
14 trips. Finally, the fitted model underpredicts the high counts, perhaps be-
cause of the curious clumping of the actual frequency distribution. This lack
of fit could be reflected in significant values of specification test statistics.
Consider for example, the regression-based score tests of the null hypothesis
of zero overdispersion. Following section 3.4, regress the moment function
( ε̂2

i − TRIPSi ) on µ̂i and ( ε̂2
i − TRIPSi ) on µ̂2

i , where ε̂i = TRIPSi − f̂ i .
The results, with heteroskedasticity robust t ratios shown in parentheses, are as
follows:

ε̂2
i − TRIPSi = 5.44 µ̂i ,

(2.09)
ε̂2

i − TRIPSi = 1.45µ̂2
i .

(3.03)

There is clearly evidence of overdispersion in the data; the Poisson regression
model is rejected against both the NB1 and the NB2 alternatives. The five-
degrees-of-freedom chi-square goodness-of-fit test has a value of more than
250, leading to the rejection of the model.

The model was then reestimated using the NB2 specification; Table 6.11
shows the result. Observe that allowing for overdispersion greatly increases the
log-likelihood; the log-likelihood of the Poisson model was −1529; that of the
NB model is −825, which reflects the importance of modeling overdispersion.
Similarly, there is a substantial reduction in the Akaike information criterion;
CAIC values for Poisson and NB2 are 2998 and 1582, respectively. There are
also sizeable shifts in the size and the significance of several coefficients, a
fact that is not easily reconciled with the idea that the conditional mean of
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the Poisson model is correctly specified. The income variable, I , and the cost
variable FC3 become “insignificant” once overdispersion is allowed for, and
the coefficient of C1 changed sign from negative to (a priori correct) positive
and becomes “significant”. The NB estimates are plausible in that they indicate
substitution from other sites toward Lake Somerville as travel costs rise and
away from Lake Somerville as its own travel costs rise. SO and SKI also have
the a priori expected positive sign.

The presence of overdispersion, although consistent with the NB specifica-
tion, does not in itself imply that the NB specification is adequate; rejection
of the null against a specified alternative does not necessarily imply that the
alternative is the correct one. Further examination of the fit of the model (Table
6.11) shows that the predicted values of high counts are generally higher than
the actual values. The statistic TGoF, although much smaller at 23.5, still rejects
the model. The deficiencies of the model, including the poor fit particularly in
the right tail of the observed distribution, can be interpreted in several different
ways including the following: The conditional mean function is misspecified;
the unobserved heterogeneity distribution is misspecified; or the high counts
reflect measurement errors. We consider alternative approaches for obtaining
improvements based on these considerations.

The failure to account for high counts could reflect the need for additional
nonlinearities in the conditional mean function. These can be introduced by in-
cluding quadratic cost and income terms in the conditional mean function. Ac-
cordingly, three squared-cost variables, C1SQ, C3SQ, C4SQ, and three cross-
product variables, C1C3, C1C4, C3C4, were introduced into the conditional
mean function for NB2. This can be justified by appealing to the possible pres-
ence of nonlinearities in the budget constraint, or simply in terms of a better
approximation to the functional form. They produced a significant increase in
the log-likelihood, but there was no significant improvement using the AIC. The
correspondence between actual and observed frequencies now deteriorates; low
counts are underpredicted, and the very high counts are overpredicted.

6.4.3 Modified Poisson Models

Plausible alternatives to the models considered above are the ZIP model or
the hurdle-type model; they lead to changes in the conditional mean and the
conditional variance specification.

Consider the possibility that the sample under analysis may represent a
mixture of at least two types, those who never choose boating as recreation
and those that do, but some of the latter simply might not have had a positive
number of boating trips in the sample period. The “non-Poissonness” in the
sample arises because the zeros come from two sources, not one; this is the ZIP
model.

In Table 6.11 we also include an estimate of the ZIP model in which the
probability of a nonzero count is further modeled as a logit function (ez′γ /(1 +
ez′γ )) where z denotes the three variables, an intercept (ONE ), quality ranking
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Table 6.12. Recreational trips: finite mixture estimates and t ratios

FMP2 FMNB-2

High users Low users High users Low users

Variable Coefficient | t | Coefficient | t | Coefficient | t | Coefficient | t |

ONE 1.22 2.19 −1.865 6.00 1.006 1.01 −1.876 9.11
SO .281 2.91 .659 15.47 −.09 5.43 .889 19.92
SKI .852 5.97 .557 3.05 1.369 3.58 .449 2.51
I .092 1.28 −.097 0.43 −.03 2.24 −.048 1.02
FC3 .158 .84 .970 3.43 −.12 9.43 1.069 2.98
C1 .054 4.40 .0003 .03 .186 7.52 −0.00 0.00
C3 −.064 7.91 −.064 7.85 −.258 9.47 −.050 5.24
C4 .002 .24 .057 4.50 .049 3.41 .047 3.11
α .192 1.88 .825 7.58
π .113 5.04 .124 2.55
Fitted mean 10.11 1.55
−ln L 916.63 786.01
CAIC 1953.11 1706.85
TGoF 43.7 20.6

of the facility (SO) and income (I ).∗ The results are once again plausible in
that they suggest that the higher the subjective ranking of Lake Somerville
as a water-skiing facility, the greater the probability of a positive number of
visits. The variable I does not seem to significantly affect that probability. The
coefficients in the conditional-mean part of the model are similar to those found
earlier. The fit of the ZIP model showed that it seriously overpredicts the zero
counts – the actual frequency of zeros is 417, the fitted frequency is 528. As a
result the remaining counts are largely underpredicted. Clearly, in terms of both
the maximized log-likelihood and the CAIC, the ZIP model is dominated by NB2.

As in the case of NMES data, finite mixtures of Poisson or NB and the NBH
model are plausible alternatives. Although the ZIP model fits poorly, a two-
component finite mixture Poisson (FMP-2) model, or FMNB2, especially the
latter, are likely to do better. Table 6.12 shows estimates of the two-component
Poisson and NB mixtures. Although the latter clearly dominates the former, the
FMNB is still rejected by the chi-square goodness-of-fit test. We interpret this
result to mean that the characterization of the dgp as a mechanism that samples
two subpopulations, one of relatively high users and the other of low users of
the recreational site, leaves some features of the data unexplained. Therefore,
we consider the NBH model.

In the hurdle model the conditional means for the zero and nonzero observa-
tions are different. If this were an important feature, the choice of the Poisson

∗ The t ratios for the constant term and for SO in the logit specification were significant at 1%.
Results from the logit specification are not given in the table.
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or the NB hurdle model would lead to an improved fit. Regression results for the
Poisson hurdle and NB2 hurdle are given in Table 6.13. For the Poisson hurdle
model, the parameter estimates for the two parts are significantly different; the
log-likelihood is now −1291 (−277 − 1014), significantly higher than −1529
for the Poisson model, although not as high as for the NB model. The CAIC
criterion and the distribution of the fitted frequency also revealed similar rank-
ing. This suggests that a hurdle specification that also models overdispersion
could be an improvement. Accordingly, the last columns of Table 6.13 provide
estimates based on NB2 hurdles. For the zero part of the model there are two
sets of estimates, one with a free dispersion parameter and the other with the
parameter value constrained to unity. The latter have smaller standard errors and
may be preferred if the zero part cannot identify the overdispersion parameter.
Again, the parameter estimates for the zeros and the positives are significantly
different; the log-likelihood is now −725 and the CAIC is 1321. However, few
of the variables for the zeros part of the model are significant, which suggests
that most of the explanatory power of the covariates derives from their impact
on positive counts. In terms of fitted frequency distribution (Table 6.14), the
NBH model does extremely well, for zero counts and high counts. Indeed, NBH
is the only model that is not rejected by the goodness-of-fit test. This result is
especially interesting because the difference between NBH and FMNB is quan-
titative rather than qualitative – NBH views the data a mixture with respect to
zeros only, but FMNB views the data as a mixture with respect to zeros and
positives. The opposite conclusion was reached in regard to the NMES data.
Finally, the NBH model is also superior to some flexible parametric or “semi-
parametric” models based on series-expansion methods; these are developed
and discussed further in Chapter 12.

In terms of goodness of fit, measured by either log-likelihood or the AIC,
NBH is the best, followed by FMNB2. This result can be interpreted as follows:
Although there is considerable unobserved heterogeneity among those who use
recreational facility, there is also a significant proportion in the population for
whom the “optimal” solution is a corner solution. That is, they may consistently
have a zero demand for recreational boating. Because no theoretical model is
provided for explaining zero demand for recreational boating, the potential
importance of excess zeros is not emphasized. Consumer choice theory (and
common sense) predicts the occurrence of zero solutions (see Pudney, 1989,
section 4.3). However, a priori reasoning cannot in itself predict whether their
relative frequency is greater or less than that implied by the Poisson model.
This is an empirical issue, whose resolution depends also on how the sample
data were obtained. However, theory may still help in suggesting variables that
explain the proportion of such corner solutions.

As in the case of the NMES data, several other finite mixture models were
also estimated. The diagnostic tests and the CAIC criteria show all finite mixture
models to be inferior to the NBH model. Thus, in contrast to the NMES data, the
outcome supports the idea that the sample is drawn from two subpopulations
of nonusers and users, rather than two subpopulations of low and high users.
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6.4.4 Economic Implications

The model discrimination and selection exercise rely heavily on statistical crite-
ria in both applications. Are we simply fine-tuning the model, or are the resulting
changes economically meaningful? Only a partial answer can be given here. In
the modeling of recreational trips it is reasonable to suppose that a random sam-
ple includes nonparticipants because of taste differences among individuals. A
hurdles-type model is worthwhile in this case because parameter estimates and
welfare analysis should be based only on the participant’s responses. In the
case of NMES data on the elderly, the notion of nonparticipants is implausible.
However, given differences in health status of individuals as well as other types
of unobserved heterogeneity, the distinction between high users and low users
is reasonable. This feature can explain the superior performance of the finite
mixture NB model.

6.5 LR Test: A Digression

The two examples in this chapter illustrate alternative ways of handling “non-
Poisson” features of two data sets. The hurdles version provides a good fit to the
recreational trips data, and the latent-class approach a good fit to the doctor visits
data. These outcomes can also be rationalized in terms of a priori reasoning.
Distinguishing between hurdles and finite-mixture models may be difficult in
many situations, in which neither formulation may be a priori unacceptable.
Furthermore, one might also construct finite mixtures based on hurdles, which
would involve finite mixtures of binomials for the zero outcome, and finite
mixtures of truncated counts for the positives. Identification and estimation of
such models is likely to prove challenging.

6.5.1 Simulation Analysis of Model Selection Criteria

This section reports the results of a small simulation experiment designed to
throw light on the properties of model evaluation criteria used in this chapter.

Simulation Design

Data were generated using, respectively, the Poisson, Poisson hurdles, and
FMP2 structures. The conditional mean in each case was specified thus:

Poisson: µi = exp [−1.445 + 3.0xi ]
PH: Zeros part: µi = exp [−1.6 + 3.0xi ];

positives: µi = exp [−1.35 + 3.0xi ]
FMP2: µ1 = exp [−1.225 + 3.0xi ]; µ2 = exp [−1.5 + .75xi ];

π = 0.75

The dgp was calibrated in each case to mimic the excess zeros situation. The
zeros accounted for about 40% of the observations. We examine the frequency
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Table 6.15. Rejection frequencies at nominal
10% significance level

dgp

Test/criterion Poisson Hurdle (PH) Finite mixture (FMP)

LR-PH .100 .926 .990
LR-FMP .092 .880 1.000
GoF-P .126 .740 .988
GoF-H .244 .100 .530
GoF-FM .142 .346 .118
AIC-P .822 .050 .000
AIC-PH .146 .800 .066
AIC-FMP .032 .148 .934
BIC-P .998 .544 .060
BIC-PH .002 .400 .050
BIC-FMP .000 .050 .890

of rejection at nominal significance level of 10% using the likelihood ratio, the
chi-square goodness of fit, and the information criteria. The reported goodness-
of-fit test is based on five cell frequencies. The rejection frequencies based on
500 replications are shown in Table 6.15.

Simulation Outcomes

The χ2(1) LR test of Poisson null against PH alternative, LR-PH in Table 6.15,
has a rejection frequency of 10%, equal to the nominal significance level.
Against the FMP2 alternative, the test (LR-FMP) appears to be undersized.
This confirms that the nominal critical value is not appropriate. The size of
the goodness-of-fit test appears to be roughly correct, with perhaps a slight
tendency toward overrejection of the true null.

The performance of the information criteria is shown in the lower part of
Table 6.15. The interpretation of the “rejection frequency” here is somewhat
different because the reported figure shows the proportion of times the model
had the smallest value of the criterion. For example, if the true model is Poisson,
the AIC selects Poisson as the best model in 81% to 82% of the cases, whereas
BIC does so in almost every case. If the true model is the PH, the AIC selects it as
the best model in around 80% of the cases, whereas BIC does so in only 40% of
the cases; it picks the Poisson model as the best more frequently, in about 54%
of the cases. BIC favors a more parsimoniously parameterized model. Finally,
if the true model is the FMP2, the AIC and the BIC pick it as the best in 93.4%
and 89% of the cases, respectively.

Finally consider the power of the LR and goodness-of-fit tests. If the dgp is
FMP2, the LR test has high power. Under the PH dgp, the goodness-of-fit-P test
rejects the Poisson model in 74% of the cases, and goodness-of-fit-FM rejects
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the FMP model in only 34.6% of the cases. In the converse case in which the dgp
is the FMP model, the goodness-of-fit-P test rejects the Poisson in 98.8% of the
cases, and goodness-of-fit-H rejects the hurdle model in only 53.3% of the cases.
Of course, these results are affected by the choice of parameter values. However,
these results indicate that the discrimination between the hurdles and the finite
mixture models using the goodness-of-fit test may be more difficult than the
discrimination between the one-component model and a mixture alternative.

To summarize, collectively, the goodness-of-fit tests and the information cri-
teria are useful in evaluating models. Rejection of the null by the LR, goodness-
of-fit, or the AIC would seem to indicate a deficiency of the model. Thus,
despite its theoretical limitations, the standard LR test of the one-component
model against the mixture alternative may have useful power.

6.5.2 Bootstrapping the LR Test

If computational cost is not an important consideration, a parametric bootstrap
of the LR test provides another way to obtain better critical values for the test.
Feng and McCulloch (1996) suggested and analyzed a bootstrap LR test for
the null that the number of components in the mixture is C − 1 against the
alternative that it is C. Their examples are in a univariate iid setting. Hence
their procedure must be adapted to the non-iid regression case, as discussed in
section 5.5. As an illustration we consider the case C = 2.

1. Estimate the one-component model and the two-component mixture
model by MLE. Form the LR statistic, denoted LR∗.

2. Draw a bootstrap pseudosample (y∗
i , x∗

i ) by sampling with replace-
ment from the original sample (yi , xi ), i = 1, . . . , n. Estimate the null
model and construct the LR statistic.

3. Repeat steps 1 and 2 B times, giving B values of the LR statistic,
denoted L̂ Ri , i = 1, . . . , B.

4. Using the bootstrap distribution of the LR statistic, determine the
(1 − α) percent quantile as the critical value, denoted LRB .

5. Reject H0 if LR∗ > LRB .

The procedure generalizes to other null and alternative models. Application
of this procedure to the NMES sample would have been prohibitively expensive
if we had set B = 100 or more.

6.6 Concluding Remarks

Most empirical studies generate substantive and methodological questions that
motivate subsequent investigations. We conclude by mentioning two issues and
lines of investigation worth pursuing. First, in the context of the recreational
trips example, one might question the assumption of independence of sample
observations. This is standard in cross-section analysis. However, our data also
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have a spatial dimension. Even after conditioning, observations may be spatially
correlated. This feature will affect the estimated variances of the parameters.
Essentially, the assumption of independent observations implies that our sample
is more informative than might actually be the case.

A related issue concerns the stochastic process for events. Many events may
belong to a spell of events, and each spell may constitute several correlated
events. The spells themselves may follow some stochastic process and may in
fact be observable. One might then consider whether to analyze pooled data
or to analyze events grouped by spells. An example is the number of doctor
visits within a spell of illness (Newhouse, 1993). In many data situations one is
uncertain whether the observed events are a part of the same spell or different
spells.

Another issue is joint modeling of several types of events. The empirical
examples considered in this chapter involve conditional models for individual
events, not joint models for several events. This may be restrictive. In some
studies the event of interest generates multiple observations on several counts.
A health event, for instance, may lead to hospitalization, doctor consultations,
and usage of prescribed medicines, all three being interrelated. The analysis
described in the previous paragraph can be extended to this type of situation
by considering a mixture of multinomial and count models, which leads to
multivariate count models, a topic that is discussed in Chapter 8.

6.7 Bibliographic Notes

Applications of single-equation count data models in economics, especially in
accident analysis, insurance, health, labor, and resource and environmental eco-
nomics, are now standard; examples are Johansson and Palme (1996), Pohlmeier
and Ulrich (1995), Gurmu and Trivedi (1996), and Grogger and Carson (1991).
Rose (1990) uses Poisson models to evaluate the effect of regulation on airline
safety record. Dionne and Vanasse (1992) use a sample of about 19,000 Quebec
drivers to estimate an NB2 model that is used to derive predicted claims fre-
quencies, and hence insurance premia, from data on different individuals with
different characteristics and records. Schwartz and Torous (1993) combine the
Poisson regression approach with the proportional hazard structure. They sepa-
rately model monthly grouped data on mortgage prepayments and defaults, the
two being modeled separately. Lambert (1992) provides an interesting anal-
ysis of the number of defects in a manufacturing process using the Poisson
regression with “excess zeros.” Cameron and Trivedi (1996) survey this and a
number of other count data applications in financial economics. Nagin and Land
(1993) use the Heckman-Singer–type nonparametric approach in their mixed
Poisson longitudinal data model of criminal careers. Their model is essentially
a hurdles-type Poisson model with nonparametric treatment of heterogeneity.
After estimation, they classify observations into groups according to criminal
propensity, in a manner analogous to that used in the health utilization exam-
ple. Cameron and Windmeijer (1996) consider pseudo-R2–type goodness-of-fit
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measures for Poisson and NB models. Panel data applications are featured in
Chapter 9. Two interesting marketing applications of latent class (finite mixture)
count models are Wedel et al. (1993) and Ramaswamy, Anderson, and DeSarbo
(1994). Wang, Cockburn, and Puterman (1998) apply the finite mixture model
to patent data; they also parameterize the sampling fractions as functions of co-
variates. Haab and McConnell (1996) discuss estimation of consumer surplus
measures in the presence of excess zeros.

6.8 Exercises

6.1 Using the estimated mixing proportion π1 in Table 6.6, and the estimated
component means in Table 6.7, check whether the sample mean of OFP given
in Table 6.2 coincides with the fitted mean. Using the first-order conditions for
maximum likelihood estimation of NB2, consider whether a two-component
finite mixture of the NB2 model will display an analogous property.

6.2 Suppose the dgp is a two-component CFMNB family, with the slope pa-
rameters of the conditional mean functions equal but intercepts left free. An
investigator misspecifies the model and estimates a unicomponent Poisson re-
gression model instead. Show that the Poisson MLE consistently estimates the
slope parameters.

6.3 In the context of the modeling the zeros/positives binary outcome using the
NBH specification, compare the following two alternatives from the viewpoint
of identifiability of the parameters (β,α1),

Pr [yi = 0 | xi ] =
{1/(1 + α1µi )1/α1 , or

1/(1 + µi ),

where µi = exp(x′
iβ).

6.4 Consider how to specify and estimate a two-component finite mixture of
the NBH model. Show that this involves a mixture of binomials as well as a
mixture of NB families.

6.5 Consider whether the alternative definitions of residuals in Chapter 5 can
be extended to finite mixtures of Poisson components.

6.6 Verify the result given in (6.12). To do so, first derive (4.62) for r = 2,
then derive the central second moment by subtracting off µ̄2.



CHAPTER 7

Time Series Data

7.1 Introduction

The previous chapters have focused on models for cross-section regression on a
single count dependent variable. We now turn to models for more general types
of data – univariate time series data in this chapter, multivariate cross-section
data in Chapter 8, and longitudinal or panel data in Chapter 9.

Count data introduce complications of discreteness and heteroskedasticity.
For cross-section data, this leads to moving from the linear model to the Poisson
regression model. This model is often too restrictive for real data, which are
typically overdispersed. With cross-section data, overdispersion is most fre-
quently handled by leaving the conditional mean unchanged and rescaling the
conditional variance. The same adjustment is made regardless of whether the
underlying cause of overdispersion is unobserved heterogeneity in a Poisson
point process or true contagion leading to dependence in the process.

For time series count data, one can again begin with the Poisson regression
model. In this case, however, it is not clear how to proceed if dependence is
present. For example, developing even a pure time series count model in which
the count in period t , yt , depends only on the count in the previous period,
yt−1, is not straightforward, and there are many possible ways to proceed. Even
restricting attention to a fully parametric approach, one can specify distributions
for yt either conditional on yt−1 or unconditional on yt−1. For count data this
leads to quite different models, whereas for continuous data the assumption of
joint normality leads to both conditional and marginal distributions that are also
normal.

Time series models for count data are in their infancy, yet remarkably many
models have been developed. These models, although conceptually and in some
cases mathematically innovative, are generally restrictive. For example, some
models restrict serial correlation to being positive. At this stage it is not clear
which, if any, of the current models will become the dominant model for time
series count data.

A review of linear time series models is given in section 7.2, along with a
brief summary of six different classes of count time series models. In section 7.3
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we consider estimation of static regression models and residual-based tests for
serial correlation. In sections 7.4 through 7.9 each of the six models is presented
in detail. In section 7.10 some of these models are applied to monthly time series
data on the number of contract strikes in U.S. manufacturing, first introduced
in section 7.3.4.

Estimators for basic static and dynamic regression models, controlling for
both autocorrelation and heteroskedasticity present in time series data, are de-
tailed in sections 7.3 to 7.6. The simplest, although not necessarily fully effi-
cient, estimators for these models are relatively straightforward to implement.
For many applied studies this is sufficient. For a more detailed analysis of data,
the models of sections 7.4, 7.7, and 7.8 are particularly appealing. Estimation
(efficient estimation in the case of section 7.4) of these models entails complex
methods. Implementation requires reading the original papers.

7.2 Models for Time Series Data

7.2.1 Linear Models

For a continuous dependent variable, the standard models are well established.
For pure time series, where the only explanatory variables are lagged values of
the dependent variable, the standard class of linear models is the autoregres-
sive moving average model of orders p and q , or ARMA(p, q), model. In the
ARMA(p, q) model, the current value of y is the weighted sum of the past p
values of y and the current and past q values of an iid error

yt = ρ1 yt−1 + · · · + ρp yt−p + εt + γ1εt−1 + · · · + γqεt−q ,

t = p + 1, . . . , T, (7.1)

where εt is iid (0, σ 2).
For linear time series regression the explanatory variables include exogenous

regressors. The autoregressive or dynamic model includes exogenous regressors
and lagged dependent variables in the regression function. An example is

yt = ρyt−1 + x′
tβ + εt , (7.2)

where the error term εt is iid (0, σ 2). Note that this model is equivalent to
assuming that

yt | yt−1 ∼ D
[
ρyt−1 + x′

tβ, σ 2
]
, (7.3)

that is, yt conditional on yt−1 and xt is distributed with mean ρyt−1 + x′
tβ and

variance σ 2. More generally, additional lags of y and x may appear as regressors.
If only xt and lags of xt appear, the model is instead called a distributed lag
model. If xt alone appears as a regressor, the model is called a static model.
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An alternative time series regression model is the serially correlated error
model. This starts with a static regression function

yt = x′
tβ + ut , (7.4)

but then assumes that the error term ut is serially correlated, following for
example an ARMA process. The simplest case is an autoregressive error of
order one (AR[1]) error

ut = ρut−1 + εt , (7.5)

where εt is iid (0, σ 2). Then the model can be rewritten as

yt = ρyt−1 + x′
tβ − x′

t−1βρ + εt , (7.6)

which is an autoregressive model with nonlinear restrictions imposed on the
parameters.

The autoregressive and serial correlation models can be combined, to yield
an autoregressive model with serially correlated error.

Estimation for these models is by NLS, or by maximum likelihood if a dis-
tribution is specified for εt . For models with autoregressive errors of order
p, specification of a normal distribution for εt leads by change of variable
techniques to a joint density for yp+1, . . . , yT , given y1, . . . , yp, which is max-
imized by the MLE. Alternatively, the NLS estimator minimizes the sum of
squared residuals,

∑T
t=p+1 ε2

t . For example the model in (7.4) and (7.5) leads to
εt defined implicitly in (7.6), which leads to first-order conditions that are non-
linear in parameters. Because εt is homoskedastic and uncorrelated, inference
for the NLS estimator is the same as in the non–time series case. Note that if ut is
serially correlated, it is

∑
t ε2

t rather than
∑

t u2
t that is minimized. Minimizing

the latter would lead to estimates that are inefficient and even inconsistent if
lagged dependent variables appear as regressors. The MLE and NLS estimator
are asymptotically equivalent, although they differ in small samples due to dif-
ferent treatment of the first observation y1. For models with a moving average
component in the error, estimation is more complicated but covered in standard
time series texts.

Recent econometrics literature on linear models for continuous data has fo-
cused on models with unit roots, where ρ in (7.2) or (7.5) takes the value ρ = 1,
and the related analysis of cointegrated time series. Then yt is nonstationary,
due to a nonstationary stochastic trend, and the usual asymptotic normal the-
ory for estimators no longer applies. Nonstationary stochastic trends have not
been studied for count regression. Nonstationarity is instead accommodated by
deterministic trends, in which case the usual asymptotic theory still applies.

The preceding models are only those most commonly used for continuous
data. There are many extensions, two of which are now presented and also
considered subsequently in the count context.

The state-space or time-varying parameter model is a modification of (7.4)
that introduces dependence through parameters that vary over time rather than
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through the error term. An example is

yt = x′
tβt + εt

βt −β̄ = Φ(βt−1 −β̄) + υt ,
(7.7)

where εt is iid (0, σ 2), Φ is a k × k matrix, and υt is a k × 1 iid (0,Σ) error
vector. If the roots of Φ lie inside the unit circle this model is stationary. The
model is estimated by reexpressing it in state space form and using the Kalman
filter (Harvey, 1989). This model is also widely used in Bayesian analysis of
time series, where it is called the dynamic linear model. A detailed treatment
is given in West and Harrison (1997).

The hidden Markov model, or regime shift model, is an extension of the
preceding models that additionally allows the parameters to differ according
to which of a finite number of regimes is currently in effect. The unobserved
regimes evolve over time according to a Markov chain – hence the term hidden
Markov models. These models were popularized in economics by Hamilton
(1989), who considered a two-regime Markov trend model

y∗
t = α1dt1 + α2dt2 + y∗

t−1, (7.8)

where y∗
t is the trend component of yt , and dt j are indicator variables for whether

or not in regime j , j = 1 or 2. The transitions between the two regimes are
determined by realization ct of the first-order Markov chain Ct with transition
probabilities

γi j = Pr [Ct = j | Ct−1 = i] , i, j = 1, 2, (7.9)

where γ1i + γ2i = 1. Then

dt j =
{

1 if ct = j

0 otherwise
j = 1, 2. (7.10)

Parameters to be estimated are the intercepts α1 and α2, the transition proba-
bilities γ11 and γ21, and the parameters in the model for the trend component
y∗

t of the actual data yt . An even simpler example sets y∗
t = yt and omits y∗

t−1
from (7.8), in which case dynamics are introduced solely via the Markov chain
determining the regime switches.

7.2.2 Count Models

There are many possible time series models for count data. Different models
arise through different models of the dependency of yt on past y, current and
past x, and the latent process or error process εt ; through different models of
the latent process; and through different extensions of basic models.

Before presenting the various count models in detail, it is helpful to provide
a summary. For simplicity the role of regressors other than lagged dependent
variables is suppressed.
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1. Integer-valued ARMA (or INARMA) models specify yt to be the sum
of an integer whose value is determined by past yt and an indepen-
dent innovation. Appropriate distributional assumptions lead to a count
marginal distribution of yt such as Poisson or NB2. This is a general-
ization of the autoregressive model (7.2).

2. Autoregressive models or Markov models specify the conditional dis-
tribution of yt to be a count distribution such as Poisson or NB2, with
mean parameter that is a function of lagged values of yt . This is an ex-
tension of (7.3), and hence also the autoregressive model (7.2). Here
the conditional distribution of yt is specified, whereas the INARMA
model specifies the marginal distribution of yt .

3. Serially correlated error models or latent variable models let yt depend
on a static component and a serially correlated latent variable. This is
an extension of the serially correlated error model in (7.4) and (7.5).

4. State-space models or time-varying parameter models specify the dis-
tribution of yt to be a count distribution such as Poisson or NB2, with
conditional mean or parameters of the conditional mean that depend on
their values in previous periods. This is an extension of the state-space
model (7.7).

5. Hidden Markov models or regime shift models specify the distribution
of yt to be a count distribution such as Poisson or NB2, with parameters
that vary according to which of a finite number of regimes is currently
in effect. The unobserved regimes evolve over time according to a
Markov chain. This is an extension of (7.8) and (7.9).

6. Discrete ARMA (DARMA) models introduce time dependency through
a mixture process.

Attempts have been made to separate these models into classes of models,
but there is no simple classification system that nests all models. Some authors
follow Cox (1981) and refer to models as either observation-driven, with time
series dependence introduced by specifying conditional moments or densities
as explicit functions of past outcomes, or parameter-driven, with dependence
induced by a latent variable process.

Others distinguish between conditional models, where the moments or den-
sity are conditional on both xt and past outcomes of yt , and marginal models,
where conditioning is only on xt and not on past outcomes of yt . This is most
useful for distinguishing between models 1 and 2.

Once a model is specified, maximum likelihood estimation is generally not
as straightforward as in the normal case. NLS estimation is usually possible but
may be inefficient, as the error term may be heteroskedastic or autocorrelated.
Estimation is often by nonlinear feasible GLS or by GMM.

Criteria for choosing among various models include ease of estimation –
models 1 through 3 are best – and similarity to standard time series models
such as having a serial correlation structure similar to ARMA models – models
1 and 6 are best. One should also consider the appropriateness of models to
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count data typically encountered and the problem at hand. If interest lies in
the role of regressor variables, a static model of E[yt | xt ] may be sufficient.
For forecasting, a conditional model of E[yt | xt , yt−1, yt−2, . . .] may be more
useful.

7.3 Static Regression

Before studying in detail various time series count models, we consider static
regression, such as Poisson regression of yt on xt , and some simple extensions.
We present a method for valid statistical inference in the presence of serial
correlation. Residual-based tests for serial correlation are also presented, with
implementation easiest if standardized residuals are used.

Sometimes a static regression may be sufficient. Several regression applica-
tions of time series of counts, cited here, find little or no serial correlation. Then
there is no need to use the models presented in this chapter. This may seem
surprising, but it should be recalled that a pure Poisson point process generates
a time series of independent counts.

7.3.1 Estimation

We consider estimation of a static regression model, with exponential condi-
tional mean

E[yt | xt ] = exp
(
x′

tβ
)
. (7.11)

Conditional on static regressors xt , the dependent variable yt may be hete-
roskedastic, as is common for count data, and serially correlated, as is common
for time series data. It is relatively easy to obtain a consistent estimator of β.
Both NLS and the Poisson PMLE maintain their consistency in the presence
of autocorrelation, if (7.11) still holds. More difficult is obtaining a consistent
estimator of the variance matrix of these estimators, which is necessary for
statistical inference. We assume that autocorrelation is present to lag l, and
define

ωt j = E[(yt − µt )(yt− j − µt− j ) | x1, . . . , xT ], j = 0, . . . , l,
(7.12)

where µt = exp(x′
tβ).

The NLS estimator, β̂NLS, minimizes
∑T

t=1(yt − exp(x′
tβ))2. Applying to

(7.11) results in White and Domowitz (1984), who considered general regres-
sion function g(xt ,β), β̂NLS is asymptotically normal with meanβ and variance
matrix

V[β̂NLS ] =
(

T∑
t=1

µ2
t xt x′

t

)−1

BNLS

(
T∑

t=1

µ2
t xt x′

t

)−1

, (7.13)
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where

BNLS =
T∑

t=1

ωt0µ
2
t xt x′

t +
l∑

j=1

T∑
t=l

ωt jµtµt− j
(
xt x′

t− j + xt− j x′
t

)
.

(7.14)

Note that if there is no autocorrelation at all in yt , so ωt j = 0 for j = 0, the
variance matrix simplifies to that for the cross-section case given in section
3.7.3.

A similar result holds if instead one uses the Poisson PMLE,β̂P, presented
in section 3.2.3. Thenβ̂P is asymptotically normal with mean β and variance
matrix

V[β̂P] =
(

T∑
t=1

µt xt x′
t

)−1

BP

(
T∑

t=1

µt xt x′
t

)−1

, (7.15)

where

BP =
T∑

t=1

ωt0xt x′
t +

l∑
j=1

T∑
t=l

ωt j
(
xt x′

t− j + xt− j x′
t

)
. (7.16)

See exercise 7.1 for a way to derive this result. It is expected but not guaranteed
that the Poisson PMLE will lead to more efficient estimates than NLS, because
the Poisson PMLE uses a working matrix that allows for heteroskedasticity.

The robust sandwich estimate of these variance matrices replaces µt by
µ̂t = exp(x′

tβ̂) and ωt j by (yt − µ̂t )(yt− j − µ̂t− j ). Some models presented
below place more structure on variances and autocovariances, that is, on ωt j .
In particular, we expect ωt j to be a function of µt and µt− j . Then consistent
estimates ω̂t j of ωt j may be used in (7.14) or (7.16). In these cases it is better, of
course, to use estimators of β that use this knowledge of ωt j , as they generally
are more efficient than NLS or the Poisson PMLE.

The results (7.13) and (7.15) extend immediately to distributed lag models.
Then interpret xt as including lagged exogenous variables as well as contempo-
raneous exogenous variables. The results also extend to dynamic models with
lagged dependent variables as regressors, provided enough lags are included to
ensure that there is no serial correlation in yt after controlling for regressors, so
ωt j = 0 for j = 0.

The results do not apply if lagged dependent variables are regressors and
there is serial correlation in yt after controlling for regressors. Then the NLS
and Poisson PML estimators are inconsistent, just as the OLS estimator is in-
consistent in similar circumstances in the linear model.

7.3.2 Tests of Serial Correlation

Serial correlation tests are useful for several reasons. Tests based on residuals
from static regressions can indicate if any time series corrections are necessary,
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or if instead results from the previous chapters can still be used. Tests based
on residuals from dynamic regressions can indicate whether, after inclusion of
lagged variables, there is still autocorrelation that needs to be controlled for.

Let zt denote a detrended zero mean time series such as the deviation of the
original dependent count from the sample mean, zt = yt − ȳ, or the residual
from a regression model such as Poisson, zt = yt − µt . The standard measure
of time series correlation is the autocorrelation at lag k,

ρk = E[zt zt−k]√
E
[
z2

t

]
E
[
z2

t−k

] . (7.17)

Raw residuals from Poisson regression are nonstationary, with nonconstant
variance because the variance equals the mean, which is nonconstant. Thus the
raw residuals from count regression need to be standardized before performing
the standard tests of serial correlation used in linear time series modeling.
Various standardized residuals are defined in section 5.2. Here we focus on the
Pearson residual

zt = yt − µt√
ωt

,

where µt = µ(xt ,β),

ωt = V[yt | xt ] = ω(µt ,α),

α are parameters in the variance function but not the mean function, and eval-
uation is at consistent estimates of α and β. Li (1991) formally obtained the
asymptotic distribution of autocorrelations based on Pearson residuals in GLMs,
including zt = (yt − µ̂t )/

√
µ̂t for the Poisson. In this subsection we specialize

to the distribution under the null hypothesis that there is no serial correlation.
If zt is standardized to have constant variance, at least asymptotically, we can

follow Box-Jenkins modeling in the continuous case, using the autocorrelation
function, which plots the estimated correlations ρ̂k against k where

ρ̂k =
∑T

t=k+1 zt zt−k∑T
t=1 z2

t

. (7.18)

If no correlation is present ρ̂k � 0, k = 0. Formal tests require a distribution

for ρ̂k . The standard result is that ρ̂k
a∼ N[0, 1

T ] under the null hypothesis that
ρ j = 0, j = 1, . . . , k. This leads to the standard normal distributed test statistic

Tk =
√

T ρ̂k . (7.19)

Provided zt has constant variance this result holds here. A related overall test
for serial correlation is the Box-Pierce portmanteau statistic, based on the sum
of the first l squared sample correlation coefficients

TBP = T
l∑

k=1

ρ̂2
k . (7.20)
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The standard result is that asymptotically TBP is χ2(l) under the null hypothesis
of independence, assuming zt is normalized to have constant variance. For
simplicity we present TBP rather than its small-sample refinement, the Box-
Ljung statistic.

If zt is not standardized, or zt is standardized but one wants to guard against
incorrect standardization, the correct test statistic to use is

T∗
k =

∑T
t=k+1 zt zt−k√∑T

t=k+1 z2
t z2

t−k

, (7.21)

rather than (7.19). This has an asymptotic N[0, 1] distribution under the null
hypothesis that ρ j = 0, j = 1, . . . , k (see the derivations section). The statistic
(7.21) is the sample analog of ρk defined in (7.17), whereas the statistic (7.18)
used the simplification that E[z2

t ] = E[z2
t−k] under stationarity. An overall chi-

square distributed test, analogous to TBP, is

T∗
BP =

l∑
k=1

(
T∗

k

)2
. (7.22)

An alternative method, for unstandardized zt , is to regress zt on zt−k and use
robust sandwich (or Eicker-White) heteroskedastic consistent standard errors
for individual t tests, which are asymptotically standard normal if there is no
correlation. This latter procedure controls only for heteroskedasticity, but this
is sufficient, as under the null hypothesis there is no need to control for serial
correlation.

Brännäs and Johansson (1994) find good small-sample performance of serial
correlation tests based on Tk for samples of size 40. Cameron and Trivedi (1993)
present tests for the stronger condition of independence in count data and argue
that it is better to base tests on orthogonal polynomials rather than simply powers
of zt .

Several time series count data applications have found little evidence of
serial correlation in residuals, in models with exogenous contemporaneous or
lagged regressors. Davutyan (1989) modeled the annual number of bank failures
in the United States. He found no serial correlation if attention is confined to
the period 1947 through 1981, with serial correlation appearing as data for the
1980s are included. He based correlation tests on raw Poisson residuals and used
the Durbin-Watson statistic. This is asymptotically equivalent to a test based
on ρ̂1, so the usual Durbin-Watson critical values are not appropriate for the
same reason that ρ̂1 is not asymptotically N[0, 1

T ]. Grogger (1990) estimated a
count regression model for daily data on homicides in California and reported
no evidence of serial correlation. Unpublished work on another such study, that
of Pope, Schwartz, and Ransom (1992), finds no evidence of serial correlation
in the daily number of deaths in Salt Lake County.

For continuous time series, such as gross domestic product, the degree of
serial correlation can depend on whether first differences or levels are modeled.
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The same is true for count data. Consider modeling the number of firms in
an industry. Serial correlation is much less for the net change in the number
of firms (entry minus exit) than for the total number of firms in the industry
(cumulative entry minus exit).

In the continuous case an extensive literature has developed for unit root
tests, which are tests of whether the first difference is a random walk. Results
exist for heterogeneous processes (for example see Phillips, 1987). To date there
has been no application to count data.

7.3.3 Trends and Seasonality

Time dependence can be modeled by extending the pure Poisson process of
section 1.1.2 to a nonhomogeneous (or nonstationary) Poisson process. For this
process the rate parameter µ is replaced by µ(t), allowing the rate to vary with
the time elapsed since the start of the process. Let N (t, t +h) denote the number
of events occurring in the interval (t, t + h]. For the nonhomogeneous Poisson
process, N (t, t + h) has Poisson distribution with mean

E[N (t, t + h)] =
∫ t+h

t
µ(s) ds. (7.23)

If µ(t) = λ exp(αt) and h = 1, (7.23) yields

E[N (t, t + 1)] = λ(exp(α) − 1)

α
exp(αt),

which introduces an exponential time trend to the Poisson mean.
For regression analysis this suggests the model

E[yt | xt ] = exp
(
x′

tβ + αt
)
,

ignoring the additional complication introduced by time-varying regressors xt .
This model picks up nonstationarity due to an exponential deterministic time
trend.

Seasonality can be modeled in ways similar to those in linear models. For ex-
ample, consider monthly data with annual seasonal effects. A set of 11 monthly
seasonal indicator variables might be included as regressors. It may be more
parsimonious to include a mix of sine and cosine terms, cos(2π j t/12) and
sin(2π j t/12), j = 1, . . . , p, for some chosen p.

An early and illuminating discussion of trends and seasonality in count data
models is given by Cox and Lewis (1966). Estimation of the nonhomogeneous
Poisson process is considered by Lawless (1987a).

7.3.4 Example: Strikes

We analyze the effect of the level of economic activity on strike frequency,
using monthly U.S. data from January 1968 through December 1976. The
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Table 7.1. Strikes: variable definitions and summary statistics

Standard
Variable Definition Mean deviation

STRIKES Number of strikes commenced each month 5.241 3.751
OUTPUT Deviation of monthly industrial production −.004 .055

from its trend level

dependent variable STRIKES is the number of contract strikes in U.S. man-
ufacturing beginning each month. The one independent variable, OUTPUT, is
a measure of the cyclical departure of aggregate production from its trend level.
High values of OUTPUT indicate a boom and low levels a recession. A static
model is analyzed here; application of some dynamic models is reported in
section 7.10.

The application comes from Kennan (1985) and Jaggia (1991), who analyzed
the data using duration models, notably the Weibull, applied to the completed
length of each strike that commenced during this period. Here we instead model
the number of strikes commencing each month during the period. Time series
methods for counts are likely to be needed, because Kennan found evidence of
duration dependence. The data are from Table 1 of Kennan (1985). For the 5
months in which there were no strikes (STRIKES = 0), the data on OUTPUT
were not given. We interpolated these data by averaging adjacent observations,
giving values of .06356, −.0743, .04591, −.04998, and −.06035 in, respec-
tively, the months 1969(12), 1970(12), 1972(11), 1974(12), and 1975(9).

Summary statistics and variable definitions are given in Table 7.1. The sample
mean number of strikes is low enough to warrant treating the data as count data.
There is overdispersion in the raw data, with the sample variance 2.68 times
the raw mean.

The data on STRIKES and OUTPUT are plotted in Figure 7.1, where for this
figure only OUTPUT has been rescaled to have the same mean and variance
as STRIKES. It appears that strike activity increases with increase in economic
activity, although with a considerable lag during the middle of the sample
period. The data on STRIKES are considerably more variable than the data on
OUTPUT.

Estimates from static Poisson regression with exponential conditional mean
are given in Table 7.2. The standard errors and t statistics assume heteroskedas-
ticity of NB1 form, so V[yt ] = φµt . The estimated value of φ is 2.59, indicating
considerable overdispersion even after inclusion of OUTPUT as a regressor.
The coefficient of OUTPUT indicates that as economic activity increases the
number of strikes increases, with a one-standard-deviation change in OUTPUT
leading to a 17% increase in the mean number of strikes (.055×3.134 = .172).
The effect appears statistically significant at 5%, but note that the standard er-
rors correct only for heteroskedasticity. If there is positive autocorrelation these
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Table 7.2. Strikes: Poisson PMLE with NB1
standard errors and t ratios

Variable Coefficient Standard error t Statistic

ONE 1.654 .0665 24.90
OUTPUT 3.134 1.264 2.48

Note: Reported standard errors and t ratios correct for het-
eroskedasticity but not for autocorrelation.

Figure 7.1. Strikes: output (rescaled) and strikes per month.

standard errors will be understated and t statistics overstated. One should in-
stead compute standard errors using (7.15), or use alternative models presented
subsequently that eliminate autocorrelation by inclusion of lagged variables.
The latter approach is taken here, with results presented in section 7.10.

A plot of the predicted value of STRIKES from this static regression,
exp(1.654 + 3.134 × OUTPUT), is given in Figure 7.2. Clearly, OUTPUT ex-
plains only a small part of the variation in STRIKES. This is also reflected in low
R squareds. The Poisson deviance R2 and Pearson R2 defined in section 5.3.3
are, respectively, .053 and .060. Considerable improvement occurs with lagged
dependent variables included as regressors. This is reported in section 7.10.

Autocorrelation and tests for serial correlation are presented in Table 7.3. The
first three columns give autocorrelation coefficients based on various residuals:
the raw data y on STRIKES or equivalently the residual y − ȳ from Poisson
regression of STRIKES on a constant; the raw residual r = y − µ̂ from Poisson
regression of STRIKES on a constant and OUTPUT; and the Pearson residual
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Table 7.3. Strikes: residuals autocorrelations and serial
correlation tests

Autocorrelations z Statistics
Lag y r p r p

1 .53 .50 .47 3.92 4.90
2 .47 .44 .41 4.01 4.08
3 .40 .38 .36 3.52 3.47
4 .23 .20 .21 2.21 2.19
5 .11 .10 .10 1.25 1.17
6 .01 .01 .01 .32 .32
7 −.01 .00 .01
8 .06 .09 .09
9 .05 .10 .10
10 .01 .07 .05
11 .06 .12 .12
12 .00 .04 .04
13 .07 .12 .12
14 −.15 −.12 −.12
15 −.17 −.15 −.13
BP 84.1 77.7 70.1 50.3 62.4

Note: Autocorrelations up to lag 15 are based on three different residuals: the raw
data (y) on STRIKES, and the raw residual (r ), and the Pearson residual (p) from
Poisson regression of STRIKES on OUTPUT. The z statistics to lag 6 use residuals
from this same regression. The z statistic r is the heteroskedasticity-corrected statis-
tic Tk based on the raw residual. The z statistic p is the square root of the sample
size times the autocorrelation of the Pearson residual. BP is the Box-Pierce statistic
with degrees of freedom of, respectively, 15, 15, 15, 6, and 6.

Figure 7.2. Strikes: actual and predicted from a static model.
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p = (y − µ)/
√

µ from this regression. Because there is relatively little vari-
ability in µ around ȳ (see Figure 7.2), in this application we expect the autocor-
relations to tell a similar story, even though those based on the Pearson residual
are theoretically preferred.

All three indicate autocorrelation that dies out after five lags. Individual test
statistics for autocorrelation at each lag are presented in the last two columns
of Table 7.3. These are asymptotically N[0, 1] distributed under the null hy-
pothesis of no autocorrelation. The first measure uses the Pearson residuals
and the result (7.19) for standardized residuals. The second measure uses the
raw residuals and the more general result (7.21). Note that the first measure
assumes that the conditional variance is proportional to the conditional mean,
while the second measure leaves the conditional variance unspecified. The two
lead to very similar conclusions. At the 5% significance level there is statisti-
cally significant autocorrelation through the first four lags. This is highly jointly
significant, using the Box-Pierce test reported in the last row of Table 7.3. For
the first four columns this is TBP in (7.20), which is chi-squared distributed only
for column four. For the fifth column this is T ∗

BP in (7.22). Clearly time series
methods are called for.

7.4 Integer-Valued ARMA Models

The preceding section considered static count regression models, where the goal
is to perform valid statistical inference and place minimal structure on any serial
correlation. In the remainder of this chapter we consider more explicit models
of this serial correlation. The first model presented is fully parametric and has
the same serial correlation structure as linear ARMA models for continuous
data.

INARMA models specify the realized value of yt to be the sum of a count
random variable whose value depends on past outcomes and the realization of
an iid count random variable εt whose value does not depend on past outcomes.
This model is similar to the linear model yt = ρyt−1 +εt , for example, although
it explicitly models yt as a count. Different choices of the distribution for εt

lead to different marginal distributions for yt , such as the Poisson. The model
has the attraction of having the same serial correlation structure as linear ARMA
models for continuous data.

INARMA models were independently proposed by McKenzie (1986) and
Al-Osh and Alzaid (1987), for the pure time series case, and extended to the
regression case by Brännäs (1995a). They build on earlier work for continuous
non-Gaussian time series, specifically exponential and gamma distributions.
See Jacobs and Lewis (1977) and further references in Lewis (1985).

7.4.1 Pure Time Series Models

We begin with the pure time series case, before introducing other regressors xt

in the next subsection. Let Y(t−1) = (yt−1, yt−2, . . . , y0). The simplest example
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is the INAR(1) process

yt = ρ ◦ yt−1 + εt , 0 ≤ ρ < 1, (7.24)

where εt is an iid latent count variable independent of Y(t−1). The symbol ◦
denotes the binomial thinning operator of Steutel and Van Harn (1979), whereby
ρ ◦ yt−1 is the realized value of a binomial random variable with yt−1 trials and
probability ρ of success on each trial. More formally ρ ◦ y =∑y

j=1 u j , where
u j is a sequence of iid binary random variables that take value 1 with probability
ρ and value 0 with probability 1 − ρ. Thus each of the y components survives
with probability ρ, and dies with probability 1 − ρ.

First consider the unconditional distribution of y. It can be shown that

µ = E[y] = E[ε]

1 − ρ
, (7.25)

and

σ 2 = V[y] = ρE[ε] + V[ε]

1 − ρ2
, (7.26)

(see for example Brännäs, 1995a, and exercise 7.3). Given a particular distri-
bution for ε, the unconditional stationary distribution for y can be found by
probability generating function techniques; see Steutel and Van Harn (1979)
and McKenzie (1986). For example, y is Poisson if ε is Poisson.

For the conditional distribution, taking the conditional expectation of (7.24)
yields the conditional mean

µt | t−1 = E[yt | yt−1] = ρyt−1 + E[εt ], (7.27)

a result similar to that for the Gaussian model. The conditional variance is

σ 2
t | t−1 = V[yt | yt−1] = ρ(1 − ρ)yt−1 + V[εt ]. (7.28)

The key step in obtaining (7.27) and (7.28) is to note that ρ ◦ yt−1, conditional
on yt−1, has mean ρyt−1 and variance ρ(1 − ρ)yt−1 using standard results on
the binomial with yt−1 trials.

It can be shown that the autocorrelation at lag k is ρk . Thus the INAR(1)
model has the same autocorrelation function as the AR(1) model for continuous
data. The conditional distribution of yt given yt−1 is that of a Markov chain.

The Poisson INAR(1) model results from specifying the latent variable εt

in (7.24) to be iid Poisson with parameter λ. Then yt is unconditionally Pois-
son with parameter λ/(1 − ρ). Furthermore, in this case (yt , yt−1) is bivariate
Poisson, defined in Chapter 8. The conditional moments using (7.27) and (7.28)
are

µt | t−1 = ρyt−1 + λ

σ 2
t | t−1 = ρ(1 − ρ)yt−1 + λ,

(7.29)
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so the Poisson INAR(1) model is conditionally underdispersed. The transition
probabilities for the Markov chain conditional distribution are

Pr [yt | yt−1] = exp(−λ)
min(yt ,yt − 1)∑

j=0

λyt − j

(yt − j)!

(
yt−1

j

)
ρ j (1 − ρ)yt − 1 − j .

(7.30)

Generalizations of Poisson INAR(1) to INAR(p) and INARMA(p, q) models
and to marginal distributions other than Poisson are given in various papers
by McKenzie and by Al-Osh and Alzaid; Al-Osh and Alzaid additionally con-
sidered estimation. See also Jin-Guan and Yuan (1991). McKenzie (1986) ob-
tained an INARMA model with an unconditional NB model distribution for yt

by specifying εt to be iid NB. McKenzie (1988) studied the Poisson INARMA
model in detail. Al-Osh and Alzaid (1987) considered estimation of the Pois-
son INAR(1) model and detailed properties of INAR(1) and INAR(p) models
in Alzaid and Al-Osh (1988, 1990, respectively). Alzaid and Al-Osh (1993)
obtained an INARMA model with an unconditional generalized Poisson dis-
tribution (see section 4.4.5), which potentially permits underdispersion. This
model specifies εt to be generalized Poisson and replaces the binomial thinning
operator by quasibinomial thinning. Although the INARMA models have the
same autocorrelation function as linear ARMA models, the partial autocorrela-
tion functions differ.

Further models are given by Gauthier and Latour (1994), who define a gener-
alized Steutel–Van Harn operator. Still further generalization may be possible.
In the AR(1) case, for example, essentially all that is needed is an operator that
yields a discrete value for the first term in the right-hand side of (7.24). For
example, there is no reason why the yt−1 trials need be independent, and one
could, for example, use a correlated binomial model.

Research on INARMA models has focused on stochastic properties. Less
attention has been paid to estimation. In the pure time series case exact MLE, as
well as conditional MLE which conditions on an initial value y1, were proposed
and investigated by Al-Osh and Alzaid (1987) and Ronning and Jung (1992)
for the Poisson INAR(1) model. These estimators can be difficult to implement,
especially for models other than the Poisson.

An alternative estimator is conditional least squares. For the Poisson INAR(1)
model, E[yt | yt−1] = ρyt−1 + λ. This allows simple estimation of ρ and λ by
OLS regression of yt on an intercept and yt−1, a method proposed by Al-Osh
and Alzaid (1987). The error in this regression is heteroskedastic, because
V[yt | yt−1] = ρ(1 − ρ)yt−1 + λ, so care needs to be taken to obtain the correct
variance matrix, and the estimator could potentially be quite inefficient.

Brännäs (1994) proposed and investigated the use of GMM estimators for
this model. GMM has the theoretical advantage of incorporating more of the
moment restrictions, notably autocovariances, implied by the Poisson INAR(1)
model than simply the conditional mean, or conditional mean and variance in
the case of conditional WLS.
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None of these studies include exogenous regressors, with the exception of
McKenzie (1985, p. 649), who briefly considered introduction of trends.

7.4.2 Regression Models

Brännäs (1995a) proposed a Poisson INAR(1) regression model, with regressors
introduced into (7.24) through both the binomial thinning parameter ρ and the
latent count variable εt . Thus

yt = ρt ◦ yt−1 + εt . (7.31)

The latent variable εt in (7.31) is assumed to be Poisson-distributed with mean

λt = exp
(
x′

tβ
)
. (7.32)

To ensure 0 < ρt < 1, the logistic function is used

ρt = 1

1 + exp
(−z′

tγ
) . (7.33)

From (7.27) with ρ replaced by ρt , the conditional mean for this model is

µt | t−1 = E[yt | xt , zt , yt−1] =
(

1

1 + exp
(−z′

tγ
)) yt−1 + exp

(
x′

tβ
)
.

(7.34)

A simpler specification sets zt = 1, so the parameter ρ is a constant. The con-
ditional variance is

σ 2
t | t−1 = V[yt | xt , zt , yt − 1] =

(
exp
(−z′

tγ
)[

1 + exp
(−z′

tγ
)]2
)

yt−1 + exp
(
x′

tβ
)
,

(7.35)

from (7.35).
Brännäs proposed estimation of this model by conditional least squares and

by GMM. Using (7.34), the conditional NLS estimator minimizes with respect
to β and γ

S(β,γ) =
T∑

t=1

{
yt −

(
1

1 + exp
(−z′

tγ
)) yt−1 − exp

(
x′

tβ
)}2

,

(7.36)

where the usual standard errors need to be adjusted to allow for heteroskedas-
ticity. This estimator is relatively straightforward to implement given access to
a statistical package that includes NLS estimation, although reported standard
errors and t statistics may assume a homoskedastic error. An alternative, more
efficient estimator is conditional WLS, where the weighting function can be
obtained from (7.35).
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Brännäs also proposed estimating β and γ by GMM, using knowledge of
the functional form for the autocovariances implied by the Poisson INAR(1)
model. Details of the GMM procedure, which is considerably more complex
to implement than conditional least squares, are given in Brännäs (1995a). He
found little gain from performing GMM rather than conditional least squares.

Brännäs additionally considered prediction from this model. In an applica-
tion to annual Swedish data on the number of paper mills of a particular type,
the parameters γ in ρt are interpreted as representing the role of regressors in
explaining the death of firms; the parameters β of the Poisson density for εt

represent the role of regressors in explaining the birth of firms.

7.5 Autoregressive Models

The most direct method to specify a time series model is to specify a stan-
dard count regression model, where analysis is conditional on past outcomes
as well as current and past values of exogenous variables. Thus the condi-
tioning set is now (X(t), Y(t−1)) where X(t) = (xt , xt−1, . . . , x0) and Y(t−1) =
(yt−1, yt−2, . . . , y0).

The simplest model specifies an exponential conditional mean, where yt−1

additionally appears as a regressor. So the conditional mean is exp(x′
tβ+ρyt−1).

This model may not be practically useful, however, as it is explosive for ρ > 0.
Simulations and discussion are given in Blundell, Griffith, and Windmeijer
(1995), who call this model exponential feedback. A better and more natural
model specifies a multiplicative role for yt−1, i.e.,

µt | t−1 = E[yt | X(t), Y(t−1)]

= exp
(
x′

tβ + ρ ln y∗
t−1

)
= exp

(
x′

tβ
)(

y∗
t−1

)ρ
, (7.37)

where y∗
t−1 is a transformation of yt−1, such as (7.38) or (7.39), that is strictly

positive. This transformation is needed, as otherwise yt−1 = 0 is an absorbing
state, because then µt | t−1 = 0 and hence yt = 0 in fully parametric models
for yt such as P[µt | t−1]. Possibilities for y∗

t−1 include rescaling only the zero
values of yt−1 to a constant c

y∗
t−1 = max(c, yt−1), 0 < c < 1, (7.38)

and translating all values of yt−1 by the same amount

y∗
t−1 = yt−1 + c, c > 0. (7.39)

The model (7.37) can be viewed as a multiplicative AR(1) model, by comparison
with the linear AR(1) model in (7.1). We can also consider a multiplicative AR(1)
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error model

µt | t−1 = E[yt | X(t), Y(t−1)]

= exp
(
x′

tβ + ρ
(

ln y∗
t−1 − x′

t−1β
))

= exp
(
x′

tβ
) ( y∗

t−1

x′
t−1β

)ρ

. (7.40)

By comparison the linear AR(1) error model from (7.6) implies µt | t−1 = x′
tβ+

ρ(yt−1 − x′
t−1β).

Models (7.37) and (7.40) were proposed by Zeger and Qaqish (1988) for
GLM models, with the exponential function more generally replaced by the
canonical link function. The model was called a Markov model, here Markov
model of order 1, because yt−1 is the only element of the past history Y(t−1)

that affects the conditional distribution of yt . An alternative terminology, used
here, is to call this model an autoregressive model, given its obvious similarity
to the linear model (7.2) and to avoid possible confusion with hidden Markov
models.

Given the conditional mean specification in (7.37), estimation can be by
NLS, the only complication being finding consistent standard errors. Provided
there is no serial correlation in the model residual yt − µ̂t | t−1, these can be
obtained using (7.13) with ωt j = 0 for j > 0.

If the conditional density is specified, for example, f (yt | xt , yt−1) is Poisson,
then estimation can be by maximum likelihood, which maximizes

L =
T∑

t=1

f (yt | xt , yt−1). (7.41)

Estimation theory is given in Wong (1986) and Fahrmeir and Kaufman (1987).
Overdispersion could be handled by instead specifying f (yt | xt , yt−1) to be the
NB2 density.

Zeger and Qaqish (1988) used quasilikelihood methods, an intermediate ap-
proach between NLS and maximum likelihood estimation. In particular, obtain
the Poisson PMLE assuming that yt | xt , yt−1 is distributed as P[µt | t−1], where
µt | t−1 is given in (7.37). Then if the conditional variance specification is relaxed
to the NB1 form V[yt | xt , yt−1] = φµt | t−1, the computed Poisson maximum
likelihood standard errors can be rescaled by φ̂1/2 as in section 3.2.3.

If the constant c in (7.38) or (7.39) is specified, then a standard Poisson
program can be used. If instead c is an additional parameter to be estimated,
standard Poisson software can still be used for y∗

t = max(c, yt−1) as in (7.38).
Rewrite (7.40) as

µt | t−1 = exp
(
x′

tβ + ρ ln y∗∗
t−1 + (ρ ln c) dt

)
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where

y∗∗
t−1 = yt−1 and dt = 0, yt−1 > 0,

y∗∗
t−1 = 1 and dt = 1, yt−1 = 0.

Poisson regression of yt on xt , y∗∗
t−1 and dt yields estimates of β, ρ, and ρ ln c.

Then use c = exp[(ρ ln c)/ρ] to obtain an estimate of c. The autoregressive
count model is attractive because it is relatively simple to implement.

A weakness of the model is that adjustments such as (7.38) or (7.39) for zero
lagged values of yt are ad hoc. Furthermore, they complicate evaluation of the
impact of regressors on the change in the conditional mean. One alternative is
to replace (7.37) by

µt | t−1 = ρyt−1 + x′
tβ. (7.42)

This equals the conditional mean (7.34) of the Poisson INAR(1) model if ρ

is constant, although other features of the distribution such as the conditional
variance (see [7.35]) will differ. A major reason for choosing the exponential
conditional mean specification is to ensure a positive mean. This is also the case
for µt | t−1 in (7.42), provided ρ > 0. Another alternative to adjustments such
as (7.38) or (7.39), proposed by Shephard (1995), is to develop autoregressive
models for a particular transformation of the dependent variable.

Autoregressive models have not been widely applied, especially for data
for which some counts are zero. Fahrmeir and Tutz (1994, section 6.1) gave
an application to monthly U.S. data on the number of polio cases. Cameron
and Leon (1993) applied the model to monthly U.S. data on the number of
strikes and give some limited simulations to investigate the properties of both
estimators and the time series process itself, because theoretical results on
its serial correlation properties are not readily obtained. Leon and Tsai (1998)
proposed and investigated by simulation quasilikelihood analogues of LM, Wald,
and LR tests, following the earlier study by Li (1991), who considered the LM
test.

7.6 Serially Correlated Error Models

The preceding models provide a fairly explicit model for dependence of yt

on past outcomes. Zeger (1988) instead introduced serial correlation in yt via
serial correlation in a multiplicative latent variable. This model is like the static
regression model studied in section 7.3. More structure is placed on the model
here, however, leading to autocorrelations that are a function of current and
lagged values of µt . This permits more efficient estimation than in section 7.3,
assuming that the autocorrelations are correctly specified.

For counts the Poisson is used as a starting point, with variance equal to the
mean. The conditional distribution of the dependent variable yt is specified to
be independent over t with mean λtεt and variance λtεt , where conditioning is
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on both regressors, via

λt = exp
(
x′

tβ
)
,

and an unobserved latent variable εt > 0. The moments conditional on obser-
vation of εt are

E[yt | λt , εt ] = λtεt (7.43)

V[yt | λt , εt ] = λtεt .

This setup is similar to the mixture models in Chapter 4. Here, however, the
latent variable is not independently distributed across observations and, rather
than integrating out to get a density, just the first and second moments are
obtained.

The latent variable εt is assumed to follow a stationary process with mean
normalized to unity, variance σ 2, and covariances Cov[εt , εt−k] = ρkεσ

2, where

ρkε = Cor[εt , εt−k], k = 1, 2, . . . (7.44)

is the autocorrelation function for εt . It follows that the marginal distribution of
yt , marginal with respect to εt but still conditional on λt , has first two moments

µt = E[yt | λt ] = λt

σ 2
t = V[yt | λt ] = λt + σ 2λ2

t .
(7.45)

The latter result uses

V[y | λ] = E[V[y | λ, ε] | λ] + V[E[y | λ, ε] | λ]

= E[λε | λ] + V[λε | λ]

= λE[ε] + λ2V[ε].

The covariance between yt and yt−k can be shown to equal ρkεσ
2
t λtλt−k , im-

plying that the autocorrelation function for yt is

ρkyt = ρkε√(
1 + 1

σ 2λ2
t

) (
1 + 1

σ 2λ2
t−k

) , k = 1, 2, . . . . (7.46)

We refer to this model as a serially correlated error model because of its
obvious connection to the linear model in (7.4) and (7.5). Other authors refer to
this as a marginal model, because from (7.45) we model µt = exp(x′

tβ), which
does not condition on lagged yt .

Maximum likelihood estimation requires specification of both the density
for yt given εt , and a multivariate density for (ε1, . . . , εT )′. No closed-form
solution is possible, except in trivial cases such as εt iid gamma if yt | εt iid
Poisson, which gives independent NB.
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Instead a quasilikelihood approach is taken, using knowledge of the mean,
variance, and covariances of yt . The nonlinear WLS estimator for β solves the
first-order conditions

D′V−1(y − λ) = 0, (7.47)

where D is the T × k matrix with t j th element ∂λt/∂β j , V−1 is a T × T
weighting matrix, y is the T × 1 vector with t thentry yt and λ is the T × 1
vector with t th entry λt . This is the same as the linear WLS estimator given in
section 2.4.1, X′V−1(y − X′β) = 0, except that in moving to nonlinear models
xt j in X is replaced by ∂λt/∂β j in D and the mean X′β is replaced by λ. Then
by results similar to section 2.4.1,β̂WLS is asymptotically normal with mean β
and variance

V[β̂WLS] = (D′V−1D)−1D′V−1	V−1′D (D′V−1D)−1, (7.48)

where Ω=Ω(β,γ, σ 2) is the covariance matrix of y, and γ are parameters of
the autocorrelation function ρkε.

The efficient nonlinear WLS estimator is nonlinear feasible GLS where
V−1 = Ω̂

−1
, and Ω̂ is a consistent estimator of Ω=Ω(β,γ, σ 2). This entails

inversion of the T ×T estimated covariance matrix of yt , which poses problems
for large T . Zeger instead proposed using less efficient WLS, where the working
weighting matrix V−1 is chosen to be reasonably close to Ω−1.

Zeger (1988) applied this method to monthly U.S. data on polio cases;
Campbell (1994) applied this model to daily U.K. data on sudden infant death
syndrome cases and the role of temperature.

Brännäs and Johansson (1994) study the Zeger (1988) model in further
detail. In particular, they observe that in this model the usual Poisson PMLE is
still consistent. They find that the Poisson PMLE yields quite similar estimates
and efficiency to estimates using Zeger’s method, once appropriate correction
for serial correlation is made to the Poisson PMLE standard errors. Johansson
(1995) presents Wald- and LM-type tests based on GMM estimation (see Newey
and West, 1987b) for overdispersion and serial correlation in the Zeger model
and investigates their small-sample performance by a Monte Carlo study.

7.7 State-Space Models

The INAR and Markov models specify the conditional distribution of yt to
depend on a specified function of (X(t), Y(t−1)). The state-space model or time-
varying parameters model instead specifies the conditional distribution of yt to
depend on stochastic parameters that evolve according to a specified distribution
whose parameters are determined by (X(t), Y(t−1)).

Analytical results are most easily obtained if only the mean parameter
evolves over time, with density that is conjugate to the density of yt . We begin
with this case.
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More generally the regression coefficients may all evolve over time, in which
case a normal distribution is typically chosen. Analytical results are then no
longer attainable, but recent advances in computer power and in computational
algorithms mean that this is no longer an obstacle to empirical work. Developing
these computational algorithms is a very active area, some of which is touched
on in this section and in section 9.4, in which Poisson models with Gaussian
random effects are discussed.

Much of the work with random coefficient models, such as time-varying
parameters, has been done in a Bayesian framework. Then interest lies in ob-
taining the posterior mean, which in the time series case is used to generate
forecasts that incorporate prior information. A standard reference is West and
Harrison (1997). The computational methods developed for Bayesian analysis
are also widely used in frequentist analyses in which the focus is on param-
eter estimation, and it is not uncommon to see frequentist analyses take on a
Bayesian flavor because of this. We focus on the frequentist interpretation here.

7.7.1 Conjugate Distributed Mean

West, Harrison, and Migon (1985) propose Bayesian time series models for
regression models with prior density for the conditional mean chosen to be
conjugate to an LEF density. These models are presented as an extension of
dynamic linear models (see West and Harrison, 1997), to the GLM framework,
although this extension is not seamless. The concern is in obtaining the posterior
mean and forecasts, given specified values for the prior density parameters.

Harvey and Fernandes (1989) study these models in a non-Bayesian frame-
work and considered parameter estimation. The most tractable model for count
data is a Poisson–gamma model.

The starting point is a Poisson regression model, where yt conditional on µt

is P[µt ] distributed, so

f (yt | µt ) = e−µt µt/yt !. (7.49)

In a departure from earlier Poisson models, the mean parameter µt is modeled
to evolve stochastically over time with distribution determined by past values
of yt . A convenient choice of distribution is the gamma

f (µt | at | t−1, bt | t−1) = e−bµt µa−1
t

�(a)b−a
, at | t−1 > 0, bt | t−1 > 0,

(7.50)

where a and b in (7.50) are evaluated at a = at | t−1 = ωat−1 and b = bt | t−1 =
ωbt−1 and 0 < ω ≤ 1. The conditional density of yt given the observables Y(t−1)

is

f
(
yt | Y(t−1)

) =
∫ ∞

0
f (yt | µt ) f

(
µt | Y(t−1)

)
dµt . (7.51)
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From Chapter 4, f (yt | Y(t−1)) is the negative binomial with parameters at | t−1

and bt | t−1. Estimation of ω and the parameters of µt is by maximum likelihood,
where the joint density of Y(t) is the product of the conditional densities (7.51).
The Kalman filter is used to recursively build at | t−1 and bt | t−1.

Harvey and Fernandes (1989) apply this approach to count data on goals
scored in soccer matches, purse snatchings in Chicago, and van driver fatali-
ties. They also obtain tractable results for negative binomial with parameters
evolving according to the beta distribution and for the binomial model. Singh
and Roberts (1992) consider count data models. Harvey and Shephard (1993)
consider the general GLM class. Brännäs and Johansson (1994) investigate
small-sample performance of estimators. Johansson (1996) gives a substantive
regression application to monthly Swedish data on traffic accident fatalities,
which additionally uses the model of Zeger (1988) discussed in section 7.6.

7.7.2 Normally Distributed Parameters

In these models the starting point can again be the Poisson regression model
(7.49), except now µt = exp(x′

tβt ) where βt evolves according to

βt = Atβt−1 + υt , (7.52)

where

υt ∼ N[0,Σt ].

For this model there are no closed-form solutions. The development of nu-
merical techniques for these models is an active area of research.

An example is Durbin and Koopman (1997), who model British data on
van driver fatalities. They first follow Shephard and Pitt (1997) in developing
a Markov chain Monte Carlo method to numerically evaluate the likelihood
of the model. Durbin and Koopman (1997) then propose a faster procedure
that calculates the likelihood for an approximating linear Gaussian model by
Kalman filter techniques for linear models and then computes the true likelihood
as an adjustment to this.

7.8 Hidden Markov Models

Hidden Markov time series models specify different parametric models in dif-
ferent regimes, in which the unobserved regimes evolve over time according to
a Markov chain. Here we summarize results given in considerably more detail
in MacDonald and Zucchini (1997).

For the model with m possible regimes let Ct , t = 1, . . . , T , denote a Markov
chain on state-space {1, 2, . . . , m}. Thus Ct = j if at time t we are in regime j .
In the simplest case, considered here, Ct is an irreducible homogeneous Markov
chain, with transition probabilities

γi j = Pr [Ct = j | Ct−1 = i] , i, j = 1, . . . , m, (7.53)
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which are time invariant. It is assumed that there exists a unique strictly positive
stationary distribution

δ j = Pr [Ct = j] , j = 1, . . . , m, (7.54)

where the δ j are a function of γi j . For the Poisson hidden Markov model, it
is assumed that the count data yt in each regime are Poisson distributed, with
mean parameter that varies with exogenous variables and the regime

µt j = exp
(
x′

tβ j
)
. (7.55)

The moments of yt , unconditional on Ct although still conditional on xt , can
be shown to be

E[yt | xt ] =
m∑

j=1

δ jµt j (7.56)

E
[
y2

t | xt
] =

m∑
j=1

δ j
(
µt j + µ2

t j

)
(7.57)

E[yt yt+k | xt ] =
m∑

i=1

m∑
j=1

δiγi j (k)µtiµt+k, j , (7.58)

where γi j (k) = Pr[Ct+k = j | Ct−1 = i] and t = 1, . . . , T . The autocorrelation
function of yt , which follows directly from (7.56) through (7.58), is a function
of the Poisson parameters and the transition probabilities.

The parameters to be estimated are the regime-specific parameters β j , j =
1, . . . , m, and the transition probabilities γi j . Estimation by maximum likeli-
hood, imposing the constraints that γi j ≥ 0 and the constraints

∑
j =i γi j ≤ 1,

i = 1, . . . m, is presented in MacDonald and Zucchini (1997). Applications to
count data include the daily number of epileptic seizures by a particular pa-
tient, fitted by a two-state hidden Markov Poisson model with µt j = µ j , and
the weekly number of firearm homicides in Cape Town, fitted by a two-state
hidden Markov Poisson model with µt j = exp(α1 j + α2 j t + α3 j t2).

Count data can be directly modeled as a Markov chain, rather than via a
hidden Markov chain. For counts there are potentially an infinite number of
transition parameters, and additional structure is needed. An example of such
structure is the Poisson INAR(1) model, whose transition probabilities are given
in (7.30).

7.9 Discrete ARMA Models

The first serious attempt to define a time series count model with similar auto-
correlation structure to ARMA models was by Jacobs and Lewis (1978a, 1978b,
1983). They defined the class of DARMA models, for which the realized value
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of yt is a mixture of past values Y(t−1) and the current realization of a latent
variable εt .

The simplest example is the DARMA(1,0) model with

yt = ut yt−1 + (1 − ut )εt , (7.59)

where ut is a binary mixing random variable that takes value 1 with probability
ρ and value 0 with probability 1 − ρ, and different distributional assumptions
can be made for the iid discrete latent random variable εt . This model implies

Pr [yt = yt−1] = ρ

Pr [yt = εt ] = 1 − ρ.
(7.60)

Clearly for this model the autocorrelation at lag k is ρk , as in the AR(1)
model, and only positive correlation is possible. Extensions can be made to
DARMA(p, q) models with correlation structures equal to that of standard lin-
ear ARMA(p, q) models, although with greater restrictions on the permissible
range of correlation structures.

A major restriction of the model is that for high serial correlation the data will
be characterized by a series of runs of a single value. This might be appropriate
for some data, for example the number of firms in an industry in which there
is very little entry and exit over time. But most time series count data exhibit
more variability over time than this. For this reason this class of models is rarely
used, and we do not consider estimation or possible extension to the regression
case.

7.10 Application

We illustrate some of the preceding models, using the example on strike fre-
quency introduced in section 7.3.4. We begin with a variant of the autoregressive
model of Zeger and Qaqish (1988) given by (7.37) through (7.39), with up to
three lags of the dependent variable appearing as explanatory variables. A Pois-
son regression model is estimated with conditional mean

E[yt | xt , yt−1, yt−2, . . .] = exp
(
β1 + β2xt + ρ1 ln y∗

t−1

+ ρ2 ln y∗
t−2 + ρ3 ln y∗

t−3

)
, (7.61)

where yt denotes STRIKES, xt denotes OUTPUT, and y∗
t = max(c, yt ), where c

is a value between 0 and 1 that prevents potential problems in taking the natural
logarithm if yt = 0. This model can be estimated using a standard Poisson
regression program, as explained in section 7.5.

In the first four columns of Table 7.4, estimates for the model (7.61) are
presented with 0, 1, 2, or 3 lags (models ZQ0 to ZQ3), with c set to the
value 0.5. The first column reproduces the static regression estimates given in
Table 7.2. Introducing lagged dependent variables, the biggest gain comes from
introducing just one lag. The autocorrelations of the Pearson residuals reduce
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Table 7.4. Strikes: Zeger-Qaqish autoregressive model estimates
and diagnostics

Model

Variable ZQ0 ZQ1 ZQ2 ZQ3 ZQ1(c) B1

ONE 1.654 1.060 .911 .846 .896 1.017
OUTPUT 3.134 2.330 2.192 2.187 2.34 3.479
ln y∗(−1) .396 .295 .267 .482
ln y∗(−2) .205 .162
ln y∗(−3) .114
c .5 .5 .5 3.146
y(−1) .469
ACF lag 1 .49 −.09 .01 .04 −.11 −.09
ACF lag 2 .40 .14 .03 .05 .17 .17
ACF lag 3 .34 .13 .13 .02 .13 .14
ACF lag 4 .22 .09 .02 .00 .04 .08
ACF lag 5 .12 .04 .02 −.03 .01 .04
ACF lag 6 .03 .01 −.02 −.06 .00 .00
BP 62.40 6.63 1.93 1.00 6.25 6.92
R2dev .053 .245 .287 .300 .295
Observations 108 107 107 106 105 107

Note: ZQ0, static Poisson regression; ZQ1–ZQ3, Zeger-Qaqish autoregressive model defined in
Eq. (7.59) with c = 0.5; ZQ1(c), ZQ1 model with c estimated; B1, Brannas INAR(1) model defined
in Eq. (7.60), estimated by NLS; ACF lags 1–6, autocorrelations to lag six from the Pearson residuals
from each model; BP, associated Box-Pierce statistic with six degrees of freedom.

substantially, and the null hypothesis of no serial correlation is not rejected at
5%, using the Box-Pierce statistics based on up to six lags of the Pearson resid-
uals. The fit of the model improves substantially, with the deviance R squared
increasing from .053 to .245. Further gains occur in introducing additional lags,
but these gains are relatively small and have little impact on the coefficient of
OUTPUT.

The preferred model is ZQ1. There is still overdispersion, with φ̂ = 2.09
when an NB1 variance function is estimated. Adjusting the reported standard
errors for this overdispersion, the coefficient of OUTPUT has a standard error
of 1.195 and a t statistic of 1.95. So OUTPUT is significant at 5% using a
one-sided test, and borderline insignificant at 5% using a two-tailed test. Even
controlling for past strike activity, there is an independent positive effect if
output rises above trend.

The model ZQ1(c) in Table 7.4 is the same as the model ZQ1, except that the
coefficient of c is estimated rather than being set at 0.5. An indicator variable is
constructed, as detailed in section 7.5. The implied estimated value of c is 3.146,
with standard error of .71 calculated using the delta method. Thus the estimated
value is statistically different from its theoretical bound of unity. This problem
arises because relatively few observations (here, five) actually equal zero. Vary-
ing c in the range 0 to 1 makes little difference to estimates of other parameters
and the residual autocorrelation function, and we use the midpoint 0.5.
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Figure 7.3. Strikes: actual and predicted from a dynamic model.

The final column gives estimates for the Brännäs INAR(1) model, with con-
ditional mean

E[yt | xt , yt−1, yt−2, . . .] = ρ1 yt−1 + exp(β1 + β2xt ). (7.62)

Estimation is by NLS, which is not fully efficient. The estimated model leads
to results quite similar to the ZQ1 model, in terms of serial correlation in the
residuals and fit of the model.

Neither model is straightforward to analyze for long-run impacts. In the
long-run, yt = yt−1 = y. The B1 model estimates yield y = [exp(1.017 +
3.479x)]/.531. The ZQ1 model estimates yield y = [exp(1.060+2.330x)].604.

The predictions of strikes from model B1, plotted in Figure 7.3, fit the data
much better than the static regression model presented in Figure 7.2. ZQ1 model
predictions are quite similar, with correlation of 0.978 between B1 and ZQ1
predictions.

The application here illustrates a simple way to estimate dynamic count
regression models. Richer models such as those in sections 7.8 and 7.9 might
then be used. This involves a considerably higher level of complexity, which
may require referring to the original sources.

7.11 Derivations

We obtain the section 7.3.2 results on serial correlation tests. Suppose zt is dis-
tributed with mean 0 and is independently distributed, although it is potentially
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heteroskedastic. Then
∑T

t=k+1 zt zt−k has mean

E

[
T∑

t=k+1

zt zt−k

]
= 0,

because E[zt zt−k] = 0, and variance

E

[
T∑

s=k+1

T∑
t=k+1

zs zs−k zt zt−k

]
=

T∑
t=k+1

E
[
z2

t z2
t−k

]
,

using E[zt zuzvzw] = E[zt ]E[zuzvzw] by independence for t = u, v, w, and
E[zt ] = 0. By a law of large numbers(

T∑
t=k+1

E
[
z2

t z2
t−k

])−1/2 T∑
t=k+1

zt zt−k
d→ N[0, 1], (7.63)

which yields (7.21) for tests on unstandardized residuals.
Now specialize to the special case that zt is scaled to have constant variance,

in which case E[z2
t ] is constant. Then

T∑
t=k+1

E
[
z2

t z2
t−k

] =
T∑

t=k+1

E
[
z2

t

]
E
[
z2

t−k

]

= 1

T

(
T∑

t=k+1

E
[
z2

t

])( T∑
t=k+1

E
[
z2

t−k

])

= 1

T

(
T∑

t=k+1

E
[
z2

t

])( T∑
t=k+1

E
[
z2

t

])
,

where the first equality uses independence, and the second and third equal-
ities use constancy of E[z2

t ]. It follows that ( 1
T

∑T
t=1 z2

t )2 is consistent for
1
T

∑T
t=k+1 E[z2

t z2
t−k], so

(
1

T

T∑
t=1

z2
t

)−1 T∑
t=k+1

zt zt−k
d→ N[0, 1].

This implies T ρ̂k
d→ N[0, 1], as in (7.19), or equivalently the usual result that

ρ̂k ∼ N[0, 1
T ].

If E[z2
t ] is nonconstant this simplification is not possible. One instead uses

1
T

∑T
t=k+1 z2

t z2
t−k as a consistent estimator of 1

T

∑T
t=k+1 E[z2

t z2
t−k], and the more

general (7.21).
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7.12 Bibliographic Notes

An early treatment is Cox and Lewis (1966). McKenzie (1985) is a stimulating
paper that raises, for counts, many standard time series issues, such as trends
and seasonality, in the context of hydrological examples. A recent survey of
count time series models, which covers many of the models presented in this
chapter, is given in Chapter 1 of MacDonald and Zucchini (1997). The best
reference for INARMA regression models is Brännäs (1995a). Autoregressive
models, serially correlated error models, and state-space models for GLMs are
covered in some detail in Fahrmeir and Tutz (1994, chapter 8). State-space
models, both linear and nonlinear, are discussed in Harvey (1989) and West
and Harrison (1997). Estimation of models with time-varying parameters is an
active area of research. Recent summaries of numerical methods include those
in Fahrmeir and Tutz (1994) and West and Harrison (1997). The hidden Markov
model for count and binomial data is presented in detail by MacDonald and
Zucchini (1997).

7.13 Exercises

7.1 The first-order conditions for the Poisson PMLE are
∑

t g(yt , xt ,β) = 0
where g(yt , xt ,β) = (yt −exp(x′

tβ))xt . Apply the general result given in section
2.7.1 to obtain (7.15) for yt heteroskedastic and autocorrelated to lag l.

7.2 Consider OLS regression of yt on scalar xt without intercept in the cross-
section case. The robust sandwich heteroskedastic consistent estimate of the
variance of β̂ is [

∑
t x2

t ]−1 [
∑

t (yt −xt β̂)2x2
t ] [
∑

t x2
t ]−1. Specialize this formula

if there is no relationship between yt and xt (so β = 0), and obtain the result-
ing formula for t = β̂/

√
V[β̂]. Apply this result to the case of regression of zt

on zt−k and compare the formula with (7.21).

7.3 Suppose εt in (7.24) is iid. Then yt is stationary with, say, E[yt ] = µ for all t
and V[yt ] = σ 2 for all t . Using the general result E[y] = Ex [E[y | x]], use (7.27)
to obtain (7.25). Using the general result V[y] = Ex [V[y | x]] + Vx [E[y | x]],
use (7.28) to obtain (7.26).

7.4 For the Poisson INAR(1) model give the objective function for the condi-
tional WLS estimator discussed after (7.36) and obtain the variance matrix for
this estimator.

7.5 Show that the binomial thinning operator in section 7.4 implies 0◦ y = 0;
1 ◦ y = y; E[α ◦ y] = αE[y]; and V[α ◦ y] = α2V[y] + α(1 − α)E[y]; and that
for any γ ∈ [0, 1], γ ◦ α ◦ y = (γα) ◦ y, by definition.

7.6 Given (7.43) and the assumptions on εt , obtain (7.45) and (7.46).



CHAPTER 8

Multivariate Data

8.1 Introduction

In this chapter we consider regression models for an m-dimensional vector of
jointly distributed, and in general correlated, random variables y = (y1, y2, . . . ,

ym), a subset of which are event counts. A special case is if m = 2, y1 is a count,
and y2 is either discrete or continuous. Multivariate data appear in three contexts
in this book. The first is basic cross-section, which is the main subject of this
chapter. The second is longitudinal data with repeated measures over time on
the same variable, leading to special correlation structure handled in Chapter 9.
The third is the context of multivariate cross-section data with endogeneity or
feedback from yj to yk , dealt with in Chapter 10. There are other forms of
multivariate data, such as multivariate time series analogs of Gaussian vector
autoregressions, that we do not cover.

Multivariate linear Gaussian models are widely used, but multivariate nonlin-
ear, non-Gaussian models are less common. Fully parametric approaches based
on the joint distribution of non-Gaussian vector y, given a set of covariates x, are
difficult to apply because analytically and computationally tractable expressions
for such joint distributions are available for special cases only. Consequently, it
is more convenient to analyze models that are of interest in specific situations.

Multivariate cross-section count models arise in several different settings.
The first is that in which several related events are measured as counts and
the joint distribution of several counts is required. These models are analogous
to the seemingly unrelated regressions model. A second situation is one in
which counted events are jointly determined with (but not by) other noncount
variables, which may be continuous or discrete. A third situation is one in
which the model involves simultaneity between a count variable or variables
and another continuous or discrete variable, so the situation is analogous to that
in simultaneous equation models.

Empirical examples of each of the three situations are readily found. For
example, a model of the frequency of entry and exit of firms to an industry
is an example of a bivariate count process (Mayer and Chappell, 1992). A
model of healthcare utilization using several measures of healthcare services
(hospital admissions, days spent in hospitals, prescribed and nonprescribed
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medicines) is an example of jointly dependent counts. An example of a joint
model of counts and discrete choice variables is a model of the frequency of
recreational trips and discrete choice of recreational sites (Terza and Wilson,
1990; Hausman, Leonard, and McFadden, 1995). Examples of joint modeling
of counts and continuous variables are provided by Meghir and Robin (1992)
and van Praag and Vermeulen (1993), who model frequency of purchase and
amount of purchase.

Applications of multivariate count models are relatively uncommon. Prac-
tical experience has been restricted to some special computationally tractable
cases. Section 8.2 discusses some approaches and general issues relevant to
characterizing dependence. Section 8.3 deals with properties and maximum
likelihood–based estimation of parametric models, including bivariate Pois-
son models, without or with unobserved heterogeneity. Section 8.4 considers
moment-based estimation of the bivariate and multivariate models with one
or more moment restrictions. Section 8.5 considers the orthogonal polynomial
series expansions as a way of characterizing and testing for dependence in
multivariate models. Section 8.6 considers mixed models with both counts and
other continuous or discrete variables.

8.2 Characterizing Dependence

8.2.1 Some Approaches

Consider the standard decomposition of the joint distribution of a two-dimen-
sional random variable (Y1, Y2), denoted by fY1,Y2 (y1, y2 | x), into conditional
and marginal distributions:

fY1,Y2 (y1, y2 | x) = fY1 | Y2 (y1 | y2, x) fY2 (y2 | x)

= fY2 | Y1 (y2 | y1, x) fY1 (y1 | x), (8.1)

where x denotes exogenous variables that may have overlapping elements.∗ The
decomposition implies that if these densities exist, the joint distribution can be
defined using either product in the decomposition:

fY1 | Y2 (y1 | y2, x) fY2 (y2 | x) = fY2 | Y1 (y2 | y1, x) fY1 (y1 | x). (8.2)

The parameters of the joint distribution may be estimated using the joint dis-
tribution, if it is available, or by working with the conditional and the marginal
distributions, which may be computationally more convenient.

Given conditional specifications fY1 | Y2 (y1 | y2, x) and fY2 | Y1 (y2 | y1, x), the
joint density may be defined if there exist proper marginals that satisfy (8.2).
Because not all pairs of conditionals will be coherent in the sense of satisfying

∗ Elsewhere we have used f (y), f (y1, y2), and so forth as generic notation for density. The slightly
different notation used here distinguises between random variables and their realizations for
additional clarity.
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(8.2), they are subject to some restrictions. In econometrics joint distributions
are of considerable interest because they have a key role in structural or causal
modeling. On the other hand, conditional distributions connect naturally to the
regression models that are often a starting point of empirical investigations. In
empirical work it is not uncommon to both begin and end with a conditional
specification, leaving unresolved the problem of finding a valid joint distribu-
tion. Conditional modeling of interdependent variables is justifiable if there is
a plausible recursive ordering of outcomes (decisions) that correspond to ob-
served endogenous variables.† It is also a feasible and asymptotically efficient
approach in some cases, such as bivariate exponential class if the condition-
als are also from a bivariate exponential class (Moschopoulos and Staniswalis,
1994).

The terminology used here is econometric. Some additional clarification
may be helpful for those less familiar with it. In this context a definition of
exogeneity, parallel to that used in time series econometrics (Hendry, 1995), has
an important role. Roughly, in modeling y1 the variables (y2, x) are exogenous if
they are determined without reference to y1, which rules out contemporaneous
or lagged feedback from y1 to y2. Because our focus is on cross-section data
in this chapter, we are mainly concerned with contemporaneous feedback, or
simultaneity and interdependence.

For a more precise definition, first rewrite the conditional-marginal decom-
position (8.1) by incorporating parameters as in

fY1,Y2 (y1, y2 | x,θ) = fY1 | Y2 (y1 | y2, x,φ1) fY2 (y2 | x,φ2),

where θ ∈ � ⊂ Rk,φ≡ [φ1
...φ2] = g(θ). If there are constraints connecting

elements of θ, they are incorporated in the joint distribution. The function g(θ)
is a transformation of the parameters θ, with dim(θ) = dim(φ). The parameter
vector φ is partitioned into subsets φ1 and φ2, which appear in the conditional
and marginal densities, respectively. Note that association parameters that are
included in θ may not be identified by carrying out conditional or marginal
analysis alone.

The conditioning set (y2, x) is said to be exogenous if φ1 is fully informative
aboutθ, or any subset ofθ. In this caseφ2 does not depend onφ1. Under this con-
dition, it is valid to make inferences about φ1, or the relevant subset of θ, using
the conditional model alone. No separate statistical modeling of y2 is necessary.

If (y1, y2) are mutually dependent, as in the simultaneous equations models
of economics, there is feedback from y2 to y1. In this case inferences about
the change in y1 induced by changes in y2, based on the conditional model
alone, have limited validity. Modeling interdependent variables can be carried
out in different ways; a full specification and analysis of a joint distribution is

† The plausibility of recursivity as a justification for conditioning is not always obvious. For
example: Does a rational household first determine the number of shoping trips and then the
amount spent in each trip, or does it do so jointly?
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one approach. Analyses of interdependent variables may be carried out using
a fully parametric specification of the joint distribution. This is called a full
information (maximum likelihood) approach. Interdependent variables may
also be analyzed using a moment-based approach such as GMM. If dealing
with the statistical implications of stochastic dependence between variables,
this approach does not require or use a full parametric specification of the joint
distribution and does not permit inferences about all parameters. Hence it is a
limited information approach.

Models based on joint distributions or joint moments are said to be structural
if they correspond to autonomous behavioral relationships and incorporate rel-
evant parametric constraints. Univariate and multivariate marginal models may
not permit identification of parameters θ. So a statistical analysis may be re-
stricted to φ2 only.

A full information analysis requires a flexible joint distribution. This is often
not feasible for general multivariate models with interdependent discrete and
continuous variables. Even in special bivariate cases, parametric closed form
joint distributions may be obtainable only under restrictive conditions. In sec-
tion 8.3 we consider some leading bivariate cases. If less restrictive situations
are considered, closed-form joint densities are often not available, and conse-
quently the construction of a joint likelihood may proceed on a case-by-case
basis with many context-specific assumptions.

In marginal models, the dependence on covariates and the association be-
tween the endogenous variables are modeled separately, not jointly. Modeling
based on marginal distributions may be handled using the methods developed
in Chapters 3, 4, and 5, supplemented by methods for measuring association
among jointly dependent variables, which are developed in this chapter. In em-
pirical work, however, the choice of marginal distributions may be more or
less arbitrary, and the investigation may not proceed to the derivation of the
underlying joint distribution, if it exists.

8.2.2 Example

We illustrate the issues raised in the preceding discussion of dependence char-
acterization by reference to a specific example. A useful technique for inducing
dependence is to introduce correlated unobserved heterogeneity in marginal
distributions. This approach has been used widely in bivariate LEF models. For
concreteness, we consider an example that is empirically important and that
recurs in Chapter 11. The discussion draws on Terza (1998) and Weiss (1995).

Consider two random variables (y1, y∗
2 ) where y1 is a count variable. Sup-

pose, conditionally on xi andνi , y1i is distributed P[µi ], andµi = exp[x′
iβ+ νi ].

Here νi represents unmeasured heterogeneity. It is an iid random variable in-
dependent of xi . Suppose that y∗

2 is a normally distributed unobserved latent
variable,

y∗
2i = z′

iδ + εi ,
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where εi ∼ N[0, σ2
2], which is related to an observable binomial variable y2 in

the following way:

y2 =
{

0 if y∗
2i < 0

1 if y∗
2i ≥ 0.

Then an association between y1 and y2 is induced by association (correlation)
between ν and ε. That is, the joint probability distribution of ν and ε determines
in part the joint probability distribution of y1 and y2.

The joint probability distribution of y1 and y2 is related to the joint probability
distribution of ν and ε. Suppose that this distribution is bivariate normal with
correlation parameter ρ, and covariance matrix

Σ =
(

1 ρσ2

ρσ2 σ2
2

)
where the variance σ2

1 has been normalized to unity. The association between ε

and ν is characterized by

ν = ρε + η, (8.3)

where η is normally and independently distributed. Then the marginal den-
sity of y1 is a Poisson–normal mixture,

∫
f [y1 | X, ν]g(ν)dν, which cannot be

expressed in a closed form.
First we consider a full information approach based on the joint distribution.

Suppose y2 has a binomial distribution, then the likelihood function is given by

L(Θ) =
n∏

i=1

f (y1i , y2i )

=
n∏

i=1

f (y1i , y2i = 1)y2i Pr[y1i , y2i = 0]1−y2i , (8.4)

where Θ contains all the parameters in the joint distribution.
The expressions for probability on the right-hand side can be expressed as

integrals over the variable ν. Maximization of such a likelihood requires numer-
ically intensive methods of computation. This is an obstacle to full information
analysis. It is computationally more convenient to consider estimation based
on the decomposition given in (8.1).

We next consider a limited information approach based on specification of
conditional moments using the specification

y1i = exp
[
x′

iβ + αy2i
]
νi

y2i = E[y2i | zi ] + εi ,
(8.5)

where y2 in the first equation must be regarded as an endogenous variable
correlated with ν. A sequential two-step estimator estimates the first of the
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above equations after replacing y2 by an estimate of E[y2 | x], which is uncor-
related with ν. But computing this expectation requires the marginal density
of y2, which is often not available. In practice, therefore, the step may be im-
plemented by an ad hoc procedure that uses “an” estimate (rather than “the”
estimate) of conditional expectation, calculated by a first-step regression on
variables assumed uncorrelated with ν, which amounts to an instrumental vari-
able procedure. Thus the equation of interest becomes

y1i = exp
[
x′

iβ + αE[̂y2i | zi ] − α(E[̂y2i | zi ] − E[y2i | zi ])
]
νi .

For example, for the binary y2 variable, the first stage could generate the fit-
ted probability, a proxy for E[̂y2i | zi ], from a probit regression. The analysis
of y1i would be conditional on stage-one estimates. This problem is further
analyzed in Chapter 11.

8.3 Parametric Models

8.3.1 Bivariate Poisson

Unlike the case of the normal distribution, there is no unique multivariate Pois-
son. There are several ways in which a model with Poisson marginals can be
derived. Often any distribution that leads to Poisson marginals is referred to as
a multivariate Poisson.

A well-established technique for deriving multivariate (especially bivariate)
count distributions is the method of mixtures and convolutions. The oldest and
the most studied special case is the bivariate Poisson model, which can be
generated by sums of independent random counts with common components
in the sums, also called the trivariate reduction technique (Kocherlakota and
Kocherlakota, 1993). Suppose count variables y1 and y2 are defined as

y1 = u + w, (8.6)

y2 = v + w, (8.7)

and u, v, and w are independently distributed as Poisson variables with parame-
ters µ1, µ2, and µ3, respectively, µ j > 0, j = 1, 2, 3. Then the joint frequency
distribution, which is derived in section 8.7, is given by

f (y1 = r, y2 = s) = exp(µ1 + µ2 + µ3)
min(r,s)∑

l=0

µr−l
1 µs−l

2 µl
3

(r − l)!(s − l)!l!
.

(8.8)

The marginals are, respectively,

y1 ∼ P[µ1 + µ3], (8.9)
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and

y2 ∼ P[µ2 + µ3], (8.10)

with the squared correlation given by

ρ2 = µ2
3

(µ1 + µ3)(µ2 + µ3)
, (8.11)

(see Johnson and Kotz, 1969). Allowing for heterogeneity by allowing the
parameters to vary across individuals implies that the correlation between events
also varies across individuals. However, maximum correlation between y1 and
y2 is given by µ3/[µ3 + min(µ1, µ2)]. Gourieroux et al. (1984b) present a
different derivation of the bivariate Poisson.

The use of trivariate reduction technique leads to the following properties:

1. In general, in multivariate nonnormal distributions the correlation does
not fully describe the dependence structure of variables. However, in
this special case the correlation coefficient fully characterizes depen-
dence, and no additional measures of dependence are needed.

2. The marginal distributions for y1 and y2 are both Poisson. Hence, with a
correctly specified conditional mean function the marginal models can
be estimated consistently, but not efficiently, by maximum likelihood.
Joint estimation is more efficient even if the two mean functions depend
on the same covariates.

3. This model only permits positive correlation between counts.

Then the log-likelihood for the model is

L(µ1, µ2, µ3 | y1, y2, x) =
n∑

i=1

µ3i −
n∑

i=1

(µ1i + µ2i ) +
n∑

i=1

ln Si ,

where

Si =
min(y1i ,y2i )∑

l=0

µ
y1i −l
1 µ

y2i −l
2 µl

3

(y1i − l)!(y2i − l)!l!
.

At this stage there are two ways to proceed. One approach parameterizes the sum
µ1i + µ2i as an (exponential) function of xi . A second approach parameterizes
µ1i and µ2i individually in terms of same or different covariates. The two
approaches imply different specifications of the conditional means. Taking the
second approach, assume that µ3i = µ3, µ1i = exp(x′

iβ) and µ2i = exp(x′
iγ).

This leads to the log-likelihood

L(β,γ, µ3 | y1, y2, x) = nµ3 −
n∑

i=1

(
exp
(
x′

iβ
)+ exp

(
x′

iγ
))

+
n∑

i=1

ln Si .
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King (1989a) calls this seemingly unrelated Poisson regression maximum
likelihood estimator (SUPREME) by analogy with the well-known seemingly
unrelated least squares model. Jung and Winkelmann (1993), in their application
of the bivariate Poisson to the number of voluntary and involuntary job changes,
assume a constant covariance and exponential mean parameterization for the
marginal means so that µ j + µ3 = exp(x′

jβ j ), j = 1, 2; this allows the two
means to depend on separate or common sets of covariates. This assumption
substituted into (8.8) provides the basis for deriving the joint likelihood of the
unknown parameters.

Bivariate Poisson is a special case of the generalized exponential family
(Jupp and Mardia, 1980; Kocherlakota and Kocherlakota, 1993)

f (y1, y2 | µ1, µ2, ρ) = exp
{
µ′

1v(y1) + v(y1)′ρw(y2) + µ′
2w(y2)

− c(µ1, µ2, ρ) + d1(y1) + d2(y2)
}

(8.12)

where v(·), w(·), d1(·) and d2(·) are functions, and c(µ1, µ2, 0) = c1(µ1)c2(µ2).
Under independence, ρ = 0, in which case the right-hand side is a product of two
exponential families. In this family ρ = 0 is a necessary and sufficient condition
for independence. The correlation coefficient is increasing in µ3 and decreasing
steeply in both µ1 and µ2.

8.3.2 Other Fully Parametric Models

The bivariate Poisson can be generalized and extended to allow for unobserved
heterogeneity and overdispersion in the respective marginal distributions using
mixtures and convolutions as in the univariate case.

Marshall and Olkin (1990) generate multivariate distributions from mix-
tures and convolutions of product families in a manner analogous to equation
(4.10), which leads to compound marginal distributions. Consider the bivariate
distribution

f (y1, y2 | x1, x2) =
∫ ∞

0
f1(y1 | x1, ν) f2(y2 | x2, ν)g(ν) dν, (8.13)

where f1, f2, and g are univariate densities, and ν may be interpreted as com-
mon unobserved heterogeneity affecting both counts. Multivariate distributions
generated in this way have univariate marginals in the same family (Kocher-
lakota and Kocherlakota, 1993). Thus, a bivariate negative binomial mixture
generated in this way will have univariate negative binomial mixture densities.
This approach suggests a way of specifying or justifying overdispersed and
correlated count models, based on a suitable choice of g(·), more general than
in the example given above. Marshall and Olkin (1990) generate a bivariate
negative binomial distribution beginning with f (y1) and f (y2), which are Pois-
son with parameters µ1ν and µ2ν, respectively; ν has gamma distribution with
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parameter α−1. That is,

h(y1, y2 | µ1, µ2, α
−1) =

∫ ∞

0
[(µ1ν)y1 exp(−µ1ν)/y1!]

× [(µ2ν)y2 exp(−µ2ν)/y2!
][

να−1−1 exp(−ν)/�(α−1)
]
dν

= �
(
y1 + y2 + α−1

)
y1!y2!�(α−1)

[
µ1

µ1 + µ2 + 1

]y1
[

µ2

µ1 + µ2 + 1

]y2

×
[

1

µ1 + µ2 + 1

]α−1

. (8.14)

The marginals are again univariate negative binomial and the correlation is
positive. After parameterizing (µ1, µ2) maximum likelihood estimation ap-
pears feasible, but to date there do not appear to have been applications or
documented computational experience. Note that a result of Lindeboom and
van den Berg (1994) for bivariate survival models indicates that it is hazardous
to estimate bivariate models in which mutual dependence survival times arise
purely from unobserved heterogeneity characterized as a univariate random
variable. This result is also likely to apply to bivariate count models, and it sug-
gests the desirability of flexible handling of the correlation structure between
counts.

More flexible bivariate and multivariate parametric count data models can be
constructed by introducing correlated, rather than identical, unobserved hetero-
geneity components in models. For example, suppose y1 and y2 are, respectively,
P[µ1 | ν1] and P[µ2 | ν2] with E[ν1] = E[ν2] = 1, and

µ1 = exp(β0 + ν1 + x′β1) (8.15)

and

µ2 = exp(β0 + ν2 + x′β2), (8.16)

where ν1 and ν2 represent unobserved heterogeneity; their presence induces
overdispersion in the marginal distributions of y1 and y2. Dependence between
y1 and y2 is induced if ν1 and ν2 are correlated. In these cases the marginal
distributions for y1 and y2 exhibit both overdispersion and dependence, but
in general in such cases neither the joint nor the marginal distributions have
closed-form expressions. The joint distribution can be derived by extending the
approach based on (8.13). For example, the assumption of common heterogene-
ity may be replaced by a bivariate normal distribution of (ν1, ν2). Maximum
likelihood estimation of such models requires numerically intensive methods,
such as numerical or Monte Carlo integration.
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8.4 Moment-Based Estimation

8.4.1 Bivariate Poisson with Heterogeneity

We wish to allow jointly for departures from equidispersion and a flexible pat-
tern of correlation between counts. But we also want a tractable estimation pro-
cedure. With these motivations, Gourieroux et al. (1984b, pp. 716–717) propose
a sequential moment-based procedure for a bivariate count model. Their model
is more general than the bivariate Poisson because it permits overdispersion in
the conditional distributions.

The pair (y1, y2) have a common additive stochastic component v as in

y1 = u + v

y2 = w + v,
(8.17)

conditional on an unobserved component, respectively ν1, ν2, ν3, the component
random variables u,v andw are each Poisson distributed. The conditional means
and variances, suppressing the conditioning on x for notational simplicity, are
as follows:

E[u | ν1] = exp
(
x′

1β1 + ν1
)

E[v | ν2] = exp
(
x′

2β2 + ν2
)

(8.18)

E[w | ν3] = exp
(
x′

3β3 + ν3
)
,

E[yi |ν i ] =
[

E[y1i | ν1i , v2i ]

E[y2i | ν2i , v3i ]

]

=
[

exp
(
x′

1iβ1 + ν1i
)+ exp

(
x′

2iβ2 + ν2i
)

exp
(
x′

2iβ2 + ν2i
)+ exp

(
x′

3iβ3 + ν3i
)] , (8.19)

where, the unobserved components νi are assumed to have moments

E[ν i ] = E

ν1i

ν2i

ν3i

 =

1

1

1

 ; V[ν i ] = Ω; i = 1, . . . , n. (8.20)

Define the (2 × 1) row vector y′
i = (y1i , y2i ), i = 1, . . . , n, and (2 × 3) matrix

Mi =
[

exp
(
x′

1iβ1

)
exp
(
x′

2iβ2

)
0

0 exp
(
x′

2iβ2

)
exp
(
x′

3iβ3

)] . (8.21)

Further,

V[yi |ν i ] =
[

exp
(
x′

1iβ1

)+ exp
(
x′

2iβ2

)
exp
(
x′

2iβ2
)

exp
(
x′

2iβ2

)
exp
(
x′

2iβ2

)+ exp
(
x′

3iβ3
)
]
.

(8.22)
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Unconditionally, the first two moments of y are, respectively,

E[yi ] =
[

E[y1i ]

E[y2i ]

]
=
[

exp
(
x′

1iβ1

)+ exp
(
x′

2iβ2

)
exp
(
x′

2iβ2

)+ exp
(
x′

3iβ3

)] (8.23)

and

V[yi ] = Vi = V1i + MiΩM′
i , (8.24)

where

V1i =
[

exp
(
x′

1iβ1

)+ exp
(
x′

2iβ2

)
exp
(
x′

2iβ2
)

exp
(
x′

2iβ2

)
exp
(
x′

3iβ3

)+ exp
(
x′

2iβ2
)] ,

and

MiΩM′
i =[

a2ω11+ abω21+ baω12+ b2ω22 baω12+ b2ω22+ caω13+ cbω23

abω21+ acω31+ b2ω22+ bcω32 b2ω22+ bcω32+ cbω23+ c2ω33

]
,

where a = exp(x′
1iβ1), b = exp(x′

2iβ2), and c = exp(x′
3iβ3) and ω jk is the jk th

entry of 	. This result is obtained by applying (4.4).
Then the QGPML estimator of (β1,β2,β3) may be obtained by minimizing

n∑
i=1

(yi − E[yi ])
′V̂−1

i (yi − E[yi ]), (8.25)

where V̂i is a consistent estimator of the variance of yi , denoted Vi .
The two-step QGPML estimator can be computed by the following algorithm:

1. Obtain consistent estimates of (β1,β2,β3) using a method such as
NLS, based on the conditional means given in (8.23). Use them to
obtain consistent estimates (â, b̂, ĉ).

2. Obtain a consistent estimator of the elements of Ω by auxiliary linear
regressions of the distinct elements of the (2×2) matrix (V̂i − V̂1i ) on
the corresponding elements of the (2×2) matrix M̂iΩM̂′

i (the elements
of V̂i are squares or cross-products of raw residuals from step 1). This
step is suggested by the structure of the variance matrix as given in
equation (8.24). For example, the regression of the (1, 1) element of
(V̂i −V̂1i ) on (â2, 2âb̂, b̂2) will yield estimates of ω11, ω21(=ω12), and
ω22.

3. Obtain an estimate of Vi by substituting (β̂1, β̂2, β̂3, Ω̂) into the ex-
pression (8.24) for Vi .

4. Minimize the objective function (8.25) and obtain the asymptotic co-
variance matrix by specializing the result (2.76) in Chapter 2.

This moment-based estimator is not entirely without problems. Note that
because the three regressions yield nine estimates of six distinct elements of Ω,
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there is a problem of nonuniqueness. Further, the consistent estimates need not
lead to a symmetric positive definite Ω̂ required for second-stage estimation.
The nonuniqueness problem can be tackled by estimating the auxiliary regres-
sions as a system of three linear regressions constrained to yield a symmetric
Ω̂ , but the lack of positive definiteness may remain a problem in small samples.

8.4.2 Seemingly Unrelated Regressions

Consider a multivariate nonlinear heteroskedastic regression model of the form

yj = exp
(
x′

jβ j

)+ u j , j = 1, 2, . . . , m,

where yj is an n × 1 vector on the j th component of the regression and
E[u j u′

k] = σ (x j , xk). Define the following stacked (nm × 1) vectors y and u,

(nm × 1) vector µ(β), (km × 1) vector β, and (nm × nm) matrix Σ(X):

y =


y1

. . .

. . .

ym

 , µ(β) =


exp
(
x′

1β1

)
. . .

. . .

exp
(
x′

mβm

)
 , β=


β1
. . .

. . .

βm

 , u =


u1

. . .

. . .

um

 .

�(X) =


σ (X1) . . . . σ (X1, Xm)
. . . . . .

. . . . . .

σ (X1, Xm) . . . . σ (Xm)

 .

In this case association between elements of y arises only through the covariance
matrix Σ. If Σ is diagonal then conditional modeling of each component of
y is simpler and equivalent to joint modeling. The above formulation does
not specify the functional form of the elements in the Σ(X) matrix, but the
general notation is intended to imply that there is heteroskedasticity within
each equation. At this level of generality the problem of consistent estimation
and inference of parameters β is difficult.

An important difference between the above formulation and that given in the
preceding section lies in the treatment of the variances. The marginal means in
the two models are the same.

In the context of a linear multiple regression with a linear conditional expec-
tation E[yi | xi ] = x′

iβ, Robinson (1987) gives conditions under which asymp-
totically efficient estimation is possible in a model in which the variance function
σi (x) has an unknown form. His technique is to estimate a variance function
V[yi | x] = σi (x) by kernel estimators of E[yi | x] and E[y2

i | x], and then estimate
β using the WLS estimator

β̃ =
[

n∑
i=1

xi x′
i σ̂

−2
i

]−1 n∑
i=1

xi yi σ̂
−2
i
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and its asymptotic covariance by

V[β̃] =
[

n∑
i=1

xi x′
i σ̂

−2
i

]−1

.

Specifically, Robinson suggested using the k nearest neighbor method. We
refer to this technique as semiparametric generalized least squares (SPGLS).
Section 12.5 provides additional details of the implementation of this approach
to a single equation count model.

Delgado (1992) extended the SPGLS to multivariate nonlinear models,
which include the type considered previously. This technique amounts to non-
linear GLS estimation, based on a first-step consistent estimate of a Σ(X) matrix
using the k nearest neighbor method and then minimizing the quadratic form

u(β)′[Σ̂(X)]−1u(β),

where Σ̂(X) denotes the consistent first-step estimator based on nonlinear seem-
ingly unrelated regression estimates of β. Practical experience with the mul-
tivariate SPGLS estimator is limited, but Delgado provides some simulation
results. The efficiency of such estimators is a complex issue (Newey, 1990b;
Chamberlain, 1992a).

8.5 Orthogonal Polynomial Series Expansions

8.5.1 Definitions and Conditions

A useful (but not widely used) technique for generating and approximating mul-
tivariate discrete distributions is via a sequence of orthogonal or orthonormal
polynomial expansions for the unknown joint density. For example, the bivari-
ate density f (y1, y2) may be approximated by a series expansion in which the
terms are orthonormal polynomials of the univariate marginal densities f (y1)
and f (y2). A required condition for the validity of the expansion is the existence
of finite moments of all orders, denoted µ(k), k = 1, 2, . . . .

Begin by considering an important definition in a univariate context.

Definition (Orthogonality). An orthogonal polynomial of integer order j , de-
noted by Q j (yi ) , j = 1, . . . , K , or more compactly just Q j (y), has the property
that ∫

Q j (y)Qk(y) f (y)dy = δ jkσ j j , (8.26)

where δjk is the Kronecker delta, which equals zero if j = k and one otherwise,
and σj j denotes the variance of Q j (y). That is,

E f
[
Q j (yi )Qk(yi )

] = δ jkσ j j . (8.27)
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An orthogonal polynomial obtained by a scale transformation of Q j (y) such that
it has unit variance is referred to as orthonormal polynomial of degree j . Thus
Qj (y)/

√
σ j j is an orthonormal polynomial; it has zero mean and unit variance.

For convenience we use the notation Pj (y) to denote a j th order orthonormal
polynomial.

Let ∆ be a matrix whose i j th element is µ(i+ j−2)(i ≥ 1, j ≥ 1). Then the
necessary and sufficient condition for an arbitrary sequence {µ(k)} to give rise to
a sequence of orthogonal polynomials, unique up to an arbitrary constant, is that
∆ should be positive definite (Cramer, 1946). An orthonormal sequence Pj (y)
is complete if, for every function R(y) with finite variance, V[R(y)] =∑∞

j=0 a2
j ,

where a j = E[R(y)Pj (y)].

8.5.2 Univariate Expansion

A well-behaved or regular pdf has a series representation in terms of orthogonal
polynomials with respect to that density (Cramer, 1946, chapter 12; Lancaster,
1969). Let {Qj (y), j = 0, 1, 2, . . . ; Q0(y) = 1} be a sequence of orthogonal
polynomials for f (y). Let H (y) denote the true but unknown distribution func-
tion and h(y) denote a data density that satisfies regularity conditions (Lancaster,
1969). Then the following series expansion of h(y) around a baseline density
f (y) is available:

h(y) = f (y)

[
1 +

∞∑
j=1

a j Q j (y)

]
. (8.28)

Multiplying both sides of (8.28) by Qj (y) and integrating shows that the coef-
ficients in the expansion are defined by

a j =
∫

Qj (y)h(y)dy = Eh[Qj (y)], (8.29)

which are identically zero if h(y) = f (y). The terms in the series expansion
reflect the divergence between the true but unknown pdf h(y) and the assumed
(baseline) pdf f (y). A significant deviation implies that these coefficients are
significantly different from zero. The orthogonal polynomials Qj (y) have a zero
mean property, that is,

E[Q j (y)] = 0. (8.30)

Further, the variance of Qj (y), evaluated under f (y), is given by E[Q2
j (y)].

A general procedure for deriving orthogonal polynomials is discussed in
Cameron and Trivedi (1990b). For selected densities the orthogonal polynomi-
als can also be derived using generating functions. These generating functions
are known for the classical cases and for the Meixner class of distributions,
which includes the normal, binomial, negative binomial, gamma, and Poisson
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densities (Cameron and Trivedi, 1993). For ease of later reference we also note
the following expressions for Qj (y), j = 0, 1, 2;

Q0(y) = 1

Q1(y) = y − µ

Q2(y) = (y − µ)2 − (µ3/µ2)(y − µ) − µ2,

where µk , k = 1, 2, and 3 denote, respectively, the first, second, and third central
moments of y. Hence, it is seen that the orthogonal polynomials are functions
of the “raw” residuals (y − µ).

8.5.3 Multivariate Expansions

We first consider the bivariate case. Let f (y1, y2) be a bivariate pdf of ran-
dom variables y1 and y2 with marginal distributions f1(y) and f2(y) whose
corresponding orthogonal polynomial sequences (OPSs), are Qj (y) and Rj (y),
j = 0, 1, 2, . . . . If h(·) satisfies regularity conditions then the following expan-
sion is formally valid:

f (y1, y2) = f1(y1) f2(y2)

[
1 +

∞∑
j=1

∞∑
k=1

ρ jk Qj (y1)Rk(y2)

]
(8.31)

where

ρ jk = E[Q j (y1)Rk(y2)]

=
∫ ∫

Q j (y1)Rk(y2) f (y1, y2) dy1 dy2.

The derivation of this result is similar to that given earlier for the aj coefficients
(Lancaster, 1969, p. 97).

The general multivariate treatment has close parallels with the bivariate case.
Consider r random variables (y1, . . . , yr ) with joint density f (y1, . . . , yr ) and
r marginals f1(y1), f2(y2), . . . , fr (yr ) whose respective OPSs are denoted by
Qi

s(y), s = 0, 1, . . . ,∞; i = 1, 2, . . . , r . Under regularity conditions the joint
pdf admits a series expansion of the same type as that given in equation (8.31);
that is,

f (y1, . . . , yr )

= f1(y1) f2(y2)· · · · fr (yr )

[
1 +

r∑
i< j

r∑
j

∞∑
s

∞∑
t

ρ
i j
st Qi

s(yi )Q j
t (y j )

+
r∑

i< j

r∑
j < k

r∑
k

∞∑
s

∞∑
t

∞∑
o

ρ
i jk
sto Qi

s(yi )Q j
t (y j )Qk

o(yk)

]
, (8.32)

where ρ
i j
st denotes the correlation coefficient between Qi

s(yi ) and Q j
t (y j ).
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8.5.4 Tests of Independence

Series expansions can be used to generate and estimate approximations to un-
known joint densities in a manner similar to the “seminonparametric” approach
of Gallant and Tauchen (1989), adapted and applied to univariate count data by
Cameron and Johansson (1997). Section 12.3 provides details of implement-
ing this approach using nonorthogonal polynomial expansions. The objective
is estimation of flexible parametric forms. The approach has not yet been sys-
tematically applied to multivariate count models.

In this section we present applications of series expansions only to tests of
independence in a multivariate framework assuming given marginals, leaving
the estimation problem to a later section. A complication in estimation, not
present in testing, is the need to ensure the more general series-expansion
density is properly defined. This leads to replacing the term in square brackets
in (8.28) by its square, requiring the introduction of a normalizing constant.
Also the order of the polynomial is truncated at less than infinity. Our treatment
of testing follows the developments in Cameron and Trivedi (1990b, 1993).

Unfortunately, except in special cases such as the bivariate Poisson or the
negative binomial, it is often not possible to express bivariate distributions
in a flexible closed form. Wald and LR procedures are then not feasible for
testing either the hypothesis of independence or the restricted hypothesis of
zero correlation. In contrast, score and CM tests based on estimation under the
null of independence are appealing. The null of zero correlation is the usual
starting point for testing independence, but in non-Gaussian models this is, in
general, only a necessary, not sufficient, condition for independence.

Using the key idea that under independence the joint pdf factorizes into a
product of marginals, Cameron and Trivedi (1993) developed score-type tests
of independence based on a series expansion of the type given in (8.31). The
leading term in the series is the product of the marginals; the remaining terms in
the expansion are orthonormal polynomials of the univariate marginal densities.
The idea behind the test is to measure the significance of the higher-order terms
in the expansion using estimates of the marginal models only. The conditional
moment test of independence consists of testing for zero correlation between all
pairs of orthonormal polynomials. The steps are: First, specify the marginals
and estimate their parameters. Then, evaluate the orthogonal or orthonormal
polynomials at the estimated parameter values. Finally, calculate the tests.

Given the marginals and corresponding orthogonal polynomials, the tests
can be developed as follows. Using equation (8.31), the test of independence
in the bivariate case requires us to test H0 : ρ jk = 0 (all j, k). This onerous
task may be simplified in one of two ways. The null may be tested against
an alternative in which dependence is restricted to be a function of a small
number of parameters, usually just one. Or we may approximate the bivariate
distribution by a series expansion with a smaller number of terms and then
derive a score (LM) test of the null hypothesis H0 : ρ jk = 0 (some j, k). For
independence we require ρ jk = 0 for all j and k. By testing only a subset
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of the restrictions, the hypothesis of approximate independence is tested. If
p = 2, this is equivalent to the null hypothesis H0: ρ11 = ρ22 = ρ12 = ρ21 = 0.
For general p, the appropriate moment restriction is: E0[Q j (y1)Rk(y2)] = 0,
j, k = 1, 2, . . . , p, where E0 denotes expectation under the null hypothesis of
independence of y1 and y2.

The key moment restriction is

E0[Sjk(y, x,θ)] = 0,

where Sjk(y, x,θ) = Qj (y1 | x1,θ1)Rk(y2 | x2,θ2). The conditioning opera-
tor is used to make explicit the presence of subsets of regressors x in the
model. By independence of Qj and Rk , and using the property that E0[R j (·)] =
E0[Qk(·)] = 0, and conditional on x,

V0[Sjk(·)] = ( E0[R j (·)])2 V0[Qk(·)] + ( E0[Qk(·)])2 V0[R j (·)]
+ V0[Qk(·)] V0[R j (·)] = V0[Qk(·)] V0[R j (·)].

Assume initially that the parameters of the marginal distributions are known.
By application of a central limit theorem for orthogonal polynomials Q j,i and
Rk,i , which have zero mean by construction, we can obtain the following test
statistic for the null hypothesis of H0 : ρ jk = 0:

r2
jk =

(
n∑

i=1

Q j,i Rk,i

)[
n∑

i=1

(Q j,i Rk,i )
2

]−1( n∑
i=1

Q j,i Rk,i

)
a∼ χ2(1).

(8.33)

Note that r2
jk can be computed as n times the uncentered R2

U (equals the
proportion of the uncentered explained sum of squares) from the auxiliary
regression of 1 on Q j,i Rk,i .

For orthonormal polynomials, distinguished by an asterisk, we have the
result that

E0

(
n∑

i=1

Q∗2
j,i

)(
n∑

i=1

R∗2
k,i

)
= n−1 E0

(
n∑

i=1

(
Q∗

t,i R∗
s,i

)2)
,

by the properties of homoskedasticity and independence of Q∗
t,i and R∗

s,i . A test
of the null hypothesis of H0 : ρts = 0 is

r2
jk = n

(
n∑

i=1

Q∗
j,i R∗

k,i

)((
n∑

i=1

Q∗2
j,i

)(
n∑

i=1

R∗2
k,i

))−1

×
(

n∑
i=1

Q∗
j,i R∗

k,i

)
a∼ χ2(1). (8.34)

These polynomials are functions of parameters θ. To implement the tests
they are evaluated at the maximum likelihood estimates. Consider the effect of
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substituting the estimated parameters θ̂1 forθ1 and θ̂2 forθ2 in the test statistics.
Using the general theory of conditional moment tests given in Chapter 2.6, and
specifically noting that the derivative condition (5.59)

E0[�θSjk,i (y, x, θ̂ | x)] = 0

is satisfied, it follows that the asymptotic distribution of the test statistics (8.33)
and (8.34) is not affected by the replacement of θ by θ̂.

The application of these ideas to the multivariate case is potentially bur-
densome because it involves all unique combinations of the polynomials of
all marginal distributions. If the dimension of the y vector is large, it would
seem sensible to exploit prior information on the structure of dependence in
constructing a test. It is simpler to test for zero correlation between two subsets
of y, denoted y1 and y2, of dimensions r1 and r2, respectively, with the covari-
ance matrix Σ = [Σ jk], j, k = 1, 2. Define the squared canonical correlation
coefficient

ρ2
c = (vecΣ21)′

(
Σ−1

11 ⊗ Σ−1
22

)
(vecΣ21)

= tr
(
Σ−1

11 Σ12Σ−1
22 Σ21

)
, (8.35)

which equals zero under the null hypothesis of independence of y1 and y2. Let
r2
c denote the sample estimate of ρ2

c . Then, analogous to the test in (8.34) we
have the result that

n r2
c

d→ χ2(r1r2). (8.36)

See Jupp and Mardia (1980) and Shiba and Tsurumi (1988) for related results.
In practice tests of independence may simply turn out to be misspecification

tests of misspecified marginals. The tests may be significant because the base-
line marginals are misspecified, not necessarily because the variables are de-
pendent. However, rather remarkably, in the bivariate case if only one marginal
is misspecified, the tests retain validity as tests of independence. See Cameron
and Trivedi (1993, pp. 34–35), who also investigate properties of the tests in
Monte Carlo experiments. The investigations of these tests for bivariate count
regression models show that the tests have the correct size and high power if
the marginals are correctly specified, but they overreject if the marginals are
misspecified.

8.5.5 Example: Medical Services

Table 8.1 shows first- and second-order polynomials for the specific cases of
Poisson, NB1 (with overdispersion parameter α1), and NB2 (with overdispersion
parameter α2).

Data on Australian healthcare utilization, which were introduced in sec-
tion 1.4, were used to calculate tests of independence among six possible bi-
variate pairs using data on hospital admissions (HOSPADM), the number of
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Table 8.1. Orthogonal polynomials: first and second order

Density Q1(y) Q2(y)
Poisson y − µ (y − µ)2 − y
NB1 y − µ (y − µ)2 − (2α1 − 1)(y − µ) − α1µ

NB2 y − µ (y − µ)2 − (1 + 2α2µ)(y − µ) − (1 + α2µ)µ

Table 8.2. Health services: pairwise
independence tests

Pair (1) (2) (3) (4)

HOSPADM, HOSPDAYS 189.6 72.43 275.2 94.7
HOSPADM, PRESC 20.28 22.88 4.82 .18
HOSPADM, NONPRESC .20 16.26 .82 .05
HOSPDAYS, PRESC .18 10.06 1.09 9.23
HOSPDAYS,NONPRESC .01 1.91 .55 .16
PRESC, NONPRESC 9.20 9.85 4.35 4.07

Note: This table gives the test statistic (8.33); j, k = 1 in
column (1); j, k = 2 in column (2); j = 1, k = 2 in column
(3); j = 2, k = 1 in column (4).

days spent in hospital (HOSPDAYS), and the number of prescribed (PRESC)
and nonprescribed (NONPRESC) medicines taken. NB1 specifications were es-
timated using the specification in Cameron et al. (1988). Table 8.2 gives the
values of the test statistic (8.33) using four combinations with j = 1, 2, and
k = 1, 2. For approximate independence, it is required that all statistics in each
row should be small. There is strong evidence that (HOSPADM, HOSPDAYS),
(PRESC, NONPRESC), and (HOSPADM, PRESC) are dependent pairs. This
finding is plausible. All equations display overdispersion, which may be due to
unobserved heterogeneity. Consequently NB1 is preferred to the Poisson. Be-
cause the explanatory variable in all the equations is the same, it seems plausible
that the unobserved heterogeneity in different equations is correlated.

8.6 Mixed Multivariate Models

8.6.1 Discrete Choice and Counts

In some studies the objective is to analyze several types of events that are mutu-
ally exclusive and collectively exhaustive. Such models involve two types of dis-
crete outcomes. An example is the frequency of visits to alternative recreational
sites. Typically one observes (yi j , xi j ; i = 1, . . . , n; j = 1, . . . , M) where i is
the individual subscript and j is the destination subscript. The variable y mea-
sures trip frequency and x refers to covariates. In this section we consider a
framework for modeling such data. For simplicity we suppress the subscript i .
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The starting point in such an analysis is to condition on the total number of
events across all types, using the multinomial distribution,

f (y | N ) = N !

∏M
j=1 p

y j

j∏M
j=1 y j !

, (8.37)

where y = (y1, . . . ., yM ), y j ∈ {0, 1, 2, . . . ; j = 1, . . . , M} where pj denotes
the probability of j th type of event, so that

∑
p j = 1, y j denotes the frequency

of the j th event, and
∑

y j = N denotes the total number of outcomes across the
alternatives. The multinomial distribution is conditional on the total number of
all types of events, N . This is a useful specification for analyzing if N is given.

If it is assumed that each event frequency type has the Poisson density

f (y j = r j ) = e−µ j µ
r j

j

r j !
, yj ∈ {0, 1, 2, . . . , j = 1, . . . , M},

then the frequencies of different events may be written as

f ∗(y1, . . . , yJ ) =
M∏

j=1

e−µ j µ
r j

j

r j !
. (8.38)

In this approach one simply estimates the Poisson regression for each type of
event.

An alternative approach combines the conditional multinomial probability
with the probability of the total number of events,

Pr[y] = Pr
[∑

y j = N
]

Pr[y | N ],

where the probability function Pr[y | N ] is sometimes based on the multino-
mial logit (Hausman, Leonard, and McFadden, 1995) or the conditional logit.
Although in principle a more flexible specification such as the multinomial pro-
bit may be used, the choice of the multinomial logit is computationally more
tractable when M � 3.

Terza and Wilson (1990) propose a mixed multinomial (logit) Poisson model
which is specified as

f MP(y) =
(

M∏
j=1

p
y j

j

)e−µµ

[∑M
j=1 y j

]
∏M

j=1 y j !

 ,

where

p j = exp
[
x′

jβ j

]∑M
j=1 exp

[
x′

jβ j

]
µ =

M∑
j=1

µ j ,

µ j = p jµ.
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Combining these equations with the (8.38) specification, it is seen that the
mixed multinomial Poisson and the M individual Poisson specifications are
equivalent.

The estimation of the mixed model by maximum likelihood is simplified
on noting that the log-likelihood is additive in the parameters (β1, . . . ,βM )
and µ. Hence, to maximize the likelihood one can sequentially estimate the
sublikelihoods for the Poisson model for the total number of events, N , and for
the multinomial model for the choice probabilities, although not necessarily in
that order.

This analysis remains valid if the Poisson specification is replaced by one of
the modified or generalized variants discussed in Chapter 4, and the multinomial
logit is replaced by a nested multinomial logit. For example, Terza and Wilson
(1990) use a mixed multinomial logit and Poisson hurdles specification.

Hausman, Leonard, and McFadden (1995) develop a joint model of choice
of recreational sites and number of recreational trips. They use panel data
from a large-scale telephone survey of Alaskan residents. Although there are
similarities with Terza and Wilson (1990), their model explicitly incorporates
restrictions from utility theory. The model conforms to a two-stage budgeting
process. First a multinomial model is specified and estimated for explaining the
choice of recreational sites in Alaska. Explanatory variables x include the prices
associated with the choice of sites. The estimates from this model are used to
construct a price index for recreational trips. This price index subsequently
becomes an explanatory variable in the count model for total number of trips,
which the authors specify as a fixed-effects Poisson (see Chapter 9). The two-
step modeling approach is described as utility consistent in the sense that it is
consistent with two-stage consumer budgeting. At step one the consuming unit
allocates a utility-maximizing expenditure on the total number of trips. At the
second stage this amount is optimally allocated across trips to alternative sites.

8.6.2 Counts and Continuous Variables

We begin with an example (van Praag and Vermeulen, 1993) in which the
data consist of number of events (shopping trips or number of plane trips),
denoted by y1, and the vector of outcomes (recorded expenditures), denoted by
y′

2 = (y21, . . . , y2k) where k refers to the number of events, y1 = k. The objective
is to formulate a joint probability model

f (y1 |θ1)g(y2 |θ2, y1) = Pr[y1 = k] Pr
[
y′

2 = (y21, . . . , y2k)
]
,

where (θ1,θ2) are unknown parameters, and x is a set of explanatory variables.
In one formulation the joint modeling is accomplished by assuming that

conditional on x the variables y1 and y2 are stochastically independent. One
could interpret this to mean that the dependency is captured through x. Under
this assumption the joint log-likelihood L(θ1,θ2) factors into a component for
count and another component for the amount, which may be estimated sepa-
rately. The assumptions permit one to specify a flexible model for the counts,



272 8. Multivariate Data

accounting for example for the presence of excess of zero counts due to taste
differences in the population, and possible truncation of expenditures due to,
for example, expenditures smaller than a specified amount, say y2,min, not be-
ing recorded. van Praag and Vermeulen (1993) estimate a count–amount model
for tobacco, bakery, and aggregate food expenditures in which the frequencies
are modeled by a zero-inflated NB model and the amounts are modeled by a
truncated normal.

The assumption of stochastic independence is convenient because it simpli-
fies maximum likelihood estimation by making the log-likelihood functionally
separable in the components θ1 and θ2, but in certain cases the assumption
may be tenuous. For example, in the above case of the count–amount model,
consider the availability of bulk discounts in shopping, which may provide an
incentive for larger but fewer transactions. This dependency might be captured
by using bulk discount as an explanatory variable.

Maximum likelihood modeling of counts and amounts, or counts and other
discrete variables, allowing for stochastic dependencies, is problematic because
of the obvious difficulty of formulating suitable joint probability distributions.
In such cases moment-based estimators have a greater appeal.

8.7 Derivations

Kocherlakota and Kocherlakota (1993) show several ways in which the bivariate
Poisson distribution may arise. The method of trivariate reduction is one that is
commonly used. The joint pgf of y1 and y2 defined at (8.6) and (8.7) is

P(z1, z2) = E
[
zy1

1 zy2
2

]
= E

[
zu

1 zv
2(z1z2)w

]
= exp[µ1(z1 − 1) + µ2(z2 − 1) + µ3(z1z2 − 1)]

= exp[(µ1 + µ3)(z1 − 1) + (µ2 + µ3)(z2 − 1)

+ µ3(z1 − 1)(z2 − 1)]. (8.39)

The marginal pgf are

Pj (z) = exp[
(
µ j + µ3

)
(z − 1)], j = 1, 2, (8.40)

whence the marginal distributions are y1 ∼ P[µ1 + µ3] and y2 ∼ P[µ2 + µ3].
The condition for the independence of y1 and y2 is that the joint pgf is the
product of the two marginals, which is true iff µ3 = 0.

To derive the joint probability function expand (8.39) in powers of z1 and z2

as

P[z1, z2] = exp[µ1 + µ2 + µ3]
∞∑

i=0

µi
1zi

1

i!

∞∑
j=0

µ
j
2z j

2

j!

∞∑
k=0

µk
3zk

1zk
2

k!
,

(8.41)
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which yields the joint frequency distribution as the coefficient of zr
1zs

2:

f (y1 = r, y2 = s) = exp[µ1 + µ2 + µ3]
min(r,s)∑

i=0

µr−i
1 µs−i

2 µi
3

(r − i)!(s − i)!i!
.

(8.42)

The covariance between y1 and y2, using the independence of u, v, w, is given
by

Cov[y1, y2] = Cov[u + w, v + w]

= V[w]

= µ3,

and the correlation is given by

Cov[y1, y2]/
√

V[y1] V[y2] = µ3/
√

(µ1 + µ3)(µ2 + µ3).

Jung and Winkelmann (1993, pp. 555–556) provide first and second derivatives
of the log-likelihood.

If the method of trivariate reduction is used, zero correlation between any
pair implies independence.

8.8 Bibliographic Notes

An introductory survey of multivariate extensions of GLMs is given in Fahrmeier
and Tutz (1994); see especially their treatment of multivariate models with cor-
related responses. Formal statistical properties of bivariate discrete models are
found in Kocherlakota and Kocherlakota (1993) and Johnson, Kotz, and Bal-
akrishnan (1997). Aitchison and Ho (1989) study a multivariate Poisson with
log-normal heterogeneity. Lindeboom and van den Berg (1994) analyze the
impact of heterogeneity on correlation between survival times in bivariate sur-
vival models; their results are suggestive of consequences to be expected in
bivariate count models. Arnold and Strauss (1988, 1992) and Moschopoulos
and Staniswalis (1994) have considered the problem of estimating the param-
eters of bivariate exponential family distributions with given conditionals. The
econometric literature on estimation of multivariate models under conditional
moment restrictions is relevant if the nonlinear generalized least squares or
SPGLS approach is followed. But only some of this relates easily to count
models; see Newey (1990a) and Chamberlain (1992a). Jung and Winkelmann
(1993) consider the number of voluntary and involuntary job changes as a
bivariate Poisson process; Mayer and Chappell (1992) apply it to study deter-
minants of entry and exit of firms. Bivariate count models have also been used
in sociology and political science. For example, Good and Pirog-Good (1989)
consider several bivariate count models for teenage delinquency and paternity,
but without the regression component. King (1989a) presented a bivariate model
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of U.S. presidential vetoes of social welfare and defense policy legislation with
a regression component. Meghir and Robin (1992) develop and estimate a joint
model of frequency of purchase and a consumer demand system for eight types
of foodstuffs using French data on households that were observed to purchase
all eight foodstuffs over the survey period. They show that consistent estimation
of the demand system may require data on frequency of purchase. They adopt a
sequential approach in which a frequency-of-purchase equation is estimated by
NLS, and the ratio of the fitted mean to actual frequency of purchase is used to
weight all observed expenditures. A system of demand equations is fitted using
these reweighted expenditures.



CHAPTER 9

Longitudinal Data

9.1 Introduction

Longitudinal data or panel data are observations on a cross-section of individual
units such as persons, households, firms, and regions that are observed over
several time periods. The data structure is similar to that of multivariate data
considered in Chapter 8. Analysis is simpler than for multivariate data because
for each individual unit the same outcome variable is observed, rather than
several different outcome variables. Analysis is more complex because this
same outcome variable is observed at different points in time, introducing time
series data considerations presented in Chapter 7.

In this chapter we consider longitudinal data analysis if the dependent vari-
able is a count variable. Remarkably, many count regression applications are to
longitudinal data rather than simpler cross-section data. Econometrics exam-
ples include the number of patents awarded to each of many individual firms
over several years, the number of accidents in each of several regions, and the
number of days of absence for each of many persons over several years. A
political science example is the number of protests in each of several differ-
ent countries over many years. A biological and health science example is the
number of occurrences of a specific health event, such as seizure, for each of
many patients in each of several time periods.

A key advantage of longitudinal data over cross-section data is that they
permit more general types of individual heterogeneity. Excellent motivation
was provided by Neyman (1965), who pointed out that panel data enable one
to control for heterogeneity and thereby distinguish between true and apparent
contagion. For example, consider estimating the impact of research and devel-
opment expenditures on the number of patent applications by a firm, controlling
for individual firm-specific propensity to patent. For a single cross-section these
controls can only depend on observed firm-specific attributes such as industry,
and estimates may be inconsistent if there is additionally an unobserved com-
ponent to individual firm-specific propensity to patent. With longitudinal data
one can additionally include a firm-specific term for unobserved firm-specific
propensity to patent.
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The simplest longitudinal count data regression models are standard count
models, with the addition of an individual specific term reflecting individual
heterogeneity. In a fixed effects model this is a separate parameter for each
individual. Creative estimation methods are needed if there are many individuals
and hence parameters in the sample. In a random effects model this individual
specific term is instead drawn from a specified distribution. Then creativity is
required either in choosing a distribution that leads to tractable analytical results
or in obtaining estimates if results are not tractable.

Asymptotic theory requires that the number of observations, here the number
of individual units times the number of time periods, goes to infinity. We focus
on the most common case of a short panel, in which only a few time periods
are observed and the number of cross-sectional units goes to infinity. We also
consider briefly the case in which the number of cross-sectional units is small but
is observed for a large number of periods, as can be the case for cross-country
studies. Then the earlier discussion for handling individual specific terms is
mirrored in a similar discussion for time-specific effects. It is important to
realize that the distribution of estimators, and which estimators are preferred,
varies according to the type of sampling scheme.

In longitudinal data analysis the data are assumed to be independent over
individual units for a given year but are permitted to be correlated over time
for a given individual unit. In the simplest models this correlation over time is
assumed to be adequately controlled for by individual-specific effects. In more
general models correlation over time is additionally introduced in ways similar
to those used in time series analysis. Finally, as in time series models, one can
consider dynamic models or transition models that add a dynamic component
to the regression function, allowing the dependent variable this year to depend
on its own value in previous years.

A review of the standard linear models for longitudinal data, with fixed ef-
fects and random effects, is given in section 9.2, along with a statement of the
analogous models for count data. In section 9.3 fixed effects models for count
data are presented, along with application to data on the number of patents
awarded to each of 346 firms in each of the years 1975 through 1979. Random
effects models are studied in section 9.4. In sections 9.3 and 9.4 both MLEs
and moment-based estimators are detailed. A discussion of applications and
of the relative merits of fixed effects and random effects approaches is given
in section 9.5. Model specification tests are presented in section 9.6. Dynamic
models, in which the regressors include lagged dependent variables, are studied
in section 9.7.

9.2 Models for Longitudinal Data

In this chapter we consider almost exclusively models that include fixed or
random individual-specific effects. Even simpler models ignore such effects,
assuming that the variation in regressors across individuals is sufficient to cap-
ture the differences in the dependent variable across individuals. We give little
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attention to these simpler models, as they do not exploit the advantage of lon-
gitudinal data over cross-section data.

9.2.1 Linear Models

Standard references for linear models for longitudinal data include Hsiao (1986),
Diggle, Liang, and Zeger (1994), and Baltagi (1995). We give a brief review.

A quite general linear model for longitudinal data is

yit = αi t + x′
i tβi t + uit , i = 1, . . . , n, t = 1, . . . , T, (9.1)

where yit is a scalar dependent variable, xi t is a k×1 vector of independent vari-
ables and uit is a scalar disturbance term. The subscript i indexes an individual
person, firm, or country in a cross-section, and the subscript t indexes time. The
distinguishing feature of longitudinal data models is that the intercept αi t and
regressor coefficients βi t may differ across individuals or time. Such variation
in coefficients reflects individual and time-specific effects. But the model (9.1)
is too general and is not estimable. Further restrictions need to be placed on the
extent to which αi t andβi t vary with i and t , and on the behavior of the error uit .

The simplest linear model is the one-way individual-specific effect model

yit = αi + x′
i tβ + uit , i = 1, . . . , n, t = 1, . . . , T, (9.2)

where uit is iid with mean 0 and variance σ 2
u . This is the standard linear re-

gression model, except that rather than one intercept α there are n individual
specific intercepts α1, . . . , αn . The two standard models based on (9.2) are the
fixed effects linear model, which treats αi as a parameter to be estimated and
excludes an intercept from xi t , and the random effects linear model, which
treats αi as an iid random variable with mean 0 and variance σ 2

α and includes
an intercept in xi t .

For the fixed effects linear model the estimator of the slope coefficients is

β̂LFE =
[

n∑
i = 1

T∑
t = 1

(xi t − x̄i )(xi t − x̄i )
′
]−1 n∑

i = 1

T∑
t = 1

(xi t − x̄i )(yit − ȳi ),

(9.3)

where x̄i = 1
T

∑T
t = 1 xi t and ȳi = 1

T

∑T
t = 1 yit are individual-specific averages

over time. The individual-specific fixed effects can be estimated by α̂i = ȳi −
x̄′

i β̂LFE. For a short panel, that is, n → ∞ and T is fixed, β̂FE is consistent for
β, while α̂i is not consistent for αi as only T observations are used in estimating
each αi .

The linear fixed effects estimator β̂LFE can be motivated in several ways.
First, joint estimation of α and β in (9.2) by OLS yields (9.3) for β. Second,
if εi t is assumed to be normally distributed, then (9.3) is obtained by maxi-
mizing with respect to β the conditional likelihood function given

∑T
t = 1 yit ,
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i = 1, . . . , n, where
∑T

t = 1 yit can be shown to be the sufficient statistic for αi .
Third, (9.2) implies

(yit − ȳi ) = (xi t − x̄i )
′β + (uit − ūi ), (9.4)

meaning that differencing around the mean eliminates αi . The GLS estimator
of this equation can be shown to be OLS, and OLS of (yit − x̄i ) on (xi t − x̄i )
yields (9.3). Using this interpretation β̂LFE is called the within estimator as it
explains variation in yit around ȳi by variation in xi t around x̄i – only variation
within each individual is used.

For the random effects linear model the estimator of the slope coefficient
estimator β̂LRE can be shown to be a matrix-weighted average of β̂LFE, defined
in (9.3), and β̂LB obtained from the OLS regression

(ȳi − ȳ) = (x̄i − x̄)′β + (ūi − ū),

where x̄ = 1
n

∑n
i = 1 x̄i and ȳ = 1

n

∑n
i = 1 ȳi . The estimator β̂LB is called the be-

tween estimator as it uses only variation between individuals, essentially ig-
noring the additional information available in a panel compared with a single
cross-section. The weights used to form β̂LRE from β̂LFE and β̂LB depend on
the variances σ 2

u and σ 2
α . See basic treatments of this model.

The random effects estimator can be obtained in several ways. First, given
the assumptions on the means and variances of uit and αi , it is the GLS estimator
from estimation of (9.2). Second, it is asymptotically equivalent to the MLE,
which additionally assumes that uit and αi are normally distributed. The MLE
in practice leads in small samples to different estimates of the variances σ 2

u and
σ 2

α , and hence a different estimator of β, and is more difficult to estimate, as the
log-likelihood is nonlinear in the parameters. A third method, which provides
better small-sample estimates of σ 2

u and σ 2
α , is the restricted MLE method of

Patterson and Thompson (1971) and Harville (1977), reviewed in Diggle, Liang,
and Zeger (1994, pp. 65–68).

The random and fixed effects linear models are compared by, for example,
Hsiao (1986, pp. 41–47). The models are conceptually different, with the fixed
effects analysis being conditional on the effects for individuals in the sample;
random effects is an unconditional or marginal analysis with respect to the pop-
ulation. A major practical difference is that the fixed effects analysis provides
only estimates of time-varying regressors. Thus, for example, it does not allow
estimation of an indicator variable for whether or not a patient in a clinical trial
was taking the drug under investigation (rather than a placebo). Another major
difference is that the random effects model assumption that individual effects
are iid implies that individual effects are uncorrelated with the regressors. If,
instead, unobserved individual effects are correlated with observed effects, the
random effects estimator is inconsistent. Many econometrics studies in partic-
ular prefer fixed effects estimators because of this potential problem.

Standard extensions to the linear model (9.2) are serial correlation in the error,
for example, uit = ρuit−1 + εi t ; dynamic models, for example, xi t including
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yi,t−1; and more general random effects models with random slope coefficients
in addition to random intercepts, for example, x′

i tβ is replaced by x′
1i tβ1 +

x′
2i tβ2i where β2i is iid with mean β2 and variance Σβ2 .

9.2.2 Count Models

For count models for longitudinal data, the starting point is the Poisson re-
gression model with exponential mean function and multiplicative individual
specific term

yit ∼ P[µi t = αiλi t ]

λi t = exp
(
x′

i tβ
)
, i = 1, . . . , n, t = 1, . . . , T .

(9.5)

Note that α used here refers to the individual effect and is not used in the same
way as in previous chapters, where it was an overdispersion parameter.

In the fixed effects model the αi are unknown parameters. Like the lin-
ear model, estimation is possible by eliminating αi , either by conditioning on∑T

t = 1 yit , which requires fully parametric assumptions, or by using a quasi-
differencing procedure that requires only first-moment assumptions.

In the random effects model the αi are instead iid random variables. As in
the linear model, estimation is possible either by assuming a distribution for αi

or by making second-moment assumptions, although unlike in the linear model
under normality these can lead to quite different estimators.

A key departure from the linear model is that the individual specific effects in
(9.5) are multiplicative, rather than additive as in the linear model (9.2). Given
the exponential form for λi t , the multiplicative effects can still be interpreted
as a shift in the intercept because

E[yit | xi t , αi ] = µi t

= αi exp
(
x′

i tβ
)

= exp
(
δi + x′

i tβ
)
, (9.6)

where δi = ln αi .
Note that this equality between multiplicative effects and intercept shift does

not hold in some count data models, nor does it hold in noncount models such as
binary models to which similar longitudinal methods might be applied. Suppose
the starting point is a more general conditional mean function g(x′

i tβ). Then
some models and estimation methods continue with multiplicative effects, so

E[yit | xi t , αi ] = µi t = αi g
(
x′

i tβ
)
, (9.7)

while other methods use a shift in the intercept

E[yit | xi t , αi ] = µi t = g
(
δi + x′

i tβ
)
. (9.8)

Results are most easily obtained for the Poisson. Extensions to the negative
binomial do not always work, and when they do work they do so for some
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methods for the NB1 model and in other cases for the NB2 model. It should be
kept in mind, however, that a common reason for such extensions in using cross-
section data is to control for unobserved heterogeneity. The longitudinal data
methods already control for heterogeneity, and Poisson longitudinal models
may be sufficient.

The following sections begin with fixed effects and random effects models,
with no consideration to either serial correlation and dynamics. In particular,
for multiplicative effects models the regressors xi t are initially assumed to be
strictly exogenous, so that

E[yit | xi1, . . . , xiT , αi ] = αiλi t . (9.9)

This is a stronger condition than E[yit | xi t , αi ] = αiλi t . This condition is relaxed
when time series models are presented in section 9.7.

9.3 Fixed Effects Models

We consider three approaches to estimation of fixed effect count data models.
First, we consider direct estimation by maximum likelihood, which may not
necessarily lead to consistent estimates for the common case in which T is fixed
and n → ∞. Second, we present conditional maximum likelihood, which does
analysis conditional on sufficient statistics for the individual effects. This works
for NB1 models in addition to Poisson. Third, we consider a moment-based
approach that bases estimation on a differencing transformation, which differs
from that in the linear model, as here the effects are multiplicative, not additive.

9.3.1 Maximum Likelihood

The simplest fixed effects model for count data is the Poisson fixed effects model
(9.5) where, conditional on λi t and parameters αi , yit is iid P[µi t = αiλi t ], λi t

is a specified function of xi t and β, and xi t excludes an intercept. At times we
specialize to the exponential form (9.6).

If n is small this model is easily estimated. In particular, the exponential
mean specification (9.6) can be rewritten as exp(

∑n
j = 1 δ j d ji t + x′

i tβ), where
d jit is an indicator variable equal to one if the i t th observation is for individual
j and zero otherwise. Thus we can use standard Poisson software to regress yit

on d1i t , d2i t , . . . , dnit and xi t .
This is impractical, however, if n is so large that (n + dim(β)) exceeds

software restrictions on the maximum number of regressors. In this chapter
we focus on the case in which n is large and T is small, in which case this
barrier is likely to be encountered. Then analytical expressions for estimators
of β and the αi are needed, analogous to those obtained for the linear model by
partitioning of the OLS estimator.

A potentially more serious problem is possible inconsistency of parameter
estimates if T is small and n → ∞. This possibility arises because as n → ∞
the number of parameters, n +dim(β), to be estimated goes to infinity, possibly
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negating the benefit of a larger sample size, nT . The individual fixed effects
can be viewed as incidental parameters, because real interest lies in the slope
coefficients. For some fixed effects panel data models, too many incidental
parameters lead to inconsistent parameter estimates of β, in addition to αi . A
leading example is the logit model with fixed effects, with

Pr[yit = 1] = [αi + exp
(
x′

i tβ
)]/[

1 + αi + exp
(
x′

i tβ
)]

.

Hsiao (1986, section 7.3.1) demonstrates the inconsistency of the MLE for β in
this case, for fixed T and n → ∞. This inconsistency disappears, of course, if
T → ∞. In the case of the linear model, however, there is no such incidental
parameters problem.

An interesting question therefore is whether there is an incidental parameters
problem for the Poisson fixed effects model. The literature has generally not
directly addressed this issue, although it has suggested that there is a problem.∗

For yit iid P[αiλi t ], the conditional joint density for the i th observation is

Pr [yi1, . . . , yiT | αi ,β]

=
∏

t

[
exp(−αiλi t ) (αiλi t )

yit/yit !
]

= exp

(
−αi

∑
t

λi t

)∏
t

α
yit

i

∏
t

λ
yit

i t

/∏
t

yi t !. (9.10)

The corresponding log-density is

ln Pr [yi1, . . . , yiT | αi ,β] = −αi

∑
t

λi t + ln αi

∑
t

yi t

+
∑

t

yi t ln λi t −
∑

t

ln yit !.

Differentiating with respect to αi and setting to zero yields

α̂i =
∑

t yi t∑
t λi t

. (9.11)

Substituting this back into (9.10), simplifying and considering all n observations
yields the concentrated likelihood function,

Lconc(β) =
∏

i

[
exp

(
−
∑

t

yi t

)∏
t

(∑
t yi t∑
t λi t

)yit ∏
t

λ
yit

i t

/∏
t

yi t !

]

∝
∏

i

[∏
t

(
λi t∑
s λis

)yit
]

.

(9.12)

∗ We thank Frank Windmeijer and Tony Lancaster for pointing out that there is no incidental
parameters problem here. The proof given here is due to Tony Lancaster.
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This is the likelihood for n independent observations on a T -dimensional multi-
nomial variable with cell probabilities

pit = λi t∑
s λis

= exp
(
x′

i tβ
)∑

s exp
(
x′

isβ
) .

It follows that for the Poisson fixed effects model there is no incidental
parameters problem. Estimates of β that are consistent for fixed T and n →
∞ can be obtained by maximization of ln Lconc(β) in (9.12). The first-order
conditions for this estimator are given in section 9.3.2, and its distribution is
given in section 9.3.3 under much weaker conditions than those assumed here.
Estimates of αi can then be obtained from (9.11) and are consistent if in fact
T → ∞.

This consistency of the MLE forβ despite the presence of incidental parame-
ters is a special result that holds for the Poisson multiplicative fixed effects and,
for continuous data, linear additive fixed effects. It holds in few other models,
if any, in which case we need to transform the model into one in which the in-
dividual effects do not appear. The next two subsections present different ways
to do this. We begin with the simplest case, the Poisson, even though as already
noted there is no incidental parameters problem in this case.

9.3.2 Conditional Maximum Likelihood

The conditional maximum likelihood approach of Andersen (1970) performs
inference conditional on the sufficient statistics for α1, . . . , αn , which for LEF
densities such as the Poisson are the individual-specific totals T ȳi = ∑T

t = 1 yit .
In section 9.8.1 it is shown that for yit iid P[µi t ], the conditional joint density
for the i th observation is

Pr

[
yi1, . . . , yiT

∣∣∣∣ T∑
t = 1

yit

]
=
(∑

t yi t
)
!∏

t yi t !
×
∏

t

(
µi t∑
s µis

)yit

. (9.13)

This is a multinomial distribution, with probabilities pit = µi t/
∑

t µi t , t =
1, . . . , T , which has already been used in section 8.6.

Models with multiplicative effects set µi t = αiλi t . This has the advantage
that simplification occurs as αi cancels in the ratio µi t/

∑
s µis . Then (9.13)

becomes

Pr

[
yi1, . . . , yiT

∣∣∣∣ T∑
t = 1

yit

]
=
(∑

t yi t
)
!∏

t yi t !
×
∏

t

(
λi t∑
s λis

)yit

. (9.14)

Because yi1, . . . , yiT | ∑t yi t is multinomial distributed with probabilities
pi1, . . . , piT , where pit = λi t/

∑
s λis, it follows that yit has mean pit

∑
s yis .

Given (9.6) this implies that we are essentially estimating the fixed effects αi by∑
s yis/

∑
s λis .
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In the special case λi t = exp(x′
i tβ) this becomes

Pr

[
yi1, . . . , yiT

∣∣∣∣ T∑
t = 1

yit

]
=
(∑

t yi t
)
!∏

t yi t !
×
∏

t

(
exp
(
x′

i tβ
)∑

s exp
(
x′

isβ
))yit

.

(9.15)

The conditional MLE of the Poisson fixed effects model β̂PFE therefore maxi-
mizes the conditional log-likelihood function

Lc(β) =
n∑

i = 1

[
ln

(
T∑

t = 1

yit

)
! −

T∑
t = 1

ln (yit !)

+
T∑

t = 1

yit ln

(
exp
(
x′

i tβ
)∑T

s = 1 exp
(
x′

isβ
))]. (9.16)

Note that this is proportional to the natural logarithm of Lconc(β) given in (9.12),
and therefore here the concentrated MLE equals the MLE.

Differentiation of (9.16), or equivalently (9.12), with respect to β yields
first-order conditions for β̂PFE that can be reexpressed as

n∑
i = 1

T∑
t = 1

xi t

(
yit − λi t

ȳi

λ̄i

)
= 0, (9.17)

where ȳi = 1
T

∑
t yi t and λ̄i = 1

T

∑
t λi t and λi t = exp(x′

i tβ); see Blundell,
Griffith, and Windmeijer (1995). The distribution of the resulting estimator can
be obtained using standard maximum likelihood theory. In practice it is better
to use results, given in the next subsection, obtained under weaker assumptions
than yit iid P[αiλi t ].

The log-likelihood function (9.16) is similar to that of the multinomial logit
model, except that yit is not restricted to taking only values zero or one and to
sum over t to unity. Also the most standard form of a multinomial logit model
with T outcomes has regressors fixed and parameters varying over the choices:
pit = exp(x′

iβt )/
∑T

s = 1 exp(x′
iβs). Here instead the parameters β are constant

and the regressors xi t are time-varying.
The Poisson fixed effects model was proposed by Palmgren (1981) and

Hausman, Hall, and Griliches (1984). The latter authors additionally presented
a negative binomial fixed effects model. Then yit is iid NB1 with parameters
αiλi t and φi , where λi t = exp(x′

i tβ), so yit has mean αiλi t/φi and variance
(αiλi t/φi ) ×(1 + αi/φi ).

This negative binomial model is of the less common NB1 form, with the
variance a multiple of the mean. The parameter αi is the individual-specific
fixed effect; the parameter φi is the negative binomial overdispersion parame-
ter, which is permitted to vary across individuals. Clearly αi and φi can only
be identified to the ratio αi/φi , and even this ratio drops out for conditional
maximum likelihood.
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Some considerable algebra yields the conditional joint density for the i th

observation

Pr

[
yi1, . . . , yiT

∣∣∣∣ T∑
t = 1

yit

]
=
(∏

t

�(λi t + yit )

�(λi t )�(yit + 1)

)

×�
(∑

t λi t
)
�
(∑

t yi t + 1
)

�
(∑

t λi t +∑t yi t
) , (9.18)

which involves β through λi t but does not involve αi and φi . This distribution
for integer λi t is the negative hypergeometric distribution. The log-likelihood
function follows from this density and the MLE β̂NB1FE is obtained in the usual
way.

McCullagh and Nelder (1989, section 7.2) consider the conditional maxi-
mum likelihood method in a quite general setting. Diggle, Liang, and Zeger
(1994, section 9.2) specialize to GLMs with canonical link function (see section
2.4.4), in which case we again obtain the multinomial form (9.14). They also
consider more general fixed effects in which the conditional mean function is
of the form g(x′

i tβ + d′
i tαi ) where di t takes a finite number of values and αi

is now a vector. Hsiao (1986) specializes to binary models and finds that the
conditional maximum likelihood approach is tractable for the logit model but
not the probit model; that is, the method is tractable for individual intercepts if
the canonical link function is used.

9.3.3 Moment-Based Methods

In the linear model (9.2) with additive fixed effects, there are several ways to
transform the model to eliminate the fixed effects and hence obtain a consis-
tent estimator of β. Examples are subtraction from yit of the observation in
another time period, say yi2, or subtraction from yit of the average over all time
periods ȳi . The latter transformation, given in (9.4), yields the fixed effects
estimator β̂LFE.

Similarly in the Poisson model (9.5) with multiplicative effects, there are
several ways to transform the model to eliminate the multiplicative effect.
One example is subtraction from yit of the observation in another time period,
say yi2, where yi2 is scaled to have the same mean as yit . Thus we consider
(yit − (λi t/λi2)yi2). Alternatively we could subtract the average over all time
periods, appropriately rescaled, and consider (yit −(λi t/λ̄i )ȳi ). Then given (9.9)
it follows that

E[(yit − (λi t/λ̄i )ȳi ) | xi1, . . . , xiT ] = 0,

and hence

E
[

xi t

(
yit − λi t

λ̄i
ȳi

)]
= 0. (9.19)
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This suggests method of moments estimation ofβ by solving the corresponding
sample moment conditions

n∑
i = 1

T∑
t = 1

xi t

(
yit − ȳi

λ̄i
λi t

)
= 0. (9.20)

These are the first-order conditions (9.17) of both the Poisson fixed effects
conditional MLE β̂PFE and the Poisson fixed effects MLE from section 9.3.1.
Thus, the essential requirement for consistency of β̂PFE is that (9.9) is the correct
specification for the conditional mean. For example, β̂PFE is also a consistent
estimate of β in the negative binomial fixed effects model. Furthermore, the
distribution of β̂PFE can be obtained under weaker second-moment assumptions
than variance–mean equality for yit , or equivalently weaker than those imposed
by the multinomial conditional distribution (9.15) for yi1, . . . , yiT | ∑t yi t . The
discussion is similar to that in section 3.2 for the cross-section Poisson model.

The first-order conditions (9.20) have first-derivative matrix with respect toβ

An =
n∑

i = 1

[
T∑

t = 1

xi t x′
i t

ȳi

λ̄i
λi t − 1

T

T∑
t = 1

T∑
s = 1

xi t x′
is

ȳi

λ̄i
λi tλis

]
, (9.21)

for λi t = exp(x′
i tβ), while the outer product on taking expectations and elimi-

nating cross-products in i and j = i due to independence is

Bn =
n∑

i = 1

T∑
t = 1

T∑
s = 1

xi t x′
is

(
yit − ȳi

λ̄i
λi t

)(
yis − ȳi

λ̄i
λis

)′
. (9.22)

Using the general result in section 2.5.1, an estimator of V[β̂PFE] that requires
only first-moment assumptions, that is, the robust sandwich estimate, is

VRS[β̂PFE] = Â−1
n B̂nÂ−1

n , (9.23)

where Ân and B̂n are An and Bn evaluated at β̂PFE. By contrast, usual maximum
likelihood estimates of the standard error are Â−1

n , using minus the inverse of
the second derivatives of the log-likelihood function, or B̂−1

n using the BHHH
estimate. These MLEs of V[β̂PFE] are inconsistent if the conditional variance
does not equal the conditional mean αiµi t . If the conditional variance equals
a constant γ times αiµi t , however, then a consistent estimate of V[β̂PFE] is γ

times Â−1
n or B̂−1

n .
A quite general treatment of the distribution of the multinomial conditional

MLE is given by Wooldridge (1990c), who considers a multiplicative fixed effect
for general specifications of λi t = g(x′

i tβ). In addition to giving robust variance
matrix estimates, he gives more efficient GMM estimators if the conditional
mean is specified to be of form αiλi t with other moments not specified, and
when additionally the variance is specified to be of the form ψiαiλi t . Cham-
berlain (1992a) gives semiparametric efficiency bounds for models using only
specified first moment of form (9.6). Attainment of these bounds is theoretically
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Table 9.1. Patents: Poisson PMLE with NB1 standard errors

Poisson fixed NB1 fixed
Poisson PMLE effects CMLE effects CMLE

Variable Coefficient
Standard

error Coefficient
Standard

error Coefficient
Standard

error

ln R0 .19 .16 .32 .07 .32 .07
ln R−1 −.07 .10 −.09 .10 −.08 .09
ln R−2 .07 .10 .08 .09 .06 .09
ln R−3 .06 .09 −.01 .08 −.01 .01
ln R−4 .16 .08 −.01 .08 .04 .07
ln R−5 .17 .12 −.03 .06 .01 .05
ln SIZE .59 .07
DSCI .30 .13
Sum ln R .58 .32 .33

Note: Poisson fixed effects conditional MLE with NB1 standard errors. NB1 fixed effects condi-
tional MLE with MLE standard errors. All models include four time dummies for years 1976 to
1979.

possible but practically difficult, as it requires high-dimensional nonparametric
regressions.

9.3.4 Example: Patents

Many longitudinal count-data studies, beginning with Hausman, Hall, and
Griliches (1984), consider the relationship between past research and devel-
opment (R&D) expenditures and the number of patents yit awarded to the i th

firm in the t th year, using data in a short panel. Here we consider data used by
Hall, Griliches, and Hausman (1986) on 346 firms for 5 years’ 1975 through
1979. Regression results are given in Table 9.1.

The Poisson PMLE estimates treat the data as one long cross-section, with yit

having conditional mean exp(x′
i tβ). The reported standard errors are corrected

for the considerable overdispersion in the data. The regressors of interest are
ln R0, . . . , ln R−5, the logarithm of current and up to 5 past years’ research
and development expenditures. Given the logarithmic transformation and the
exponential conditional mean, the coefficient of ln R− j is an elasticity, so that
the coefficients of ln R0, . . . , ln R−5 should sum to unity if a doubling of R&D
expenditures leads to a doubling of patents. To control for firm-specific effects,
the estimated model includes two time-invariant regressors, SIZE, the logarithm
of firm book value in 1972 which is a measure of firm size, and DSCI, an
indicator variable equal to one if the firm is in the science sector. If firm size
doubles the number of patents increases by 59%.

The key empirical result for the Poisson PMLE estimates is that the coeffi-
cients of current and lagged R&D expenditures, ln R− j , sum to 0.58, which is
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considerably less than one, statistically so at conventional levels of significance.
One possible explanation is that this is an artifact of failure to control adequately
for firm-specific effects. However, the Poisson and NB1 fixed effects estimators,
also given in Table 9.1, are even further away from one. (Estimated coefficients
for ln SIZE and DSCI are not given, because the coefficients of time-invariant
regressors are not identified in a fixed effects model.) These longitudinal es-
timators imply that in the long run a doubling of R&D expenditures leads to
only a 33% increase in the number of patents. Qualitatively similar results have
been found with other data sets and estimators, leading to a large literature on
alternative estimators that may lead to results closer to a priori beliefs.

9.4 Random Effects Models

The simplest random effects model for count data is the Poisson random effects
model. This model is given by (9.5), that is, yit conditional on αi and λi t is iid
Poisson (µi t = αiλi t ) and λi t is a function of xi t and parameters β. But in a
departure from the fixed effects model, the αi are iid random variables.

One approach is to specify the density f (αi ) of αi and then integrate out αi

to obtain the joint density of yi1, . . . , yiT conditional on just λi1, . . . , λiT . Then

Pr[yi1, . . . , yiT ] =
∫ ∞

0
Pr[yi1, . . . , yiT | αi ] f (αi ) dαi

=
∫ ∞

0

[∏
t

Pr[yit | αi ]

]
f (αi ) dαi , (9.24)

where for notational simplicity dependence on λi1, . . . , λiT is suppressed as in
the fixed effects case. This integral appears similar to those in Chapter 4, except
that here there is only one draw of αi for the T random variables yi1, . . . , yiT ,
so that this integral does not equal the product

∏
t [
∫∞

0 Pr[yit | αi ] f (αi ) dαi ] of
mixtures considered in Chapter 4.

Different distributions for αi lead to different distributions for yi1, . . . , yiT .
Analytical results can be obtained as they would be obtained in a similar
Bayesian setting: by choosing f (αi ) to be conjugate to

∏
t Pr[yit | αi ]. Con-

jugate densities exist for Poisson and NB2. In these standard count models the
conjugate density is not the normal. Nonetheless there is considerable interest
in results if f (αi ) is the normal density, because if results can be obtained for
scalar αi then they can be extended to random effects in slope coefficients. A
number of methods have been proposed. Another solution if analytical results
for the distribution are not available is to use moment methods if at least an
analytical expression for the mean is available.

9.4.1 Conjugate-Distributed Random Effects

The gamma density is conjugate to the Poisson. In the pure cross-section case
a Poisson–gamma mixture leads to the negative binomial; see section 4.2.2.
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A similar result is obtained in the longitudinal setting. In section 9.8.2 it is
shown that for yit iid P[αiλi t ], where αi is iid gamma(δ, δ) so that E[αi ] = 1 and
V[αi ] = 1/δ, integration with respect to αi leads to the joint density for the i th

individual

Pr [yi1, . . . , yiT ] =
[∏

t

λi t
yit

yi t !

]
×
(

δ∑
t λi t + δ

)δ

×
(∑

t

λi t + δ

)−∑t yi t
�
(∑

t yi t + δ
)

�(δ)
.

(9.25)

This is the density of the Poisson random effects model (with gamma-distributed
random effects). For this distribution E[yit ] = λi t and V[yit ] = λi t + λ2

i t/δ so
that overdispersion is of the NB2 form. Maximum likelihood estimation of β
and δ is straightforward. For λi t = exp(x′

i tβ), the first-order conditions for
β̂PRE can be expressed as

n∑
i = 1

T∑
t = 1

xi t

(
yit − λi t

ȳi + δ/T

λ̄i + δ/T

)
= 0; (9.26)

see exercise 9.3. Thus this estimator, like the Poisson fixed effects estimator,
can be interpreted as being based on a transformation of yit to eliminate the
individual effects, and consistency essentially requires correct specification of
the conditional mean of yit . As for NB2 in the cross-section case the infor-
mation matrix is block-diagonal and the first-order conditions for δ are quite
complicated.

Hausman, Hall, and Griliches (1984) proposed this model and additionally
considered the negative binomial case. Then yit is iid NB2 with parameters αiλi t

and φi , where λi t = exp(x′
i tβ), and hence yit has mean αiλi t/φi and variance

(αiλi t/φi ) × (1 + αi/φi ). It is assumed that (1+ αi/φi )−1 is a beta-distributed
random variable with parameters (a, b).

Hausman, Hall, and Griliches show after considerable algebra that the nega-
tive binomial random effects model (with beta-distributed random effects) has
joint density for the i th individual

Pr [yi1, . . . , yiT ] =
(∏

t

�(λi t + yit )!

�(λi t )!�(yit + 1)!

)

× � (a + b) �
(
a +∑t λi t

)
�
(
b +∑t yi t

)
� (a) � (b) �

(
a + b +∑t λi t +∑t yi t

) .
(9.27)

This is the basis for maximum likelihood estimation of β, a, and b.
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9.4.2 Gaussian Random Effects

An alternative random effects model is to allow the random effects to be nor-
mally distributed. In these models it is standard to assume an exponential
mean function. Thus for the Poisson model the data yit are assumed to be
iid P[exp(δi +x′

i tβ)], where the random effect δi is iid N[0, σ 2
δ ]. From (9.6) this

model can be rewritten as yit ∼ P[αi exp(x′
i tβ)], whereαi = exp δi , and is there-

fore the preceding model where the random effects are log-normally distributed.
Unfortunately there is no analytical expression for the unconditional density

(9.24) in this case. Development of estimation methods for such problems is an
active area of research in generalized linear models. One solution (Schall, 1991;
McGilchrist, 1994) is to linearize the model and use linear model techniques.
An alternative is to directly compute the unconditional density by numerical in-
tegration or using simulation methods (Fahrmeir and Tutz, 1994, chapter 7). A
recent example, using a Markov-chain Monte Carlo scheme to simulate, is Chib,
Greenberg, and Winkelmann (1998). They apply their methods to epilepsy data
from Diggle et al. (1994), patent data from Hall et al. (1986), and German work
absence data.

9.4.3 Moment-Based Methods

In the linear random effects model (9.2) the OLS estimator from regression
of yit on xi t is still consistent. This is because if αi is iid with zero mean the
marginal mean of yit , i.e., the mean conditional on xi t but marginal with respect
to αi , is x′

i tβ. The OLS standard errors need to be corrected for the correlation
induced by the random effects αi , however, and it is more efficient to use the
GLS estimator discussed in section 9.2.1.

Zeger and Liang (1986) carried this idea over to random effects in GLMs.
Ideally, one would estimate by nonlinear feasible GLS, but this is not practical
because unlike the linear case there is no simple analytical way to invert the
covariance matrix of y conditional on x. Instead, following a similar approach
to that of Zeger (1988) for serially correlated error time series models pre-
sented in section 7.6, Zeger and Liang proposed estimation by nonlinear WLS,
with corrections made to standard errors to ensure that they are consistently
estimated.

For count data it is assumed that the marginal distribution of yit , that is
conditional on xi t but marginal on αi , has first two moments

µi t = E[yit | xi t ] = exp
(
x′

i tβ
)

σ 2
i t = Var[yit | xi t ] = φ exp

(
x′

i tβ
)
,

(9.28)

where the multiplicative scalar φ implies that the random effects induce het-
eroskedasticity of NB1 form. The random effects additionally induce correlation
between yit and yis , but this correlation is ignored. A consistent estimator for β
is the generalized estimating equations estimator or nonlinear WLS estimator
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β̂WLS, with first-order conditions

n∑
i = 1

D′
i V̂i (yi − µi ) = 0, (9.29)

where Di is the T ×k matrix with t j th element ∂µi t/∂β j , Vi is a T ×T diagonal
weighting matrix with t th entry [1/σ 2

i t ] or equivalently for this model [1/µi t ],
yi is the T × 1 vector with t th entry yit and µi is the T × 1 vector with t th entry
µi t . This is similar to the linear WLS estimator given in section 2.4.1 (see also
section 7.6), and β̂WLS is asymptotically normal with mean β and variance

V[β̂WLS] =
[

n∑
i = 1

D′
i Vi Di

]−1

×
n∑

i = 1

D′
i ViΩi Vi Di

×
[

n∑
i = 1

D′
i Vi Di

]−1

, (9.30)

where Ωi is the covariance matrix of yi . In practice Ωi is left unspecified and
V[β̂WLS] is consistently estimated by (9.30) with Ωi replaced by (yi −µi )
(yi − µi )′.

Zeger and Liang (1986) and Liang and Zeger (1986) call this approach
marginal analysis, as estimation is based on moments of the distribution margi-
nal to the random effects. Zeger, Liang, and Albert (1988) consider mixed
GLMs in which the random effects may interact with regressors. They call the
approach population-averaged, as the random effects are averaged out, and
contrast this with subject-specific models that explicitly model the individual
effects. These papers present estimating equations of the form (9.29) with little
explicit discussion of the random effects and the precise form of the correlation
and modified heteroskedasticity that they induce. More formal treatment of
random effects using this approach is given in Thall and Vail (1990).

Brännäs and Johansson (1996) consider a more tightly specified model than
Zeger and Liang (1986), the Poisson model with multiplicative random effects
in which the random effects are also time varying, that is, αi t replaces αi in (9.6).
They generalize (9.29) so that the weighting matrix has nonzero off-diagonal
entries, reflecting correlation induced by the random effects. In addition they
consider estimation by GMM, which exploits more of the moment conditions
implied by the model. They apply these estimation methods to data on number
of days absent from work for 895 Swedish workers in each of 11 years.

9.5 Discussion

The fixed effects model can be generalized from linear models to count data
models. The conditional maximum likelihood approach leads to tractable results
for some count models – for example, for the Poisson (9.13) simplifies to
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(9.14) – but not for all count data models. Moment-based methods can more
generally be used for all models with multiplicative individual effects as in (9.7).

The random effects model can also be used in a wide range of settings. The
maximum likelihood approach is generally computationally difficult, unless a
model with conjugate density for the random effects, such as Poisson-gamma,
is used. Moment-based methods can again be used in a much wider range of
settings.

The strengths and weaknesses of fixed effects versus random effects models
in the linear case carry over to nonlinear models. For the linear model a con-
siderable literature exists on the difference between fixed and random effects,
see especially Mundlak (1978) and a summary by Hsiao (1986). The random
effects model is appropriate if the sample is drawn from a population and one
wants to do inference on the population; the fixed effects model is appropriate
if one wishes to confine oneself to explaining the sample. The random effects
model more easily accommodates random slope parameters as well as random
intercepts. For the fixed effects model, coefficients of time-invariant regressors
are absorbed into the individual-specific effect αi and are not identified. For the
random effects model, coefficient estimates may be inconsistent if the random
effects are correlated with regressors. A test of correlation with regressors is
presented in the next subsection.

We have focused on individual fixed effects in a short panel. Time-specific
effects can additionally be included to form a two-way fixed effects error-
component model. This can be estimated using conditional maximum likelihood
as outlined previously, where the regressors xi t include time dummies. The
results can clearly be modified to apply to a long panel with few individuals.
Conditional maximum likelihood would then condition on

∑
i yi t where, for

example, yit is iid P[αt λi t ].
In the linear model the total sample variability is split into between-group

variability and within-group variability, where variability is measured by sums
of squares. Hausman, Hall, and Griliches (1984) attempt a similar decom-
position for count data models, where sample variability is measured by the
log-likelihood function. For the Poisson model with gamma-distributed ran-
dom effects, the log-likelihood of the iid P[µi t ] can be decomposed as the sum
of the conditional (on

∑
t yi t ) log-likelihood and a marginal (for

∑
t yi t ) log-

likelihood. The conditional log-likelihood is naturally interpreted as measuring
within variation; the marginal log-likelihood can be interpreted as between vari-
ation, although it depends on

∑
tλi t , which depends on β, rather than x̄i alone.

A similar decomposition for negative binomial is not as neat.
References to count applications outside economics are given in Diggle,

Liang, and Zeger (1994) and Fahrmeir and Tutz (1994). Many of these appli-
cations use random effects models with Gaussian effects or use the generalized
estimating equations approach of Liang and Zeger (1986). Here we focus on
economics applications, which generally use the fixed effects models or random
effects models with conjugate density for the random effects.
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The paper by Hausman, Hall, and Griliches (1984) includes a substantial
application to number of patents for 121 U.S. firms observed from 1968 through
1975. This paper estimates Poisson and NB models with both fixed and random
effects. Other studies using patent data are discussed in section 9.7.

Ruser (1991) studies the number of workdays lost at 2788 manufacturing
establishments from 1979 through 1984. He uses the NB fixed effects estimator
and finds that workdays lost increase with higher workers’ compensation bene-
fits, with most of the effect occurring in smaller establishments whose workers’
compensation insurance premiums are less experience-rated.

Blonigen (1997) applies the NB2 random effects model to data on the number
of Japanese acquisitions in the United States across 365 three-digit Standard
Industry Classification industries from 1975 through 1992. The paper finds
that if the U.S. dollar is weak relative to the Japanese yen, Japanese acquisi-
tions increase in industries more likely to involve firm-specific assets, notably
high R&D manufacturing sectors, which can generate a return in yen without
involving a currency transaction.

In a novel application, Page (1995) applies the Poisson fixed effects model
to data on the number of housing units shown by housing agents to each of
two paired auditors, where the two auditors are as much as possible identical
except that one auditor is from a minority group and the other is not. Specifically
black/white pairs and Hispanic/Anglo pairs are considered. Here the subscript i
refers to a specific auditor pair, i = 1, . . . , n; subscript t = 1, 2 refers to whether
the auditor is minority (say t = 1) or nonminority (say t = 2). A simple model
without covariates is that E[yit ] = αi exp(βdit ), where dit = 1 if minority and
equals 0 otherwise. Then exp(β) equals the ratio of population-mean housing
units shown to minority auditors to those shown to nonminority, and exp(β) < 1
indicates discrimination is present. Page shows that in this case the Poisson
fixed effects conditional MLE has explicit solution exp(β̂) = ȳ1/ȳ2. For the data
studied by Page (1995) exp(β̂) lies between 0.82 and 0.91, with robust standard
errors using (9.23) of between 0.022 and 0.028. Thus discrimination is present.
Further analysis includes regressors that might explain the aggregate difference
in number of housing units shown.

Van Duijn and Böckenholt (1995) analyze the number of spelling errors by
721 first-grade pupils on each of four dictation tests. They consider a Poisson–
gamma mixture model that leads to a conditional multinomial distribution. This
does not adequately model overdispersion, so they consider a finite mixtures
version of this model using the methods of section 4.8. On the basis of chi-
square goodness-of-fit tests they prefer a model with two classes, essentially
good spellers and poor spellers.

Pinquet (1997) uses estimates of individual effects from longitudinal models
of the number and severity of insurance claims to determine “bonus-malus”
coefficients used in experience-rated insurance. In addition to an application to
an unbalanced panel of over 100,000 policyholders, the paper gives considerable
discussion of discrimination between true and apparent contagion. A range of
models, including the random effects model of section 9.4, is considered.
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9.6 Specification Tests

9.6.1 Fixed Versus Random Effects

The random effects estimator assumes that αi is iid distributed, which in partic-
ular implies that the random effects are uncorrelated with the regressors. Thus it
is assumed that individual specific unobservables are uncorrelated with individ-
ual specific observables, a strong assumption. The fixed effects model makes no
such assumption – αi could be determined by individual-specific time-invariant
regressors.

If the random effects model is correctly specified, then both fixed- and ran-
dom effects models are consistent, while if the random effects are correlated
with regressors the random effects estimator loses its consistency. The dif-
ference between the two estimators can therefore be used as the basis for a
Hausman test, introduced in section 5.6.6. This test is easily implemented be-
cause the random effects estimator is fully efficient, so the covariance matrix of
the difference between estimators equals the difference in covariance matrices.

Thus form

TH = (β̂RE − β̃FE)′[V[β̃FE] − VML[β̂RE]]−1(β̂RE − β̃FE). (9.31)

If TH < χ2
α (dim(β)) then at significance level α we do not reject the null

hypothesis that the individual specific effects are uncorrelated with regressors.
This test is used in Hausman, Hall, and Griliches (1984, pp. 921 and 928) and
leads to rejection of the random effects model in their application.

9.6.2 Tests for Serial Correlation

Tests for serial correlation are considered by Hausman, Hall, and Griliches
(1984). If individual effects are present, then models that ignore such effects will
have residuals that are serially correlated. If this serial correlation disappears
after controlling for individual effects, then time series methods introduced in
section 9.7 are not needed. We consider in turn tests for these two situations.

The natural model for initial analysis of count longitudinal data is Poisson
regression of yit on λi t where independence is assumed over both i and t . Resid-
uals from this regression are serially correlated if in fact individual effects αi

are present. Furthermore, the serial correlation between residuals from periods
t and s is approximately constant in (t − s), because it is induced by αi , which
is constant over time. It is natural to base tests on standardized residuals such as
the Pearson residual εi t = (yit − λi t )/

√
λi t . Then we expect the correlation

coefficient between εi t and εis , estimated as
∑

i εi tεis/

√∑
i ε2

i t

√∑
i ε2

is , to
equal zero, t = s, if individual effects are not present. In practice these corre-
lations are often sufficiently large that a formal test is unnecessary.

If models with individual effects are estimated, the methods yield consis-
tent estimates of β but not αi . Thus residuals yit − αiλi t cannot be readily
computed and tested for lack of serial correlation. For the fixed effects Poisson,
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yi1, . . . , yiT | ∑t yi t is multinomial-distributed with probability pit = λi t/∑
s λis . It follows that yit has mean pit

∑
s yis and variance pit (1 − pit )

∑
s yis ,

and the covariance between yit and yis is−pit pis
∑

s yit . The residual uit = (yit−
pit
∑

s yis)/
√∑

s yis therefore satisfies E[u2
i t ] = (1 − pit )pit and E[uit uis] =

−pit pis, t = s. Hausman, Hall, and Griliches (1984) propose a conditional
moment test based on these moment conditions, where one of the residuals is
dropped because predicted probabilities sum to one.

The dynamic longitudinal model applications discussed in section 9.7 gen-
erally implement tests of serial correlation. Blundell, Griffith, and Windmeijer
(1995) adapt serial correlation tests proposed by Arellano and Bond (1991)
for the linear model. Crepon and Duguet (1997a) and Brännäs and Johansson
(1996) apply serial correlation tests in the GMM framework.

9.7 Dynamic and Transition Models

9.7.1 Some Approaches

Dynamic or transition longitudinal models allow current realizations of the
count yit to depend on past realizations yi,t−k , k > 0, where yi,t−k defines indi-
vidual i in period t − k.

One approach is to ignore the panel nature of the data. Simply assume that
all regression coefficients are the same across individuals, so that there are
no individual-specific fixed or random effects. Then one can directly apply the
time series methods presented in Chapter 7, even for small T provided n → ∞.
This approach is given in Diggle, Liang, and Zeger (1994, chapter 10), who use
autoregressive models that directly include yi,t−k as regressors. Also Brännäs
(1995a) briefly discusses a generalization of the INAR(1) time series model to
longitudinal data.

This approach may be adequate if there is considerable serial correlation
in the data, because then lagged values of the dependent variable might be an
excellent control for an individual effect. There may be no need to additionally
include fixed or random effects. For example, firm-specific propensity to patent
might be adequately controlled for simply by including patents last year as a
regressor. A refinement is to consider a finite mixtures model with, say, two or
three different types of firm, constant parameters for all firms of the same type,
and firm type determined by the methods presented in Chapter 4.

Analysis becomes considerably more complicated if individual specific ef-
fects are introduced. In this case many of the preceding methods for panel count
data are no longer appropriate, especially for short panels where n → ∞ but
T is fixed.

A similar complication arises for linear models, and is discussed for example
in Nickell (1981), Hsiao (1986), and Baltagi (1995). In the simplest case of a
fixed effects linear model with yi,t−1 the only regressor, that is, yit = βyi,t−1 +
uit , the differenced model (9.4) is

(yit − ȳi ) = β(yi,t−1 − ȳi,−1) + (uit − ūi ), t = 2, . . . , T,
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where ȳi,−1 = 1
T −1

∑T
t = 2 yi,t−1. OLS estimation for finite T leads to an incon-

sistent estimate of β because the regressor (yi,t−1 − ȳi,−1) is correlated with
ūi ; to see this, lag the above equation by one period – hence, the regressor is
correlated with the error term.

For linear models, one solution is to restrict attention to the case T → ∞.
Then the problem disappears because ūi is then a small component of uit − ūi .
A second solution, for finite T , is to use an alternative differenced model that
subtracts the lagged value of yit , so

(yit − yi,t−1) = β(yi,t−1 − yi,t−2) + (uit − uit−1), t = 2, . . . , T .

A consistent estimate of β can be obtained by instrumental variables methods,
using for example (yi,t−2 − yi,t−3) as an instrument. A considerable literature
has developed on increasing the efficiency of such moment-based estimators. A
third solution is to use MLEs of random effects models, in which case consistency
depends crucially on assumptions regarding starting values.

For dynamic count models with individual-specific effects, qualitatively sim-
ilar solutions to the above for linear models can be used.

An example of the first solution is Hill, Rothchild, and Cameron (1998), who
model the monthly incidence of protests using data from 17 western countries
for 35 years. To control for overdispersion and dynamics they use a negative
binomial model with lagged yit appearing as ln(yi,t−1 +c), where c is a constant
whose role was explained in section 7.5. Country-specific effects are addition-
ally controlled for by inclusion of country-specific indicator variables, which
poses no consistency problems because in this example T → ∞ while n = 17
is small.

In this section we concentrate on applying the second solution to dynamic
count panel data models with fixed effects. Moment-based methods have al-
ready been presented for nondynamic models with multiplicative fixed effects
in section 9.3.2. Here we present extension of these moment methods to the
dynamic case. This is an active area of research, with most applications being
to count data on patents.

9.7.2 Fixed Effects Models

The methods in preceding sections have implicitly assumed that regressors are
strictly exogenous, that is,

E[yit | xi t ] = E[yit | xiT , . . . , xi1] = αiλi t . (9.32)

This rules out cases in which regressors are weakly exogenous, or

E[yit | xi t ] = E[yit | xi t , . . . , xi1] = αiλi t , (9.33)

as in dynamic models in which lagged dependent variables appear as regressors.
In this section we present results to estimate dynamic longitudinal data models
using first-moment conditions.
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We begin by considering the Poisson fixed effects estimator introduced in
section 9.3. Given independence over i , the first-order conditions for β given
in (9.17) have expected value zero if

E

[
T∑

t = 1

xi t

(
yit − ȳi

λ̄i
λi t

)]
= 0. (9.34)

The presence of the average ȳi , introduced to eliminate the fixed effects, in
these moment conditions limits application of this estimator to strictly ex-
ogenous regressors. To see this, consider the t th term in the sum and assume
E[yit | xi1, . . . , xiT ] = αiλi t as in (9.32). Then E[ȳi | xi1, . . . , xiT ] = αi λ̄i and

E
[

xi t

(
yit − ȳi

λ̄i
λi t

)]
= Exi1,...,xiT

[
xi tE

[
yit − ȳi

λ̄i
λi t | xi1, . . . , xiT

]]
= Exi1,...,xiT

[
xi t

(
αiλi t − αi λ̄i

λ̄i
λi t

)]
= 0.

Note that it is not enough to assume E[yit | xi t ] = αiλi t , because this does
not necessarily imply E[ȳi | xi t ] = αi λ̄i . For example, suppose xi t = yit−1 and
E[yit | yit−1] = αiρyit−1, or λi t = ρyit−1. Then

E [ȳi | yit−1] = E
[

1

T
(yi1 + · · · + yiT ) | yit−1

]
while

αi λ̄i = 1

T
αiρ(yi0 + · · · + yiT −1).

Equality of the two requires E[yis | yit−1] = αiρyis−1 for s = t , which is clearly
not the case. Similar problems arise if we assume E[yit | xi t , . . . , xi1] = αiλi t ,
because again this does not imply E[ȳi | xi t , . . . , xi1] = αi λ̄i .

One could instead eliminate fixed effects by quasidifferencing, as noted at
the beginning of section 9.3.2. For weakly exogenous regressors, Chamberlain
(1992b) proposes eliminating the fixed effects by the transformation

qit = yit − λi t

λi t+1
yit+1. (9.35)

Suppose instruments zi t exist such that

E[yit − αiλi t | zi t , . . . , zi1] = 0. (9.36)

Then

E[yit+1 − αiλi t+1 | zi t , . . . , zi1]

= Ezi t+1 [E[yit+1 − αiλi t+1 | zi t+1, zi t , . . . , zi1]]

= Ezi t+1 [0]

= 0.
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It follows that

E
[

yit − λi t

λi t + 1
yit + 1 | zi t , . . . , zi1

]
= αiλi t − λi t

λi t+1
αiλi t+1

= 0.

In the case in which there are as many instruments as parameters one solves

T∑
t = 1

zi t

(
yit − λi t

λis
yis

)
= 0. (9.37)

As an example, suppose

E[yit | yit−1, . . . , xi t , . . .] = αiλi t = αi
(
ρyit−1 + exp

(
x′

i tβ
))

.

Then the natural choice of instruments is zi t = (yit−1, xi t ).
If there are more instruments zi t than regressors, such as through adding ad-

ditional lags of regressors into the instrument set, one can consistently estimate
β by the GMM estimator, which minimizes

1

n

(
n∑

i = 1

qi (β)′zi

)
W−1

n

(
n∑

i = 1

z′
i qi (β)

)
, (9.38)

where qi (β) = (qi1 · · · qiT )′, zi = (z′
i1 · · · z′

iT

)′
, W−1

n is a weighting matrix, and,
given specification of qi and zi , the optimal choice of Wn is Wn = ∑n

i = 1 z′
i q̃i

q̃′
i zi where q̃i = qi (β̃) and β̃ is an initial consistent estimate obtained for ex-

ample by minimizing (9.38) with Wn = In .
An alternative transformation to eliminate the fixed effects is

qit = yit

λi t
− yit + 1

λi t + 1
, (9.39)

proposed by Wooldridge (1997), which is simply the earlier choice divided by
λi t . Yet another possibility is the mean scaling transformation

qit = yit − ȳi0

λi0
λi t , (9.40)

proposed by Blundell, Griffith, and Windmeijer (1995), where ȳi0 is the pre-
sample mean value of yi and the instruments are (xi t −xi0). The latter estimator
leads to estimates that are inconsistent, but in a simulation this inconsistency is
shown to be small, and efficiency is considerably improved. This estimator is
especially useful if data on the dependent variable go back farther in time than
data on the explanatory variables.

These methods are applicable to quite general models with multiplicative
fixed effects. Several studies, beginning with Montalvo (1997), have refined and
applied these methods, mostly to count data on patents. Application to patents
is of particular interest for several reasons. There are few ways to measure
innovation aside from patents, which are intrinsically a count. R&D expendi-
tures affect patents with a considerable lag, so there is potentially parsimony
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and elimination of multicollinearity in having patents depend on lagged patents
rather than a long-distributed lag in R&D expenditures. And, as noted in the
example earlier, most studies using distributed lags on R&D expenditure find
the R&D expenditure elasticity of patents to be much less than unity.

Blundell, Griffith, and Windmeijer (1995) model the U.S. patents data of
Hall, Griliches, and Hausman (1986). They pay particular attention to the func-
tional form for dynamics and the time series implications of various functional
forms. The lagged dependent variable is introduced in either multiplicative
fashion as

µi t = αi exp
(
ρ ln y∗

i t − 1 + x′
i tβ
)

where y∗
i t − 1 = yit − 1 unless yit − 1 = 0 in which case y∗

i t − 1 = c, or additive fash-
ion as

µi t = ρyit − 1 + αi exp
(
x′

i tβ
)
,

where ρ > 0. Another variant of the additive model, not considered, is

µi t = αi
(
ρyit − 1 + exp

(
x′

i tβ
))

.

In their application up to two lags of patents and three lags of R&D expenditures
appear as regressors. The estimates indicate long lags in the response of patents
to R&D expenditures.

Related studies by Blundell, Griffith, and Van Reenen (1995a, b) model the
number of “technologically significant and commercially important” innova-
tions commercialized by British firms. Dynamics are introduced more simply by
including the lagged value of the knowledge stock, an exponentially weighted
sum of past innovations.

Montalvo (1997) uses the Chamberlain (1992b) transformation to model the
number of licensing agreements by individual Japanese firms and the Hall et al.
(1986) data. Lagged dependent variables do not appear as regressors. Instead
Montalvo argues that current R&D expenditures cannot be assumed to be strictly
exogenous because patents depend on additional R&D expenditures for their
full development. So there is still a need for quasidifferenced estimators.

Crepon and Duguet (1997a) apply GMM methods to French patents data.
They also use a relatively simple functional form for dynamics. First, as regres-
sor they use a measure of R&D capital. This capital measure is calculated as
the weighted sum of current and past depreciated R&D expenditure and can
be viewed as imposing constraints on R&D coefficients in a distributed lag
model. Dynamics in patents are introduced by including indicator variables for
whether yit−1 is in the ranges 1 to 5, 6 to 10, or 11 or more. Particular attention
is paid to model specification testing and the impact of increasing the size of
the instrument set zi in (9.38).

In a more applied study, Cincera (1997) includes not only a distributed lag
in firm R&D expenditures but also a distributed lag in R&D expenditures by
other firms in the same sector to capture spillover effects. Application is to a
panel of 181 manufacturing firms from six countries.



9.8. Derivations 299

9.8 Derivations

9.8.1 Conditional Density for Poisson Fixed Effects

Consider the conditional joint density for observations in all time periods for a
given individual, where for simplicity the individual subscript i is dropped. In
general the density of y1, . . . , yT given

∑
t yt is

Pr

[
y1, . . . , yT

∣∣∣∣ ∑
t

yt

]
= Pr

[
y1, . . . , yT ,

∑
t

yt

]/
Pr

[∑
t

yt

]

= Pr [y1, . . . , yT ]

/
Pr

[∑
t

yt

]
,

where the last equality arises because knowledge of
∑

t yt adds nothing given
knowledge of y1, . . . , yT .

Now specialize to yt iid Poisson (µt ). Then Pr[y1, . . . , yT ] is the product of
T Poisson densities, and

∑
t yt is Poisson (

∑
t µt ). It follows that

Pr

[
y1, . . . , yT

∣∣∣∣ ∑
t

yt

]
=

∏
t

(
exp(−µt )µ

yt
t /yt !

)
exp
(−∑t µt

)(∑
t µt
)∑

t yt
/(∑

t yt
)
!

= exp
(−∑t µt

)∏
t µ

yt
t

/∏
t yt !

exp
(−∑t µt

)∏
t

(∑
s µs
)yt
/(∑

t yt
)
!

=
(∑

t yt
)
!∏

t yt !
×
∏

t

(
µt∑
s µs

)yt

.

Introducing the subscript i yields (9.13) for Pr [yi1, . . . , yiT | ∑t yi t ].

9.8.2 Density for Poisson with Gamma Random Effects

Consider the joint density for observations in all time periods for a given indi-
vidual, where for simplicity the individual subscript i is dropped. From (9.13)
the joint density of y1, . . . , yT if yt | α is P[αλt ] is

Pr[y1, . . . , yT ] =
∫ ∞

0

[∏
t

(
e−αλt (αλt )

yt /yt !
)]

f (α) dα

=
∫ ∞

0

[∏
t

λ
yt
t /yt !

](
e−α

∑
t λt · α

∑
t yt
)

f (α) dα

=
[∏

t

λ
yt
t /yt !

]
×
∫ ∞

0

(
e−α

∑
t λt · α

∑
t yt
)

f (α) dα.

Now let f (α) be the gamma density with parameters density. Similar algebra to
that in section 4.2.2 yields the Poisson random effects density given in (9.25).
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9.9 Bibliographic Notes

Longitudinal data models fall in the class of multilevel models, surveyed by
Goldstein (1995), who includes a brief treatment of Poisson. Standard refer-
ences for linear models for longitudinal data include Hsiao (1986), Diggle,
Liang, and Zeger (1994), and Baltagi (1995). Diggle et al. (1994) and Fahrmeir
and Tutz (1994) consider generalized linear models in detail. A useful reference
for general nonlinear longitudinal data models is Mátyás and Sevestre (1995).

There are remarkably many different approaches to nonlinear models, and
many complications including serial correlation, dynamics and unbalanced pan-
els. The treatment here is comprehensive for models used in econometrics and
covers many of the approaches used in other areas of statistics. Additional
statistical references can be found in Diggle et al. (1994) and Fahrmeir and
Tutz (1994). Lawless (1995) considers both duration and count models for lon-
gitudinal data for recurrent events. For dynamic models the GMM fixed effects
approach is particularly promising. In addition to the count references given in
section 9.7, it is useful to refer to earlier work for the linear model by Arellano
and Bond (1991) and Keane and Runkle (1992).

9.10 Exercises

9.1 Show that the Poisson fixed effects conditional MLE of β that maximizes
the log-likelihood function given in (9.16) is the solution to the first-order
conditions (9.17).

9.2 Find the first-order conditions for the negative binomial fixed effects con-
ditional MLE of β that maximizes the log-likelihood function based on the
density (9.18). (Hint: Use the gamma recursion as in section 3.3.) Do these
first-order conditions have a simple interpretation, like those for the Poisson
fixed effect conditional MLE?

9.3 Verify that the first-order conditions for the Poisson random effects MLE
for β can be expressed as (9.26).

9.4 Show that the Poisson fixed effects conditional MLE that solves (9.17)
reduces to exp(β̂) = ȳ1/ȳ2 in the application by Page (1995) discussed at the
end of section 9.5.



CHAPTER 10

Measurement Errors

10.1 Introduction

The well-known bivariate linear errors-in-variables regression model with addi-
tive measurement errors in both variables provides one benchmark for nonlinear
errors-in-variables models. The standard textbook treatment of the errors-in-
variables case emphasizes the attenuation result, which says that the estimated
least squares estimate of the slope parameter is downward-biased if both vari-
ables are subject to measurement error. The essential problem lies in the correla-
tion between the observed explanatory variable and the measurement error. This
leads to distorted inferences about the role of the covariate. Although this result
does not always extend to general cases, such as a linear model with two or more
covariates measured with error, it is usually of interest to consider whether a sim-
ilar attenuation bias exists generally in nonlinear models (Carroll et al., 1995).

There are important similarities and differences between measurement errors
in nonlinear and linear models. First, in nonlinear models it may be more natural
to allow measurement errors to enter multiplicatively rather than additively.
Second, models in which the measurement errors are confined to the count
variable, rather than covariates, are of considerable interest. Third, the direction
of measurement errors in count models is sometimes strongly suspected from
a priori analysis, which permits stronger conclusions.

Given these motivations, this chapter considers estimation and inference in
the presence of measurement errors in exposure time, errors due to underreport-
ing and misclassification of events. Such errors are shown to have important
consequences for model identification, specification, estimation, and testing.
One way to analyze the impact of measurement errors is to consider what
impact they have on the properties of a particular estimator that might be oth-
erwise optimal. We also emphasize the effect of the measurement error on the
observed distribution of counts, and the consequences of the choice of modeling
approaches for such data.

A general approach is to introduce measurement errors in the counts and
the covariates, together with assumptions about the joint distribution of errors.
Although this case is of major interest, we shall begin with a slightly simpler
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case in which the measurement error affects only the count variable. We then
focus on its effect on the distribution of the response variable.

We follow this discussion with an analysis of measurement errors in the
covariates, without being specific about their origin. In an important class of
cases, measurement errors are shown to lead to overdispersion.

There are two other cases in which the appropriate method of inference is
of special interest. In the first case, we are interested in event counts that are
underreported. For example, certain types of crime, accidents, and absences
at the place of work may be underreported because of random failures in the
mechanism for recording those events. How should estimation and inference
be carried out in such cases?

There is a closely related second case if one is interested in the frequency dis-
tribution of a subset of several related types of events, for example, the frequency
of industrial accidents in some particular category. However, the events may be
occasionally misclassified, sometimes because of lack of clarity in the definition
of the event, and sometimes to understate the relative frequency of one type of
event. Whittemore and Gong (1991) analyze data on cervical cancer mortality
rates using mortality data for several European countries coded into interna-
tional classification of disease categories. They point out that there are several
potential sources of error and systematic intercountry differences in the desig-
nation of the code, leading to misclassification errors. As in the case of underre-
ported counts, the main interest is in various approaches to modeling such data.

Section 10.2 examines the impact of measurement errors in counts due to
the incorrectly measured exposure. The emphasis is on overdispersion. Sec-
tion 10.3 concentrates on the case of additive or multiplicative measurement
errors in the regressors, ignoring the errors in counts. Section 10.4 studies
measurement errors in counts that do not necessarily arise from mismeasured
exposure, including the practically important case of misclassified counts. Sec-
tion 10.5 analyzes estimation and inference for underreported counts, which
arise in many commonly occurring situations.

10.2 Measurement Errors in Exposure

It useful to distinguish between separate measurement errors in exposure (period
of occurrence) and intensity (rate of occurrence). For example, in analyzing the
number of insurance claims for auto accidents, an error arises if it is assumed
that all cases in the sample were covered by insurance for the whole of the
period under study, if in truth some members were only covered for some part
of the period. This is an example of measurement error in exposure. Suppose the
model calls for a variable reflecting driving experience, but the only measure
available is the number of years a driving license has been held, which is an
imperfect measure of driving experience. This is an example of measurement
error in the intensity component. These are considered first.

Let us begin with the initial specification of the Poisson density in Chapter 1

f (yi | µi ti ) = e−µi ti (µi ti )yi

yi !
, yi = 0, 1, . . . . (10.1)
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Compactly, we refer to this density as P[µi ti ]. This is written to emphasize
the distinction between the intensity parameter µi and the exposure period ti ,
defined as the period during which the subject is at “risk” of experiencing the
event. Under the assumption that the exposure period is correctly measured
and of unit length for all subjects, E[yi ] = µi ti = µi . Then the density may be
written without the exposure period, thus f (yi | µi ) = exp(−µi )µ

yi

i /yi !.
Again we assume µi = µ(xi ,β) for convenience. It is of interest to consider

the consequences of measurement errors for the MLE. Measurement errors in
yi , xi , and ti are relevant, those in xi for obvious reasons and those in ti because
it is a likely source of measurement error in cases in which the sample data
are based on the subject’s possibly faulty recall of events experienced in the
past. Exposure need not necessarily be just time, because other variables such
as population, distance, and so forth may also be relevant. Measurement errors
from exposures in the general case have been considered by Brännäs (1996)
and Alcañiz (1996).

In analyzing the consequences of measurement errors one may either fo-
cus on the properties of a particular estimator, such as inconsistency, or study
the effect on the entire distribution of the observed random variable. The first
approach is widely used in the analysis of linear errors-in-variables models.
The main technique in the latter case involves considering a small-variance
local Taylor expansion around the true density (Cox, 1983) and studying the
properties of the resulting approximate density.

In relation to exposures, three separate cases are considered. The first is
the case of known but unequal exposures, which can be handled in a relatively
straightforward manner. The second situation is that in which the exposure vari-
able is not directly observed but there is information on observable factors that
affect it. The third case is one in which the exposure period is not observed and
is incorrectly assumed to be the same for all subjects, giving rise to measure-
ment errors. A potential advantage of specifying exposure explicitly is to permit
separate identification of factors that affect exposure rather than the intensity
parameter.

10.2.1 Correctly Observed Exposure

Using the exponential mean specification we have

µi ti = exp
(
x′

iβ
)
ti

= exp
(
x′

iβ + ln ti
)

= exp

[(
x′

i ln ti
) (β

1

)]
= exp

[
x′

iβ
(a)
]
, (10.2)

where x′
i = (xi ln ti ) and β(a)′ = (β′ βk+1) = (β′ 1). With this specification

substituted in the usual expression for log-likelihood, estimation can proceed via
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constrained maximum likelihood, with the coefficient of ln ti being restricted to
unity. This constraint can be imposed directly by substitution into the likelihood.
Another alternative is to estimate βk+1 freely and then use the test of the null
hypothesis that βk+1 = 1 as a model specification test.

10.2.2 Multiplicative Error in Exposure

In this section we show that a measurement error in exposure is analogous to
a measurement error in the dependent variable in the linear regression. A con-
sequence is to inflate the variance through overdispersion. Under appropriate
assumptions we find strong parallels between measurement errors and unob-
served heterogeneity. Both lead to overdispersion, and in both cases, provided
there is no dependence with explanatory variables, maximum likelihood is a
consistent estimator. There are also strong parallels in the algebraic analysis of
the two problems.

Assume that µi (·) is correctly specified, but ti is measured with error. Also
assume that the measurement error is uncorrelated with the explanatory vari-
ables xi . Suppose the model is estimated by Poisson maximum likelihood.

In considering the impact of measurement error on the properties of the
estimator, notice that the model set-up is exactly analogous to the case of mul-
tiplicative heterogeneity considered in earlier chapters. The variable ti replaces
the term νi . Consequently, in the presence of random measurement errors in ti ,
the mixed Poisson model emerges. If ti is gamma-distributed, for example, the
resulting marginal distribution of yi is the NB2. Formally, we have

f (yi | µi ti ) = µ
yi

i

yi !

t yi

i

eµi ti

= P[µi ] × e−ti t yi

i . (10.3)

To handle the problem without an explicit parametric assumption regarding the
distribution of ti , we follow the approach of Gurmu, Rilstone, and Stern (1995):

h(yi | µi ) =
∫

f (yi | µi , ti )g(ti ) dti

= µ
yi

i

yi !

∫
t yi

i e−(µi ti )g(ti ) dti

= µ
yi

i

yi !
M(y)

t (−µi ), (10.4)

where Mt (−µi ) = Et [e−µi ti ] denotes the moment generating function for ti and

M(y)
t (−µi ) = Et

[
t yi

i e−(µi ti )
]

(10.5)

is the yth
i order derivative of Mt (−µi ) with respect to −µi ; Et denotes ex-

pectation with respect to the mixing distribution. Essentially (10.4) gives the



10.2. Measurement Errors in Exposure 305

arbitrary, and hence flexible, mixed Poisson density, which can be analyzed
after choosing a suitable g(t) density and then doing the necessary algebra to
derive the term M(y)

t (−µi ). Although this approach is quite general, it generates
formidable algebraic and computational detail, as shown in section 12.5.

Continuing with the assumption that the intensity function µ(·) is correctly
specified, the assumption of a multiplicative measurement error with a spec-
ified parametric distribution leads to a mixed (overdispersed) Poisson model.
Interestingly, this implies that overdispersion in a count model may reflect
measurement errors. For example, the assumption that ti in (10.3) has gamma
distribution leads to the marginal distribution of yi being the negative binomial
distribution.

We say the measurement errors are exogenous if they are uncorrelated with
the covariates xi . Under the assumption of exogenous measurement errors, it
follows that the random measurement errors in exposures do not affect the
consistency property of the Poisson maximum likelihood. Furthermore, if the
variance of the measurement errors is O(n−1/2) (a case of “modest overdisper-
sion” in Cox’s [1983] terminology), then the estimator is also asymptotically
efficient. A heuristic demonstration of this point follows from a second-order
Taylor expansion of (10.1) around (ti − 1). In general, however, the standard
errors of the PML estimator will be incorrect and should be adjusted.

First it is assumed that the true exposure period is of unit length, and the
measurement error, ti − 1, is zero mean, finite variance, and uncorrelated with
yi − µi :

Et [ti − 1] = 0,

Et [(ti − 1)(yi − µi )] = 0,

Et [(ti − 1)2] = σ 2
i .

(10.6)

The second-order Taylor expansion around P[µi ] yields

e−µi ti (µi ti )yi

yi !
= P[µi ]

[
1 + (yi − µi )(ti − 1)

+ 1

2
((yi − µi )

2 − yi )(ti − 1)2 + O(ti − 1)3
]
.

Then

Et

[
e−µi ti (µi ti )yi

yi !

]
≈ P[µi ]

[
1 + 1

2
((yi − µi )

2 − yi )σ
2
i

]/
a
(
µi , σ

2
i

)
(10.7)

where a(µi , σ
2
i ) is a normalizing constant.

From (10.7) it can be seen that, under the assumption that measurement er-
rors are O(n−1/2), the neglect of overdispersion is not asymptotically a serious
misspecification, although it affects the estimates of the sample covariance ma-
trix of β. We can also interpret this result to mean that the use of mixed Poisson
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models may be justified by the presence of particular types of measurement
errors.

Suppose (yi − µi ) and (ti − 1) are correlated, and

Et [(yi − µi )(ti − 1)] ≡ σi (xi , ti ).

Then

Et

[
e−µi ti (µi ti )yi

yi !

]
≈ P[µi ]

[
1 + σi (xi , ti ) + σ 2

i

2
[(yi − µi )

2 − yi ]

]/
a
(
µi , σ

2
i

)
.

Unlike the previous case, the moments of this distribution depend on the distri-
bution of ti through the covariance σi (xi , ti ). Consequently, as the first moment
of the distribution is no longer µi , estimators based on the Poisson mean spec-
ification will be inconsistent. In general, the entire distribution of yi , not just
the variance, is affected by this type of measurement error. Heuristically, the
inclusion in the conditional mean function of variables correlated with ti should
reduce the extent of misspecification. This provides a motivation for using proxy
variables for exposure.

10.2.3 Proxy Variables for Exposure

In some cases the exposure is more realistically specified as a function of a set
of observables. For example, Dionne, Desjardins, Laberque-Nadeau, and Maag
(1995) estimate the effect of different medical conditions on truck drivers’
distribution of accidents, including exposure factors measured by hours behind
the wheel, kilometers driven, and other qualitative factors. The conditional mean
function is specified as a function of variables that affect the intensity of the
process (x1) and those that affect the exposure (x2); thus

µi ti | x1i , x2i = exp
(
x′

1iβ1 + ln ti
)

= exp

[(
x′

1i x′
2i

) (β1

β2

)]
,

(10.8)

which does not require constrained estimation. A random error may also be
included in the conditional mean. For example, if

ti = exp
(
x′

2iβ2
)
ui ,

where u denotes an error with unit mean, then one will get results similar to
those in the previous subsection.
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10.3 Measurement Errors in Regressors

10.3.1 Additive Measurement Errors

Some data sets have two features. First, the assumption that covariates are
measured with additive Gaussian errors is reasonable. Second, one has access
to replicated data sets that make it feasible to estimate moments of the error
distribution. In such cases the approach of Carroll et al. (1995) may be applied.

Consider the case in which the true regressors X in the conditional mean
function are not observed, but a proxy, W, where W = X + U, is observed; the
additive measurement error U is assumed to be distributed N[0,Σuu]. The anal-
ysis is based on the conditional distribution of Y given the error-contaminated
variable W, although the main interest is in the conditional distribution of Y
given X. Carroll et al. propose two “functional methods” for generalized linear
models, which, unlike “structural methods,” make minimal assumptions about
the distribution of regressors. The analysis is specialized to the Poisson regres-
sion. They suggest two methods, the “conditional-score” and the “corrected-
score” methods. The first step in applying these methods is to obtain an estimate
of the sufficient statistic for X. The standard estimating equations for the Pois-
son model can then be modified by replacing the term in the score function
involving X by the sufficient statistic. Assuming that an estimate of Σuu is
available, the adjusted estimating equations still cannot be written in a closed
form for the Poisson regression; summation of an infinite series is necessary.
Second, estimation of Σuu requires additional data; this step may be feasible
if replicates of W are available, which may be the case in some disciplines.
Finally, the calculation of sampling variances is implemented using bootstrap-
type methods. In short, this method of dealing with measurement errors is quite
computer-intensive. For further details the reader is referred to the original
sources. Jordan, Brubacher, Tsugane, Tsubono, Gey, and Moser (1997) con-
sider a similar model that does not require replicated data. Their estimation
procedure is Bayesian and simulation-based.

The analysis does not shed any direct light on the existence of attenuation
bias. A heuristic qualitative argument suggests that a downward bias is ex-
pected. Measurement errors in covariates increase the range of variation of the
explanatory variables without a corresponding effect on the range of the re-
sponse variable. Consequently unit variation in W elicits a smaller response
than unit variation in X. The quantitative impact of attenuation can be expected
to vary depending on the nonlinearity of the conditional mean.

10.3.2 Multiplicative Error in Regressors

In this subsection we consider the case of multiplicative measurement errors.
With the exponential specification for the conditional mean, the multiplicative
error model, the additive error model, and the unobserved heterogeneity models
can be shown to be algebraically similar. Hence, under certain assumptions
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some of the effects of additive or multiplicative errors turn out to be very
similar. Different implications can be generated, however, by changes in those
assumptions.

Consider the exponential mean model with multiplicative heterogeneity.
Specifically, let

yi | µi , νi ∼ P[µiνi ],

where

µiνi = exp
(
x′

iβ
)
νi

= exp
(
x′

iβ+ εi
)
, (10.9)

where exp(εi ) = νi .
Now let us compare this with the additive measurement error model in which

yi | µi ∼ P[µi ],

where

µi = exp
(
x∗′

i β
)
, (10.10)

where x∗ is the vector of unobserved true values of explanatory variables.
Assume that x∗ = x + η, which has an additive measurement error η, so that

E[yi | xi ,ηi ] = exp[(xi + ηi )
′β]

= exp
(
x′

iβ
)
exp
(
η′

iβ
)

= exp
(
x′

iβ
)
wi , (10.11)

where wi = exp(η′
iβ). This formulation has an obvious parallel with unob-

served heterogeneity. Clearly one might interpret the unobserved heterogeneity
term in (10.9) as a measurement error. One may also interpret it as reflecting
omitted regressors z as in

µi | xi , zi = exp
(
x′

iβ + z′
iγ
)

= exp
(
x′

iβ
)
exp
(
z′

iγ
)

= exp
(
x′

iβ
)
ui , (10.12)

where ui = exp(z′
iγ), which is again algebraically similar to the preceding

measurement error and heterogeneity models.
These similarities can be exploited by reinterpreting the analysis of the pre-

vious subsection. For example, parallel to (10.6), we may specify

Ew[wi − 1] = 0; Ew[(wi − 1)2] = σ 2
w,i ;

Ew[(wi − 1)(yi − µi )] ≡ σi (xi , wi ).
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Further, parallel to (10.7) we can derive

Ew

[
e−µi wi (µiwi )yi

yi !

]

≈ P[µi ]

[
1 + σi (xi , wi ) + σ 2

w,i

2
[(yi − µi )

2 − yi ]

]/
a
(
µi , σ

2
w,i

)
.

So the effects of additive measurement are qualitatively similar to those due
to omitted heterogeneity, errors in exposure, or omitted regressors from the
conditional mean. If the measurement errors are uncorrelated with the regressors
x, then E[η | x] = E[η] and wi has unit mean and finite variance. Then the
consequences of measurement error are essentially the same as those due to
unobserved heterogeneity, namely overdispersion and loss of efficiency of the
PML estimator.

An alternative assumption allows for possible correlation between x and η.
Mullahy (1997a) has argued by reference to the omitted variable case that
nonzero correlation is more realistic. That is, one or more of the omitted regres-
sors are likely to be correlated with the included variables. Then the standard
PMLE is also inconsistent.

Under certain assumptions, the nonlinear instrumental variable estimator
provides consistent estimates of the parameters of the model. Write the model
in matrix notation as a nonlinear regression,

y = exp(Xβ) + ε, (10.13)

where it is assumed that E[ε | X] = 0, V[ε | X] = Ω. Assume that we have
available wi , a set of g, g ≥ k+m instrumental variables that are asymptotically
uncorrelated with εi and correlated with xi . The set of instruments may include
a subset of xi . The NLIV estimator, denoted β̂NLIV, minimizes

(y − exp(Xβ))′W(W′ΩW)−1W′(y − exp(Xβ)),

for a given Ω. Two points to note are that the nonlinear regression has an
additive, not multiplicative, error, and that the specification and estimation
of the (optimal) weighting matrix Ω should be considered. These issues are
discussed again in Chapter 11.

10.4 Measurement Errors in Counts

10.4.1 Additive Measurement Errors in Counts

Suppose that error-contaminated counts, denoted by yo, are nonnegative and
integer-valued. Let yt denote the true unobserved count and ε the additive
measurement error. That is,

yo = yt + ε, yt , ε � 0. (10.14)
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One simple model is

yt | µ ∼ P[µ]

ε | γ ∼ P[γ ],

and yt and ε are independently distributed. This implies that

yo | µ, γ ∼ P[µ + γ ].

So the measurement error leads to a larger mean and variance relative to the
distribution of yt . This model has a nonnegative measurement error; hence, it
is useful only for characterizing count inflation.

More generally we might consider the case where ε is integer-valued but not
necessarily nonnegative. This assumption permits both under- and overcounts.
But the nonnegativity restriction on yo implies parallel restrictions on the distri-
bution of ε. It is implausible to expect such restrictions to hold if it is assumed
that yt and ε are independently distributed. A joint distribution for yt and ε,
which admits correlation, may seem more appropriate. The distribution of yo

may be derived by adding a joint distribution to (10.14).
Binomial thinning, considered in section 7.4, is another example of a mech-

anism for modeling measurement errors in counts. This mechanism operates
such that an event that has occurred is not recorded. Such nonrecording then
occurs a random number of times and only affects events, not nonevents. How-
ever, as its name suggests, this mechanism generates only undercounts – hence
its usefulness in modeling underreporting. Binomial thinning is the opposite of
the model of count inflation suggested previously. It is used in section 10.5 to
model underreported counts.

One may construct a synthetic model that accommodates both under- and
overcounts. An example is a finite mixture involving two “pure” types of con-
tamination, one generating only positive and the other generating only negative
measurement error. Currently such models remain underdeveloped.

10.4.2 Misclassified Counts

Counted events may be categorized by types. Classification into types may itself
be subject to error, leading to incorrect total number of events in each category.
The basic idea of this subsection is that improvements result from modeling the
classification process. This intuitive idea also recurs in section 10.5, in which
we consider underrecording.

We shall begin with an example based on Whittemore and Gong (1991), who
consider a situation in which the main interest lies in the mortality rate from
cervical cancer using cross-country grouped data on deaths and population at
risk in different age groups. We change their notation slightly to be consistent
with previous notation in this chapter. They assume that the disease may be
misclassified as one of several other diseases but that its diagnosis is unlikely to
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be erroneous. That is, “Process of classifying has perfect specificity, but imper-
fect sensitivity denoted by π , and the sensitivity π may vary with covariates”
(Whittemore and Gong, 1991, p. 83).

Denote by n1i and n2i the number of correct and incorrect disease classifica-
tions, respectively; i = 1, . . . , G. Assume (i) n1i ∼ B(πi , n1i +n2i ); (ii) disease
occurs in each population as a Poisson process; and (iii) distinct populations
are independent.

Then the Poisson assumption about actual occurrence of the disease im-
plies that observed fallible disease counts ys

i are mutually independent Poisson
variates. That is,

ys
i ∼ P

[
µc

i

]
µc

i = πiµi

= πiλi Li ,

where µi denotes the disease rate and Li denotes person-years at risk. Because
Li is known, the focus is on modeling the disease rate λi . The likelihood for
the i th observation is then the product of Poisson and binomial likelihoods

Li = (µc
i

)ys
i e−µc

i π
n1,i

i (1 − πi )
n2,i
/

ys
i !

and the log-likelihood is

L(λ, π | X, Ys, L, Z, n1, n2) =
G∑

i = 1

{
ys

i ln πi + ys
i ln λi − πiλi Li

+ n1,i ln πi + n2,i ln(1 − πi )
}
,

(10.15)

where in what follows λi = exp(x′
iβ), and

πi = exp
(
z′

iδ
)
/
[
1 + exp

(
z′

iδ
)]= �

(
z′

iδ
)
,

which allows the covariates in λ and π terms to differ in principle. Let dim(xi ) =
k, dim(zi ) = s. This specification is slightly different from Whittemore and
Gong’s example in which exactly the same covariates determine both λi and
πi . The likelihood scores are:

∂L
∂β

=
∑(

ys
i − µc

i

)
xi

∂L
∂δ

=
∑((

ys
i − µc

i

)(
1 − �

(
z′

iδ
))+ n1i − (n1i + n2i )�

(
z′

iδ
))

zi ,

(10.16)

where the second block of s equations can be interpreted as implying orthog-
onality between the covariates zi and the difference between the actual and
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expected frequency of disease counts, allowing for misclassification probabil-
ity. The (k + s)-dimensional information matrix is given by

I(β, δ) =
n∑

i=1

[
µc

i xi x′
i Iβδ

I ′
βδ µc

i (1 − �(ziδ))zi z′
i

]
, (10.17)

where

Iβδ =
∑[

n1i + n2i + µi
(
1 − �

(
z′

iδ
))][

�
(
z′

iδ
)
(1 − �(ziδ))

]
x′

i zi .

Note that unless the subsets of covariates x and z are mutually orthogonal,
the information matrix is not block-diagonal. As before, for identifiability we
require that rank [I(β, δ)] is k + s.

The example discussed above is closely related to the work on log-linear
models for categorical data with misclassification errors. There are some simi-
larities between this approach and that used in the underrecorded counts prob-
lem, especially in relation to modeling the misclassification probability in terms
of observed covariates. However, binomial thinning plays a role in underrecord-
ing, but not here. Hence, the frequency of observations within the category
may be under- or overreported. If one is interested in more than two misclas-
sification categories, a multinomial logit model offers a suitable parameteri-
zation. For other possible generalizations, see Whittemore and Gong (1991,
pp. 90–91).

10.4.3 Outlying Counts

Let us reconsider the data set on recreational trips that was used in Chapter 6.
There was a suspicion of measurement errors in this case arising from the
curious “rounding” in the number of self-reported boating trips if that number
was 10 or higher (see Table 6.9). Some clustering occurs at 10 and 15 trips, and
higher counts often occur in rounded categories like 20, 25, 30, 40, and 50.

To avoid distorted inferences from such data, robust estimation based on
discarding some proportion of the data is sometimes recommended. However,
Christmann (1994, 1996) notes that the finite sample breakdown points of many
robust estimators for regressions with discrete responses are not known. He con-
siders the least median of weighted squares estimator for the Poisson regression
and shows that it has a high breakdown point and other desirable properties.

More informally, in practice it may be useful to simply form an impression
of the impact of the high counts on the estimated model. One way to do this is
to “downweight” the higher counts in which we believe the measurement error
might be concentrated. For example, we might truncate the sample at 10 visits
if we believe that for frequencies larger than this value the measurement error
is too large. Then we might estimate a truncated negative binomial model using
10 visits as a truncation point. Another possibility is to use 10, or some other
value, as the censoring point in estimating the right censored negative binomial.
This procedure also reduces the weight of large frequencies but less drastically
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than in the truncated case. A limitation of this idea is that it only explores the
consequences of suspected measurement errors and lacks formal justification.
For example, how should one choose among different censoring values? The
robust estimation approach addresses this problem more formally.

10.5 Underreported Counts

In this section we consider how one might model event counts if there is reason
to believe that some events that have occurred might not be recorded. It is easy
to see that if events are distributed with mean µ, and each event has a constant
probability π of being observed, then the observed event count has mean πµ.
So a count model fitted to observed data yields information about the product
πµ. This is clearly a downward-biased estimate of µ, the true mean of the event
process. This section considers refinements of this model using the basic idea
that modeling the recording process may result in improved inference about
parameters of interest.

10.5.1 Mechanism and Examples

The term underrecording refers to that feature of the method of data collection
that causes the observed (recorded) count to understate on average the actual
number of events. Parametric estimation and inference are to be based on the
recorded counts of the event.

Suppose events are generated by a pure count process, but for each event, a
Bernoulli process determines whether the event is recorded. This is the bino-
mial thinning mechanism. For a given recording probability for an individual
event, the occurrence probability may be either dependent or independent. In
either case, the recorded events are shown to follow a mixed binary process.
A regression model can be developed by parameterizing the moments of the
mixed process. The main idea is to combine a model of underrecording with a
model of the count process.

Examples of underrecorded counts may be found in many fields. They
include the frequency of absenteeism in workplaces (Barmby, Orme, and
Treble, 1991; Johansson and Palme, 1996), the reporting of industrial injuries
(Ruser, 1991), the number of violations of safety regulations in nuclear power
plants (Feinstein, 1989, 1990), the frequency of criminal victimization (Fien-
berg, 1981; Schneider, 1981; Yannaros, 1993), hospital medicine (Watermann,
Jankowski, and Madan, 1994), and earthquakes and cyclones (Solow, 1993), to
mention only a few.

The example of absenteeism in the workplace serves to illustrate certain
recurring features of underreported-count models. In some organizations the
recorded absences at work reflect the interaction between the actual incidence
of absenteeism and the monitoring mechanism for observing those absences.
Monitoring mechanisms are usually not perfect because such observation re-
quires resources, whose use may not be economical beyond a certain point,
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which itself can be expected to vary across organizations. Let y denote the true
number of events. Suppose the probability that an event is recorded, conditional
on occurrence, is π , 0 ≤ π ≤ 1. Assume that the recording and occurrence
mechanisms are independent. Then the mean number of recorded events, de-
noted ys , is

E[ys | µ, π ] = µπ,

where E[y | µ] = µ is the true mean and π is the average recording probability.
This argument suggests a simple nonlinear regression approach to estimation
based on parameterizing theµ andπ components. If, for example,µ = µ(x,β),
and π = π (z,γ), where µ(·) and π (·) are known functions, the approach leads
to a nonlinear regression of the form

ys = µ(x,β)π (z,γ) + ε. (10.18)

If (β,γ) are identifiable, then a consistent estimation procedure may be devised.
If not, then one may estimate a “reduced form” – type regression

ys = m(x, z |θ) + ε, (10.19)

where m(·) may be a given function and θ is some (generally unknown) func-
tion of (β,γ). In the subsequent discussion, we take (10.18) as the equation
of interest. Although this basic framework is useful in approaching the prob-
lem, we begin by considering the more general case in which there is depen-
dence between observation and recording. However, irrespective of whether
the two are dependent, the key idea is that recording should be modeled, not
ignored.

10.5.2 Dependence Between Events and Recording

Consider a bivariate binomial random variable (Y, R) where Y = 1 denotes the
single occurrence of an event of interest in some specified time interval, and
R = 1 denotes the recording of that event. The following table establishes the
notation for the probabilities associated with the four possible outcomes:

R = 1 R = 0
Y = 1 π11 π10 π

Y = 0 π01 π00 1 − π

π ′ 1 − π ′

The recording process is not directly observable. It is assumed that whereas
an event that has occurred may not be recorded (observed), the nonoccurrence
of an event is always correctly recorded. Thus, there is zero probability of
overrecording.
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Recording and occurrence may be dependent. For example, if an event is
an action of an informed individual, the probability that the event occurs may
depend on whether the event will be recorded. A criminal act or an unauthorized
absence from work are two examples or situations in which the recording and
occurrence are likely to be dependent. In the first, the true occurrence of absences
may depend on the probability of the absence being observed (recorded) by the
employer. In the second, the commission of the crime could be a function of
the probability of detection.

Let N denote the number of trials and Y and R the number of “successes”.
It is assumed that the components of the joint event (Y, R) are dependent.
To allow for the dependence between Y and R, the following orthonormal
series expansion representation of the bivariate binomial (a specialization of
Chapter 8) is used:

f (Y, R) = g(Y | π, N )g(R | π ′, N )

×
[

1 +
N∑

n = 1

ρn Q∗
n(Y | N , π )Q∗

n(R | N , π ′)

]
, (10.20)

where f (Y, R) is the joint density,

g(Y | π, N ) =
(

N
Y

)
πY (1 − π )N−Y ,

g(R | π ′, N ) =
(

N
R

)
π ′Y (1 − π ′)N−R,

Q∗
n(Y | N , π ) and Q∗

n(R | N , π ′) are the orthonormal (Krawtchouk) polyno-
mials with respect to g(Y | π, N ) and g(R | π ′, N ), respectively, and ρ is the
correlation parameter; ρ = (π11 − ππ ′)/

√
π (1 − π )π ′(1 − π ′). The joint den-

sity is the product of the marginals if ρ = 0; this is the independence case (see
Eagleson, 1964, 1969).∗

Because initially we are only interested in the single event, set N = 1, and
the above expressions simplify as follows:

f (Y, R) = g(Y | π )g(R | π ′)
[
1 + ρQ∗

1(Y | π )Q∗
1(R | π ′)

]
(10.21)

where g(Y | π ) = πY (1 − π )1−Y , g(R | π ′) = π ′R(1 − π ′)1−R .
The above may be written as follows:

π11 ≡ f (Y = 1, R = 1)

= ππ ′
[

1 + ρ
1 − π√
π (1 − π )

1 − π ′
√

π ′(1 − π ′)

]
.

(10.22)

∗The reader should note that in this case the upper limit of the sum in the orthonormal polynomial
expansion is N rather than ∞.
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By standard methods we can obtain the conditional probability that the event
is recorded, given it has occurred; that is,

f (R = 1 | Y = 1) = π11/π

= π ′
[

1 + ρ
1 − π√
π (1 − π )

1 − π ′
√

π ′(1 − π ′)

]
= π∗′ (10.23)

where π∗′ ≡ π ′(1 + ρC), and C ≡ [ππ ′]−1/2(1 − π )1/2(1 − π ′)1/2.
In the special case of independence the recording probability does not depend

on the event probability π , and we get π ′ = π∗′.

10.5.3 Distribution of Recorded Events

Poisson Distribution

To proceed to the case of N recorded events we assume a Poisson process for
the events; specifically, there is no serial correlation in the event process. Given
the conditional probability of recording, the distribution of recorded events, Ni ,
follows the Poisson distribution by the following lemma, derived in section 10.6.

Lemma. If π∗′ is the probability that an event is recorded and the number of
events are distributed P[µ], then the number of recorded events are distributed
P[µπ∗′].

It can be seen that:

• The distribution of the recorded events has a smaller mean (µπ∗′) and
variance than the distribution of the actual events; the understatement
of the Poisson mean is greater if the correlation is negative.

• The understatement is the greatest in the negative correlation case.
To see the effect of the correlation (ρ), note that Eagleson (1969,
pp. 36–37) has shown that the correlation ρ obeys the bounds
(i) −1− π/(1 − π ) ≤ ρ ≤ 1 if π ≥ 1

2 ; and (ii) −π/(1 − π ) ≤ ρ ≤ 1,
if π ≤ 1

2 , respectively. Hence, µ > µπ ′(1 + ρC) if ρ > 0, and
µπ ′(1 + ρC) < µπ ′ if ρ < 0. Again note that the dependence be-
tween Y and R is captured by the probability function π∗′. If Y and R
are independent, π∗′ = π ′.

• Underrecording can be interpreted as a source of excess zeros be-
cause it causes the distribution to shift left, reducing both the mean
and the mode, and leading to an excess of zeros relative to the par-
ent distribution. This effect, which is similar to the statistical phe-
nomenon of binomial thinning, appears to be a common feature of all
underreported-count models considered here.
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• Suppose the probability of underrecording for a given individual varies
from event to event. In that case the analysis given previously should
be interpreted in terms of average recording probability for an event
(Feller, 1968, p. 282).

Negative Binomial Distribution

The basic result extends straightforwardly to the negative binomial model,
which can allow for the presence of overdispersion, and to the hurdle model.

The model can be motivated as follows. Let the number of recorded events be
distributed according to P[µπ∗′η], given η, where η is interpreted as a random
unobserved heterogeneity term distributed across individuals independently of
µπ∗′. For example, let η be gamma-distributed with unit mean and variance α;
then unconditionally the number of events follows the NB2[µπ∗′, α], that is,
with mean µπ∗′, and variance [µπ∗′(1 + αµπ∗′)].

Lemma. Let π∗′ be the probability that an event is recorded. Let the number of
events follow NB2[µ, α] distribution. Then the number of recorded events, Ys ,
follows NB2[µπ∗′, α] distribution.

10.5.4 Underrecorded-Count Regressions under Independence

To proceed to parametric regression models, additional functional form assump-
tions are required. The independence case is relatively easier to handle, so we
consider it first. It may be a reasonable assumption in cases in which the ob-
served events (actions) do not adapt to the recording mechanism; for example,
see Solow (1993).

Poisson Case

From the first lemma in section 10.5.3, the first two moments in the Poisson
case are

E[Ys] = µπ ′, (10.24)

V[Ys] = µπ ′. (10.25)

For a sample of n observations on Ys , denoted yi , i = 1, . . . , n, the condi-
tional mean µi of the actual count process Ni can be parameterized as g(xi ,β),
where g is a known one-to-one smooth function, xi is the vector of k covariates
that characterize the dgp, and β is the k-dimensional parameter of interest. Let
π ′

i be the corresponding probability of recording, assumed to vary across i .
Let π ′

i = F(zi , δ), where F is a known smooth monotonic function such that
F(−∞) = 0, F(+∞) = 1, zi is the vector of covariates that represent the ob-
servable characteristics of the recording mechanism, which are distinct from xi ,
and δ is an s-dimensional parameter. (The probability parameter π ′ generally
depends on the observational apparatus R. Therefore, it may be helpful to think
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of π ′ as a function of the observable traits of the recording mechanism.) This
parameterization of π ′

i specializes to a probit or logit formulation. By adopting
this restrictive specification we avoid the potential complication that µi may
also depend upon covariates zi .

Using (10.24) the mean function for the underreported-count process may
be parameterized as

E [yi | xi , zi ] = g(xi ,β)F(zi , δ), (10.26)

where xi , zi are the set of covariates and (β′, δ′) is the (k + s)-dimensional
parameter vector to be estimated.

The model can be written as a nonlinear regression model of the following
form,

yi = E[yi | xi , zi ] + εi = g(xi ,β)F(zi , δ) + εi , i = 1, . . . , n
(10.27)

where the conditional mean has a double-index structure. The primary interest in
the regression model (10.27) is to estimate the parametersθ′ = (β′, δ′) given (i)
the functional forms for g(xi ,β) and F(zi , δ) and (ii) the underlying data gen-
erating process for the true counts Ni – for example, the Poisson assumptions.
This model could be estimated by NLS, assuming exogeneity of (xi , zi ).

Let g(xi ,β) = exp(x′
iβ) and let F(zi , δ) be the logistic cdf, so that,

F(zi , δ) = exp
(
z′

iδ
)/(

1 + exp
(
z′

iδ
)) ≡ �

(
z′

iδ
)
.

Then the mean specification as in (10.26) can be written as,

µc
i ≡ E(yi | xi , zi ) = exp

(
x′

iβ
)
�
(
z′

iδ
)
. (10.28)

Defining π ′
i to be a function of covariates zi allows it to be heterogeneous

across observations. But it is important to have sufficient variation in the covari-
ates zi , that is, in π ′

i . If π ′
i is constant for all observations, then it cannot be iden-

tified. Rewriting (10.26) explicitly as E[yi | xi , zi ] = exp(β0 + · · · + xikβk)π ′,
one can see that constant π ′

i enters the model through the intercept term and
β̃0 = (β0 + ln π ′) and hence both β0 and π ′

i cannot be individually identified
from an estimate ˆ̃β0.∗

The choice of zi depends on the specific problem at hand and should be de-
termined from the relevant theories but in general is subject to some restrictions.

Example: Safety Violations

An empirical example of the Poisson–binomial model analyzed previously is
Feinstein (1989). He used panel data from over 1000 inspections of 17 U.S.

∗ This is a consequence of the functional form. Under an alternative functional form the problem
may be less serious.
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commercial nuclear reactors by the Nuclear Regulatory Commission over 3
years to study factors determining the rate of safety violations. The dependent
variable is the number of safety violations cited. He reported a finding that eco-
nomic incentives had a small impact on noncompliance, whereas technological
and operating characteristics of the plant had a larger impact. The model he con-
siders has an additional complication. A sampled plant may or may not comply
with regulations, with probabilities 1 − F1(z′

1iβ1) and F1(z′
1iβ1), respectively.

In turn, a violation by a noncompliant plant may or may not be detected, with
probabilities F2(z′

2iβ1) and 1− F2(z′
2iβ2), respectively. Reported nonviolations

come from both undetected violators and from genuine nonviolators. These
formulations lead to a likelihood function for violation and detection,

L(β1,β2 | z1, z2) =
∑
i∈V

[
ln F1

(
z′

1iβ1
)
F2
(
z′

2iβ2
)]

+
∑
i∈V c

[(
1 − ln F1

(
z′

1iβ1
))

F2
(
z′

2iβ2
)]

,

where V is the set of detected violators and V c its complement. In Feinstein’s
model the mean number of detected violations is the product of the detection
probability and the mean number of violations, F2(z′

2iβ2)µi . Feinstein calls his
estimator the detection control estimator.

Negative Binomial Case

A variant of NB2 can accommodate overdispersion. Substituting µc
i = µiπ

′
i as

the mean of the NB2 distribution we can write the expression for the pdf of the
recorded events:

Pr[Yi,s = yi ] = �(yi + α−1)

�(yi + 1)�(α−1)

(
α−1

α−1 + µc
i

)α−1(
µc

i

α−1 + µc
i

)yi

.

(10.29)

The mean function in (10.26) together with NB2 specification in (10.27)
yields an NB2-logistic regression model with overdispersion parameter α in the
variance equation V[yi | xi , zi ] = µc

i (1 + αµc
i ).

10.5.5 Underreported-Count Regressions under Dependence

Now suppose the observed counts refer to behavioral responses that incorporate
knowledge of, or adaptation to, the recording process.

Poisson Case

Assume that ρ is a constant. Then the result of section 10.5.2 implies that E[Ys]
is given by

µc = µπ ′(1 + ρC), (10.30)

where C is defined after (10.23).
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This may be interpreted to mean that the second term ρC measures the ef-
fect of the departure from independence. This suggests that the functions µ,
π ′, and C should be parameterized in such a way as to identify all parameters
of interest. This is difficult because the C component depends on all parame-
ters appearing in the model, as, by definition, C = Q∗

1(Y = 1 | π )Q∗
1(R = 1 | π ′).

Explicitly,

C =
√

(1 − π )(1 − π ′)
ππ ′ > 0.

Under the Poisson process assumptions the probability of observing a single
event in the time interval (t, t +h) is π = µh +o(h). Hence the C term depends
on both x variables, through π or µ, and also on the z variables, through π ′. If
we substitute known functional forms for all unknown parameters, the resulting
expression for µc may not be tractable. This provides some motivation for a
functional form such as

µc = µπ ′ + g∗(x, z), (10.31)

where g∗ is treated as an unknown function that can be handled by nonpara-
metric methods (see Chapter 12).

To improve tractability, the use of an ad hoc “approximation” may simplify
the expression for µc. For example, let

µc
i = g(xi ,β)F(zi , δ) + γ h(xi , zi ,θ),

where the function h(·) may be specified to mimic the properties of the term C .
If γ = 0, the model reverts to the independence case.

If the second term in (10.30) is incorrectly ignored, the resulting misspecifi-
cation generates an equation error correlated with the included variables in the
model. Ignoring this correlation produces inconsistent estimates.

To make consistent estimation feasible, weaker distributional assumptions
may now be more appropriate in estimation. A suitable estimator for such
a model is likely to be an NLIV estimator, discussed in Chapter 11. In the
remainder of this section we consider estimation and inference only under the
independence assumption.

10.5.6 MLEMLE under Independence

We consider maximum likelihood estimation. Quasilikelihood and moment-
based procedures are feasible also and are analyzed in Mukhopadhyay and
Trivedi (1995).

For conditionally independent observations, and given the n × (k + s) ma-
trix [∂µc/∂θ′], assumed to have column rank (k + s) for θ ∈ Rk+s , the
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log-likelihood function for NB2 can be written as,

L(µc, α
) =

n∑
1

[
ln �
(
yi + α−1

)+ ln y! − ln �(α−1) + α−1 ln(α−1)

− α−1 ln
(
α−1 + µc

i

)+ yi ln µc
i − yi ln

(
α−1 + µc

i

)]
.

(10.32)

Let ξ= (θ′, α)′ and θ′ = (β′, δ′).
The scores are:

s(ξ) = (s′
1 s2
)′
,

s1 =
n∑

i=1

[
yi − µc

i

1 + αµc
i

] [
xi

(1 − �(z′
iδ)) zi

]
,

s2 =
n∑

i=1

[
ψ(yi + α−1) − ψ(α−1) + 1+ ln

(
α−1

α−1 + µc
i

)
− α−1 + yi

α−1 + µc
i

]
,

where ψ(x) = ∂�(x)
∂x /�(x).

The information matrix is:

I(ξ) =
n∑
1

[
µc

i

1 + αµc
i

]

×

 xi x′
i (1 − �(z′

iδ)) xi z′
i 0

(1 − �(z′
iδ)) z′

i xi (1 − �(z′
iδ))2 zi z′

i 0

0 0 Iαα(ξ)

 ,

(10.33)

where

Iαα(ξ) = −E

[
1 + αµc

i

µc
i

(
ψ ′(yi + α−1) − ψ ′(α−1) + α

− 1 + yi

α−1 + µc
i

+ α−1 + yi(
α−1 + µc

i

)2
)]

.

The block-diagonality property follows from E[yi − µc
i ] = 0 which implies

E[∂2L/ ∂α∂β′] = 0.
Identifiability requires that I(ξ) should be nonsingular. The matrix I(ξ)

becomes singular if xi = zi . Computational problems occur if recording prob-
ability does not vary sufficiently across observations. It can be shown that the
information matrix in (10.33) is nonsingular if and only if either x or z does not
belong to the column space of the other.



322 10. Measurement Errors

An alternative to the double-index model presented here is a single-index
model in which µc

i is written in the form g(xi , zi ), where g is treated as a known
or unknown function. That is, no attempt might be made to distinguish between
the two separate components of µc

i . Distinguishing between the double- and
single-index models in small samples may be especially difficult, because this
distinction relies heavily on functional forms.

10.5.7 Model with Under- or Overrecording

The zero-inflated model introduced in section 4.7 has been used if zeros only
are overreported, and a zero-deflated distribution has been used if the zeros are
underrecorded (Cohen, 1960; Johnson, Kotz, and Kemp, 1992). The model

Pr[y = 0] = ϕ + (1 − ϕ) e−µ

Pr[y = r ] = (1 − ϕ)e−µ µr/r !, r = 1, 2, . . .

accommodates overreporting if 0 < ϕ < 1 and underreporting if (1 − eµ)−1 <

ϕ < 0. The case in which both over- and underrecording are present in the
same data set is more difficult. A promising approach is to treat it in the finite
mixture framework, with the sampling proportions corresponding to the type
of measurement error.

10.5.8 Example: Self-Reported Doctor Visits

Often the survey data are based on self-reported information that is potentially
subject to recall errors whose importance may vary depending on the length
of the period to which the information refers. Both under- and overrecording
seem possible.

Some evidence from the United States (U.S. National Center for Health
Statistics, 1967) for chronic medical conditions suggests that self-reported med-
ical records may understate the degree of health care usage. According to the
U.S. National Center for Health Statistics (1965), hospitalizations have also
been found to be underreported in the United States.

McCallum, Raymond, and McGilchrist (1995) carry out an interesting study
using Australian data in which a comparison is made between self-reported
number of doctor visits over a 3-month period and the same usage as measured
by the (presumably more accurate) records of the Health Insurance Commission.
In a sample of around 500, they find that self-reported estimates were overre-
ported relative to the Health Insurance Commission estimates for small (1 to 4)
numbers of visits but generally underreported for higher usage. McCallum et al.
analyze the relation between the reporting error and the characteristics of the
respondents and conclude with a cautionary note about the use of self-reported
data.

The approach of this section has an important potential weakness in regard
to the identifiability of the parameters. First, it relies on prior information or
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theory that sharply distinguishes between the variables that affect the event
occurrence probability (x variables) and those that affect the recording prob-
ability (z variables). In practice such a sharp distinction may be difficult, or
the x and z variables may be sufficiently highly correlated as to lead to a loss
of identification. Second, in this approach one relies on the exponential and
logistic functional forms to distinguish between a theory that assumes no un-
derrecording but postulates that both the x and z variables enter through a
single index function and a theory that postulates that the conditional mean has
a double-index structure given in (10.27) or (10.28).

10.6 Derivations

We first consider the derivations of the lemmas in section 10.5.3.
Let R1, R2, . . . , RN be a sequence of N independent Bernoulli trials, in

which each R j is 1 if the event is recorded (with probability π∗′) and 0 otherwise
(with probability 1 − π∗′). The number of recorded events Ys can be written
as Ys = R1 + R2 + · · · + RN . The resulting distribution of Ys is a compound
Poisson distribution, or a binomial distribution stopped by Poisson distribution.
The distribution of Ys can be derived using the pgf. Let ϕ(t) be the pgf of the
Poisson, then

ϕ(t) = exp(−µ + µt) for any real t.

If ξ (t) is the pgf of the Bernoulli trial, then

ξ (t) = (1 − π∗′) + π∗′t for any real t,

and the pgf of Ys is,

ϕ(ξ (t)) = exp(−µ + µξ (t))

= exp(−(µπ∗′) + (µπ∗′)t) for any real t.

So, Ys is Poisson-distributed with parameter µπ∗′. This proves the first lemma.
The proof of the second lemma is similar to the first. The pgf of negative

binomial distribution is given as

ϕ(t) = (1 + γ − γ t)−α−1
for any real t,

where γ = αµ.
Then the pgf of Ys is

ϕ(ξ (t)) = (1 + γ − γ ξ (t))−α−1

= (1 + (γπ∗′) − (γπ∗′)t)−α−1
for any real t.

So, Ys follows negative binomial distribution with parameters µπ∗′ and α.
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We now present second-order partial derivatives used in deriving the infor-
mation matrix in section 10.5. These are as follows:

∂2L
∂β∂β′ = −

n∑
i=1

[
α−1 + yi

α−1
(
1 + αµc

i

)2
]

µc
i xi x′

i .

∂2L
∂δ∂δ′ = −

n∑
i=1

[
α−1 + yi

α−1
(
1 + αµc

i

)2 + yi − µc
i

1 + αµc
i

�
(
z′

iδ
)]

× µc
i

[
1 − �

(
z′

iδ
)]2

zi z′
i .

∂2L
∂β∂δ′ = −

n∑
i=1

[
α−1 + yi

α−1
(
1 + αµc

i

)2
]

µc
i

[
1 − �

(
z′

iδ
)]

xi z′
i .

∂2L
∂α2

=
n∑

i=1

[
ψ ′(yi + α−1) − ψ ′(α−1)

+ 1/α − 1 + yi

α−1 + µc
i

+ α−1 + yi(
α−1 + µc

i

)2
]
.

∂2L
∂α∂β′ = −

n∑
i=1

yi − µc
i(

α−1 + µc
i

)2 µc
i xi

∂2L
∂α∂δ′ = −

n∑
i=1

yi − µc
i(

α + µc
i

)2 µc
i

[
1 − �

(
z′

iδ
)]

zi .

10.7 Bibliographic Notes

Carroll et al. (1995) is an up-to-date account of recent research in measure-
ment error in nonlinear models with an emphasis on the GLM literature. The
Poisson model with additive normal measurement errors in covariates is dis-
cussed in Chapter 6. Jordan et al. (1997) estimate a Poisson regression with
overdispersion and normally distributed errors-in-variables for mortality data
in a Bayesian framework using Monte Carlo techniques. A general discussion
of the effects of measurement error on the distribution of the response variable
and in leading to a possible attenuation bias in the LEF and LEFN classes of
models is analyzed in Chesher (1991). The proxy variable approach to model-
ing exposures is illustrated in Dionne et al. (1995). Alcañiz (1996) examines
computational algorithms for restricted estimation of Poisson and NB2 models
with errors in exposure.

The section on underrecorded counts borrows from Mukhopadhyay and
Trivedi (1995). They also develop a score test for underrecording in a negative
binomial model. The representation of the bivariate binomial that they use has
been studied by Eagleson (1964, 1969). Eagleson’s work follows the earlier
contributions summarized in Lancaster (1969). Cameron and Trivedi (1993)
review some earlier contributions.
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Chen (1979) deals with a log-linear model with misclassified data. Whitte-
more and Gong (1991) provide further references.

10.8 Exercises

10.1 Consider the following sequential estimator: (1) Estimate the Poisson–
logistic model by maximum likelihood. Let µ̂c denote the MLE. (2) Regress the
quantity (y − µ̂c)2− µ̂c on (µ̂c)2. (3) Substitute the estimate of α, α̃, into the
“score” equations after (10.32) and solve the equations,

s(θ(α̃)) ≡
n∑
1

(
yi − µc

i

1 + α̃µc
i

)[
xi(

1 − �
(
z′

iδ
))

zi

]
= 0.

Interpret this sequential estimator as a QGPML estimator. Compare the prop-
erties of the estimator with one in which α is estimated using the moment
equation

n∑
i = 1

[ (
yi − µ̂c

i

)2
µ̂c

i

(
1 + αµ̂c

i

) − n − k − m

n

]
= 0.

10.2 Consider the recreational trips data from Chapter 6. It was suggested
there that the data may be subject to recall or measurement errors. Assuming that
these recall errors are potentially concentrated among high counts, reestimate
the Poisson and NB2 models after sequentially deleting counts greater than
(a) 15, (b) 20, and (c) 25. Which parameters from the estimated model would
you expect to be most sensitive to such deletion? Does your expectation match
the observed outcome?

10.3 Using the set-up in section 10.5, and assuming independence between
event occurrence and event recording, show that the result of lemma 1 also
extends to the hurdle count model.



CHAPTER 11

Nonrandom Samples and Simultaneity

11.1 Introduction

This chapter deals with the topic of valid inference about the population given
samples that are not simple random samples. There are several well-known ways
in which departures from simple random sampling occur. They include choice-
based sampling and endogenous stratified sampling, endogenous regressors,
and sample selection.

The departure from simple random sampling may cause the sample proba-
bility of observations to differ from the corresponding population probabilities.
In general such a divergence leads to models in which simple conditioning on
exogenous variables does not lead to consistent estimates of the population
parameters. These topics have been studied in depth in the discrete choice liter-
ature (Manski and McFadden, 1981). The analysis of count data in the presence
of such complications is relatively underexplored.

A second topic considered in this chapter is endogenous regressors. Ignor-
ing the feedback from the response variable to the endogenous regressor leads
in general to invalid inferences. The estimation procedure should allow for
stochastic dependence between the response variable and endogenous regres-
sors. In considering this issue the existing literature on simultaneous equation
estimation in nonlinear models is of direct relevance (Amemiya, 1985). This
material is a continuation of section 8.2.

The third topic considered is sample selection in count regression, which
also is closely related to issues of simultaneity and nonrandom sampling.

Section 11.2 analyzes the consequences of choice-based sampling in general
and stratified random sampling with specific reference to standard count mod-
els. Section 11.3 is a continuation of section 8.2, in which simultaneity issues
in count models and GMM estimation were discussed. The topic of GMM is
studied further in section 12.2. Finally, section 11.4 deals with sample selection
problems, which is another type of departure from random sampling.

11.2 Alternative Sampling Frames

Simple random samples and exogenous sampling serve as benchmarks for
other cases. They are described in sections 11.2.1 and 11.2.2. They generate a



11.2. Alternative Sampling Frames 327

likelihood function that we can compare with those that arise in the alternative
cases. For example, in section 11.2.3 we show how certain common forms of
departures from the random sampling framework arise and affect the likelihood.
The resulting likelihood function is a weighted version of that obtained under
random sampling. Section 11.2.4 specializes this result to the case of counted
data from on-site samples.

11.2.1 Simple Random Samples

As a benchmark for subsequent discussion, consider simple random samples
for count data. These generally involve a nonnegative integer-valued count
variable y and a set of covariates x whose joint distribution, denoted f (y, x),
can be factored as the product of the conditional and marginal distributions thus:

f (y, x |θ) = g(y | x,θ)h(x). (11.1)

Note that the parameter of interest, θ, does not appear in h(x).
In the preceding chapters the attention has been largely focused on g(y | x,θ),

that is, modeling y given x. Simple random sampling involves drawing the (y, x)
combinations at random from the entire population. A variation of simple ran-
dom sampling is stratified random sampling. This involves partitioning the pop-
ulation into strata defined in terms of (y, x) and making random draws from each
stratum. The number of draws from a stratum is some preselected fraction of the
total survey sample size. We now consider how departures from simple random
sampling arise. Complications arise when the strata are not based on x alone.

11.2.2 Exogenous Sampling

Exogenous sampling from survey data occurs if the analyst segments the avail-
able sample into subsamples based only on a set of exogenous variables x, but
not on the response variable y, here the number of events. Perhaps it is more
accurate to depict this type of sampling as exogenous subsampling because it
is done by reference to an existing sample that has already been collected. Seg-
menting an existing sample by gender, health, or socioeconomic status is very
commonplace. For example, in their study of hospitalizations in Germany, Geil
et al. (1997) segmented the data into two categories, those with and without
chronic conditions. Classification by income categories is also common. Under
exogenous sampling the probability distribution of the exogenous variables is
independent of y and contains no information about the population parameters
of interest, θ. Therefore, one may ignore the marginal distribution of the ex-
ogenous variables and simply base estimation on the conditional distribution
g(y | x,θ).

11.2.3 Endogenous or Choice-Based Sampling

Endogenous or choice-based sampling occurs if the probability of an individual
being included in the sample depends on the choices made by that individual.
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The practical significance of this is that consistent estimation of θ can no longer
be carried out using the conditional population density g(y | x) alone. The effect
of the sampling scheme must also be taken into account.

In what follows, f denotes the joint, g the conditional, and h the marginal
densities. For further analysis we distinguish the sampling probability from the
population probability by superscript s on f (·) and h(·). We have

f s(y, x) = g(x | y)hs(y),

which can be reexpressed using the relations

f (y, x) = g(y | x)h(x),

= g(x | y)h(y),

where the marginal distributions are h(x) = ∑y f (y, x) and h(y) = ∫ g(y | x)×
h(x) dx. Combining the above, we obtain

f s(y, x |θ) = f (y, x)hs(y)

h(y)

= g(y | x,θ)h(x)hs(y |θ)∫
g(y | x,θ)h(x) dx

= g(y | x,θ)ω(y, x |θ),

where

ω(y, x |θ) = h(x)hs(y |θ)∫
g(y | x,θ)h(x) dx

.

The log-likelihood function based on f s(y, x) is

L(θ | y, x) =
n∑

i=1

ln g(yi | xi ,θ) +
n∑

i=1

ln ω(yi , xi |θ). (11.2)

This can be interpreted as weighted log-likelihood, or log-likelihood based on
weighted probabilities, where the weights ωi are ratios of sample and population
probabilities and differ from unity (as in simple random samples). If there
exists prior information on the weights, then likelihood estimation based on
weighted probabilities is straightforward. In the more usual situation in which
such information is not available, estimation is difficult because the distribution
of x is involved. The literature on the estimation problem in the context of
discrete choice models is extensive (Manski and McFadden, 1981).

Standard conditional estimation considers the case when f s(y, x) = f (y, x).
Thenω(y, x |θ) = h(x), which does not depend onθ, and maximizingL(θ | y, x)
with respect to θ is the same as just considering the first term in (11.2). If
f s(y, x) = f (y, x), however, analysis using standard conditional estimation,
which ignores the last term, leads to inconsistent estimates of θ.
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11.2.4 Counts with Endogenous Stratification

Count data are sometimes collected by on-site sampling of users. For exam-
ple, on-site recreational or shopping mall surveys (Shaw, 1988; Englin and
Shonkwiler, 1995; Okoruwa, Terza, and Nourse, 1988) may be carried out
to study the frequency of use, often using travel-cost models. Such samples
involve truncation because only those who use the facility at least once are in-
cluded in the survey. Furthermore, even among users the likelihood of being
included in the sample depends on the frequency of use. The latter feature of
the sample is also called endogenous stratification or sampling because the
selection of persons surveyed is based on a stratified sample, with random sam-
pling within each stratum, the latter being defined by the number of events of
interest.

Endogenous stratification has some similarities with choice-based sampling.
As in that case, lower survey costs provide an important motivation for using
stratified samples in preference to simple random samples. It requires a very
large random sample to generate enough observations (information) about a
relatively rare event, such as visiting a particular recreational site. Hence, it is
deemed cheaper to collect an on-site sample. However, the problem is that of
making inferences about the population from the sample. To do so we need
the relation between the sample frequency function and the population density
function (Amemiya, 1985, pp. 319–338; Pudney, 1989, pp. 102–105).

A major objective in the analyses of on-site samples is to estimate the un-
derlying (latent) population demand function for the number of trips. This is
usually specified as a function of travel cost to the site j by user i , denoted
Ci j , and the characteristics of the site j , z j , and of the user i , xi . That is,
y∗

i = φ(Ci j , xi , z j ), where y∗
i denotes the desired number of trips. The demand

(yi ) is only observed if y∗ > 0, that is, y = y∗, if y∗ > 0. The sample space
for the on-site sample is {1, 2, . . .} whereas the sample space for the simple
random sample would be {0, 1, 2, . . .}. Thus the first consequence of on-site
sampling is truncation at zero. If f (y | x) denotes the population density of y
(the number of trips), then the truncated density is f (y | x)/Pr[y > 0].

To derive a density function suitable for analyzing on-site samples, the joint
effect of truncation and stratification has to be considered. Shaw (1988) con-
sidered the estimation problem for the choice-based sample. First, assume that
in absence of endogenous stratification the probability density of visits by in-
dividual i , given characteristics x0, is g(yi | x0). Suppose there are m sampled
individuals with x = x0. Then the probability that individual i is observed to
make y0 visits is

Pr[yi = y0 | x0] = Pr[sampled value is y0 and sampled individual is i]

= Pr[sampled value is y0] Pr[sampled individual is i]

= g(y0 | x0)
yi

y1 + y2 + · · · + yi−1 + yi + · · · + ym
.
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Next consider the probability of observing y0 visits across all individuals, not
just the i th individual, Pr[y = y0 | x0], denoted Pm . This is the weighted sum
of probability of y0 visits, where the weight of individual i (i = 1, . . . , m) is
y0/(y1 + y2 + · · · + yi−1 + y0 + yi+1 + · · · + ym):

Pm = g(y0 | x0)

(
y0

y0 + y2 + · · · + yi−1 + yi + · · · + ym
+ · · ·

+ y0

y1 + y2 + · · · + yi−1 + yi + · · · + y0

)
= g(y0 | x0)

1

m

(
y0

(y0 + y2 + · · · + yi−1 + yi + · · · + ym)/m
+ · · ·

+ y0

(y1 + y2 + · · · + yi−1 + yi + · · · + y0)/m

)
.

If we let m → ∞, the denominators inside the brackets above approach the
population mean value of y, given x = x0,

E[y0 | x0] =
∞∑

y0=1

y0g(y0 | x0).

Then,

lim
m→∞ Pm = g(y0 | x0)

1

m

(
y0∑∞

y0=1 y0g(y0 | x0)
+ · · · + y0∑∞

y0=1 y0g(y0 | x0)

)

= y0g(y0 | x0)∑∞
y0=1 y0g(y0 | x0)

.

This argument and derivation show that the relation between the conditional
density, gs(yi |µi ) for the endogenously stratified sample, and the population
conditional density, g(yi | xi ), is given by

gs(yi |µi ) = g(yi | xi )
yi∑∞

y0=1 y0g(y0 | xi )
(11.3)

= g(yi | xi )ω(yi , µi ), (11.4)

where

ω(yi , µi ) = yi

µi
.

The key result is (11.4). This expression specializes to the following if the
population density is P[µi ] :

gs(yi | µi ) = e−µi µ
yi −1
i

(yi − 1)!
, (11.5)
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where

E [yi | xi ] = µi + 1 (11.6)

V [yi | xi ] = µi . (11.7)

Notice that the sample displays underdispersion even though the population
shows equidispersion. Maximization of the likelihood based on (11.5) can be
interpreted as maximizing a weighted likelihood. The case considered here is
a special case of the more general discussion of choice-based sampling in the
preceding section.

An interesting implication of the analysis is that there is a computationally
simple way of maximizing this particular weighted likelihood. This is achieved
by making the transformation wi = yi − 1, because the resulting sample space
for wi is the same as that for the regular Poisson likelihood for wi . That is,
applying the Poisson model to the original data with 1 subtracted from all
y observations yields consistent estimates of the population mean parameter
because

e−µi µ
wi
i

wi !
= e−µi µ

yi −1
i

(yi − 1)!
, yi = 1, 2, . . . . (11.8)

Hence, estimation can be implemented with the usually available software for
Poisson maximum likelihood, whereas maximum likelihood estimation based
on (11.5) requires additional (although not difficult) programming.

Although the support for the zero-truncated Poisson (section 4.5) and the
choice-based Poisson is the same, the two distributions are different. Specifi-
cally, in the truncated Poisson case,

E[yi | yi ≥ 0] = µi/(1 − e−µi ) > V[yi | yi ≥ 0],

which implies underdispersion. Choice-based sampling also displays underdis-
persion, but this arises from a shift in the probability distribution.

The approach developed here can be extended for any parent population
density by specializing (11.4). Englin and Shonkwiler (1995) substitute the
weighted negative binomial in place of the weighted Poisson and show that
the subtraction device shown above for the Poisson also works for the nega-
tive binomial. Santos Silva (1997) considers the implications of unobserved
heterogeneity in the same model.

11.3 Simultaneity

In this section we consider the application of instrumental variable estimators
for dealing with the problem of endogenous regressors. Our treatment explains
how the choice of optimal instruments is affected by the way the error term
enters the model, and the assumptions about heteroskedasticity. The simplest
way to treat the problem is given at the end of section 11.3.2.
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11.3.1 Alternative Approaches

In Chapter 8 we outlined several empirically interesting cases in which a count
variable was jointly determined with another discrete or continuous variable.
An example from health economics of a simultaneous model involving counts
is the joint model of health-insurance choice, a discrete variable, and a mea-
sure of healthcare services utilized, a count variable (Cameron et al., 1988).
Another example is a labor supply model with the number of children as an
explanatory variable. However, if fertility is treated as endogenous, an equation
for the number of children should be a part of the model (Browning, 1992,
pp. 1464–1465).

A further motivation for simultaneous equation estimation comes from the
correlation between unobserved heterogeneity and included regressors. The
common assumption that unobserved heterogeneity is uncorrelated with the
regressors is not plausible if it is a consequence of omitted regressors, which
are likely to be correlated with the included ones (see section 8.2).

Consider the two-element vector y = (y1, y2)′ with joint density f (y | x,θ),
where x is treated as nonstochastic. It is convenient to treat y1 as a count; y2

may be either discrete or continuous. The standard factorization is

f (y | x,θ) = g(y1 | x, y2,θ1)h(y2 | x,θ2), θ ∈ Θ.

The standard result is that y2 and x may be treated symmetrically if h(y2 | x)
does not depend on θ1. Estimating the parameters θ1 by conditioning y1 on y2

does not yield consistent estimates if the marginal density of y2 depends on θ1,
in which case y2 is said to be endogenous.

To deal with this case, several approaches have evolved. One approach is to
jointly model (y1, y2)′. This full information approach is reviewed in Chapter 8.
A limited information approach is based on specification of one or two moments
of g(y1 | x, y2,θ1). These are extensions of the GMM or instrumental variable
methods for linear models. Despite nonlinearity of moment equations, such
moment-based methods are attractive. This is because maximum likelihood
estimation of θ is usually computationally cumbersome, as the joint likelihood
may not have a closed-form expression. It is often difficult to establish the
marginal distribution h(y2 | x), so estimation methods often focus on approaches
that do not require this step.

11.3.2 Additive Errors

For nonlinear simultaneous equations an instrumental variable procedure was
proposed by Amemiya (1974). This approach readily extends to the special
case of Poisson-type regression with endogenous regressors. The key step is to
specify the conditional mean function with an additive error term.

First we consider estimation of an exponential regression with an additive
error that is correlated with the regressors x. Let X denote n × k matrix of
regressors. Let µ = exp(Xβ) and u = y − exp(Xβ), where exp(Xβ) is an
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(n×1) vector of n conditional means. With endogenous regressors, E[u | x] = 0,
which implies

E[X′(y − exp(Xβ))] = 0. (11.9)

Suppose we have available a set of r linearly independent instruments W, where
W is n × r and may include a subset of X, r ≥ dim(β). Assume W, satisfy
E[(y − exp(Xβ)) | W] = 0, which implies

E[W′(y − exp(X′β))] = 0. (11.10)

Let PW = W(W′W)−1W′. Then from Chapter 2, the NLIV estimator β̂NLIV min-
imizes

(y − µ(β))′ PW(y − µ(β)). (11.11)

Under regularity conditions (Amemiya, 1985, p. 246), if V[y] = σ 2In ,

β̂NLIV ∼ N

[
β, σ 2

[(
∂µ′

∂β

)
PW

(
∂µ

∂β′

)]−1
]

, (11.12)

where a consistent estimator of σ 2 is given by

σ̂ 2 = 1

n

n∑
i=1

(
yi − exp

(
x′

i β̂NLIV

))2
.

The asymptotic properties of this type of estimator are also studied in Burguette,
Gallant, and Souza (1982), Hansen (1982), and Newey (1990a) and are reviewed
in Chapter 2 in a slightly different notation.

The preceding results are general. This method is valid for count data but
ignores the integer nature of the data and instead models the conditional mean.
A refinement needed for count data, however, is to relax the assumption of
homoskedastic error. One can either use the estimator in (11.11) with a more
general form of the variance matrix than (11.12) or use another more efficient
estimator.

Suppose we assume

E[(y − µ) (y − µ)′ | W] = Ω = Diag
[
σ 2

i

]
.

For example, under equidispersion,

Ω = Diag[µi ].

Ignoring this information implies that β̂NLIV is consistent but not efficient. A
more efficient estimator is obtained if the previous objective function is replaced
by

(y − µ(β))′ PWΩ (y − µ(β)) , (11.13)
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where

PWΩ = W(W′ΩW)−1W′.

In implementing this estimator a two-step procedure is used in which a con-
sistent estimator Ω̂ = Diag[µ̂i ] is obtained first, and then PWΩ̂ is substituted
for PWΩ in the objective function. Denote the resulting two-step estimator as
β̂NLIV2. The previously given distributional result still applies after substituting
the above expression for PWΩ. That is,

β̂NLIV2 ∼ N[β, [X′Ω̂PWΩ̂Ω̂X]−1], (11.14)

because ∂µ/∂β′ = −Ω̂X.
Optimal instrumental variables, denoted W∗, are those that yield the smallest

asymptotic variances. In the present case the optimal instrumental variable
matrix, using the results in section 2.5.3, is

W∗ = E
[
Ω−1 ∂µ

∂β′

∣∣∣∣W],
which for µ= exp(x′β) specializes to just X if W = X (no endogenous regres-
sors). The problem of obtaining an expression for W∗ is compounded further
if there is heteroskedasticity of the type commonly assumed in count models,
which makes the expression Ω−1[∂µ/∂β′] a complicated function of X and
W, some of which are endogenous. The key problem is that an analytical ex-
pression for the expectation E[Ω−1∂µ/∂β′ | W] is usually not available if the
residual function u is nonlinear in the unknown parameters. In the general case
in which W = X, consistent estimation of W∗ is impossible, and one usually
has to settle for consistent rather than efficient estimation. If one accepts as a
working hypothesis that Ω = Diag[µi ] or its scalar multiple, then the resulting
instruments are W∗ = E[X | W]. This simple result depends on the assumption
that µ = exp(x′β). Windmeijer and Santos Silva (1997) suggest that in practice
one should use the instrument set XA, obtained by augmenting X by variables
not collinear with X.

11.3.3 Multiplicative Errors

Mullahy (1997b) and Windmeijer and Santos Silva (1997) have discussed the
additive versus multiplicative error formulations, and their impact on the choice
of optimal instruments. Suppose the conditional mean function is specified as

E[y | x, η] = exp(x′β, η), (11.15)

where for simplicity the subscript i is suppressed. The regression model with a
multiplicative error is

y = exp(x′β + η) = exp(x′β) exp(η) = exp(x′β)ν, (11.16)
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where η is a stochastic error correlated with x. Such an assumption may be
rationalized in terms of some relevant but unobserved variables that are omit-
ted from the regression. Endogeneity of some of the regressors implies that
E[ν | x] = 1. Though the stochastic error η is not additively separable from
exp(x′β), as required for the application of the standard NLIV approach, a trans-
formation can put it in that form. Specifically, the regression model may be
written as

T (y, x,β) − 1 = ν − 1, (11.17)

where T (y, x,β) = exp(−x′β)y. Assume we have instruments w that satisfy

E[ν − 1 | w] = 0. (11.18)

An NLIV procedure for consistent estimation of β is to minimize the objective
function (ν − 1)′PW(ν − 1), or to solve the orthogonality conditions,

E[W′(T(y, X,β) − 1)] = 0, (11.19)

where we have used matrix notation in (11.19).
An important point is that instrumental variables that are orthogonal to a

multiplicative error ν are not in general orthogonal to an additive error u. The
specification of the error term affects the objective function, the choice of
instruments, and the estimates of β. As before, if V[ν] = Ω = Diag[µi ], the
objective function and the orthogonality conditions must be suitably modified.
Specifically note that the optimal instruments in the multiplicative case are
given by

W∗ = E[Ω−1∂ν/∂β′ | W].

Because ∂ν/∂β′ = ∂µ/∂β′, they differ from those in the additive case. How-
ever, this discussion is subject to a caveat. Optimal instruments may have other
undesirable properties, motivating one to use a suboptimal set. This issue is
analyzed in section 2.5.3.

Finally note that, if the specification of the variance function is ignored,
most of the discussion of this section is not tailored to count data models as
such. It applies more generally to models with exponential mean. However,
heteroskedasticity is a major feature of count data, so customization to count
models with given variance functions is useful. For simplicity, the foregoing
discussion uses a variance function without a nuisance parameter, but extension
is feasible. Consistent estimation of such a nuisance parameter can be based
on a sequential two-step procedure. At the first stage NLIV is applied without
heteroskedasticity adjustment. At the second stage the nuisance parameter is
estimated using methods analogous to those discussed in section 3.2. Finally,
although we have emphasized the single-equation NLIV estimation, as pointed
out in Chapter 9 the approach can in principle be generalized to dynamic panel
data models (Blundell, Griffiths, and Windmeijer, 1995).



336 11. Nonrandom Samples and Simultaneity

11.3.4 Example

A two-variable model with interdependent count and binary outcome variables
is one of the most relevant. Windmeijer and Santos Silva (1997), for example,
consider the following model, in which y1 is a count and y∗

2 is a latent variable,

y1i = exp
(
αy2i + x′

1iβ
)+ u1i

y∗
2i = γ y1i + x′

2iδ + u2i ,
(11.20)

where

Cov[u1i , u2i ] =
[
σ 2

1i σ12i

σ12i 1

]
, (11.21)

where var (u2i ) = 1 is a necessary normalization. The latent variable and the
observed variable y2 are related by

y2i =
{

1 if y∗
2i > 0,

0 otherwise.

This model is logically coherent, in the sense of satisfying the restriction

Pr[y2i = 1] + Pr[y2i = 0] = 1,

only if either α = 0 or γ = 0. Assuming the latter, endogeneity implies σ12i = 0.
Suppose, to take account of endogeneity, the y1 equation is estimated after
replacing y2 by its conditional mean, F(x′

2δ̂), where F(·) denotes the estimated
cdf of y2. This mimics the logic of instrumental variable estimation in linear
simultaneous equations models. In that case the procedure leads to consistent
estimates. In the present case,

y1i = exp
[
αF
(
x′

2i δ̂
)+ x′

1iβ
]

exp
[
α
(
y2i − F

(
x′

2i δ̂
))]+ u1i ;

where, ignoring the estimation of δ, the zero mean “error term,” y2 − F(x′
2δ),

depends on x2 through its variance F(x′
2δ)[1 − F(x′

2δ)]. Estimation of the y1

equation with the conditional mean function exp[αF(x′
2δ) + x′

1β] does not
yield consistent estimates of the parameters. However, as shown above for the
multiplicative error case, the NLIV estimator, with the instrumental variable
matrix W = [F(x′

2δ̂) x2], is consistent.

11.4 Sample Selection

Sample selection bias, usually induced by a departure from simple random
sampling, is an important issue in microeconometrics and may arise in count
models. Although the issue is a very general one (Heckman, 1976; Manski,
1995), in econometrics it has usually been discussed in the context of a rather
special normal linear model with censoring. The standard formulation of the
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selection problem in this linear case does not cover three distinguishing fea-
tures of count regression models: nonnegativity, discreteness of the dependent
variable, and the frequently observed high incidence of zero observations. Solu-
tions to these problems have been discussed by Terza (1998) and Weiss (1995).
Several of these involve application of numerical methods to overcome analyt-
ically intractable expressions in the likelihood. Our exposition focuses on the
method, avoiding details of computation that can be found in the cited works.
We consider both full information and limited information estimators. We begin
by reviewing a commonly used approach in the standard bivariate normal case
with the regression/probit structure.

11.4.1 Normal Linear Case

In this subsection we sketch the well-known formulation of selection effect in
the linear model. Suppose one wants to make inferences about the effectiveness
of a treatment, such as a training program for workers. The following two
equations describe the decision to participate in the treatment and the outcome
measure, for example, post-training wage, y1:

y1 = x′β + αy2 + u

y∗
2 = z′γ + ε

y2 =
{

1 iff y∗
2 > 0

0 iff y∗
2 ≤ 0,

(11.22)

where y2 = 1 for those who participate and y2 = 0 for those who do not.
The variable y∗

2 is a latent participation propensity indicator that depends
on z. The variable y2 may also be thought of as a censoring indicator. For
i = 1, . . . , n, variables (xi , y2i ) are always observed, but y1i is only observed
if y2i = 1. If the latent variable is positive the individual participates in the
treatment, and otherwise not.

One objective of an empirical investigation may be to make inferences about
the average effect of the treatment on the outcome of a randomly selected
member of the population, conditional on a given x vector. However, the partial
observability of y1 makes for a potential identification problem for Pr[y1 | x].
This is seen from the total probability equation (Manski, 1995)

Pr[y1 | x] = Pr[y1 | x, y2 = 1]Pr[y2 = 1 | x]

+ Pr[y1 | x, y2 = 0]Pr[y2 = 0 | x].

The sampling process cannot identify the term Pr[y1 | x, y2 = 0]. As Manski
emphasizes, whenever the censoring probability Pr[y2 = 0 | x] is positive, the
available empirical evidence places no restrictions on Pr[y1 | x]. To learn any-
thing about E[y1 | x], restrictions must be placed on Pr[y1 | x]. Frequently, these
restrictions are strongly parametric; that is, identification is secured by as-
suming particular functional forms for moment functions and distributions of
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random variables, frequently linearity and normality. Given these assumptions,
the fully efficient MLE is obtained from the likelihood based on the expression
for Pr[y1 | x] given above. The alternative is to make weaker assumptions and
reach weaker conclusions.

It is assumed that

E[u | X, y2] = 0; E[ε | Z] = 0; E[uε′ | X, Z, y2] = 0,

and the two disturbances have a joint bivariate normal distribution with co-
variance matrix Σ= [σ jk], j, k = 1, 2. If E[uε′ | X, Z, y2] = 0, the treatment
equation (for y2) may be estimated by probit MLE, and the outcome equation
(for y1) by linear regression.

Now

E[y1i | xi , y2i = 1] = x′
iβ + α + E[ui |xi , y2i = 1]

= x′
iβ + α + E

[
ui | εi > −z′

iγ
]

= x′
iβ + α + σ12√

σ22
rMi + ui , (11.23)

where α is the treatment effect and E[ui |xi , y2i = 1] is the selection effect,
rMi = φi/(1 −�i ) denotes the inverse Mills ratio of standard normal pdf to the
cdf, and ui is a zero mean disturbance.

The estimation of α will be contaminated unless we can control for the
selection effect. For example, estimation of (β, α) by least squares assuming
exogenous y2 variable yields an inconsistent estimate because of the selection
effect. This occurs because y2 is not exogenous in the outcome equation; that is,
E[uε] = 0. Alternatively, we may think of the inconsistency problem as caused
by the omitted “regressor” rM . Consistent maximum likelihood and sequential
estimation procedures have been proposed (Maddala, 1983; Pudney, 1989). An
especially popular estimator is the Heckman two-step sequential procedure in
which a probit model is fitted first to y2i , and the estimated parameters are used
to estimate rM,i , denoted r̂M,i . The latter is substituted for the true unobserved
variable, and the linear regression equation is estimated. The estimator is con-
sistent (Amemiya, 1985); the computation of its variance is complicated and
uses the method given in section 2.5.4.

11.4.2 Selection Effect in a Count Model

The key feature of data that results in a selectivity bias is that some phenomenon
of interest is not fully observed and certain observations are systematically
excluded from analysis. In a count model this can arise if the event counts are
only observed for a selected subpopulation. An example given by Greene (1994)
considers the number of major derogatory reports for a sample of credit-card
holders. Suppose this sample were used to make inferences about the probability
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of loan default of a credit card applicant with specified characteristics. Such an
inference would exhibit selectivity bias because it would be based only on major
derogatory reports of individuals who have already been issued credit cards.
The sample would not be random if some individuals who might otherwise
default on payments had their applications for credit cards turned down. Such
individuals are underrepresented in the sample of existing card holders. To
tackle the task of estimating the count model in the presence of selectivity bias,
it is necessary to model both the process of issuing credit cards and the counts
of major derogatory reports.

Several authors including Terza (1998) and Greene (1994, 1997b) have
developed full maximum likelihood and two-step procedures for a sample-
selection model for count data. The model considered has one outcome (count)
equation and one selection equation. Although the model can be generalized,
in this section we review their approach in the simpler context in which one has
two dependent variables, one of which is a binary outcome variable (y2) and the
other a count variable (y1) that is observed for only one particular realization of
the binary variable. The key analytical device for modeling selection effects in
such a model is to begin with a parametric count distribution for y1 conditional
on covariates x and heterogeneity ν, with the assumption that heterogeneity and
the disturbance term in the binary outcome model follow a bivariate normal dis-
tribution. We observe whether or not y2 = 1 (e.g., whether or not a credit card
is issued), and y1 if y2 = 1 (e.g., number of major derogatory reports given
issued credit card).

The observed value of the binary variable y2, given exogenous variables z,
is determined by

y2 =
{

1 if z′θ2 + ε > 0
0 otherwise.

The count variable y1 is observed only if y2 = 1. The joint distribution of
y1 and y2 is denoted Pr[y1, y2 = 1 | x, z,ν]. The distribution is conditioned
on covariates x and unobserved heterogeneity term ν. The random variables ν

and ε are assumed to have a bivariate normal distribution with mean zero and
Cor[ν, ε] = ρ; V[ν] = σ 2; V[ε] = 1. Then the conditional distribution of εi

given νi is N[(ρ/σ ) νi , (1 − ρ2)].
Maximum likelihood estimation is based on the joint density of y1i and

y2i = 1, and on the probability that y2i = 0. Then

L(β, θ2, ρ, σ ) =
n∑

i=1

ln Pr[y1i , y2i = 1 | xi , zi , νi ]

+ ln Pr[y2i = 0 | zi ]. (11.24)

First we need to derive the detailed expressions for the two terms in the
log-likelihood. The first term is obtained by integrating out unobserved hetero-
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geneity from the conditional distribution of counts

Pr[y1i , y2i = 1 | xi , zi ] =
∫ ∞

−∞
Pr [y1i , y2i = 1 | wi , νi ] g(νi ) dνi

= Eν [Pr [y1i , y2i = 1 | wi , νi ]]

≈ 1

S

S∑
s=1

Pr
[
y1i , y2i = 1 | wi , ν

s
i

]
, (11.25)

where wi = [xi , zi ], and the last line is an approximation to Eν [·] based on
simulated probability using pseudorandom draws νs

i from the distribution of ν,
denoted g(ν). The details of how to draw and use the random numbers efficiently
can be found in Gourieroux and Monfort (1997).

Conditional on νi , y1i and y2i are independent, hence

Pr [y1i , y2i = 1 | wi , νi ] = Pr [y1i | xi , νi ] Pr [y2i = 1 | zi , νi ] ,

where the first term on the right-hand side is the conditional count distribution.
The second term is

Pr[y2i = 1 | zi , νi ]

= Pr
[
εi > −z′

iθ2 | zi , νi
]

=
∫ ∞

−z′
iθ2

(2π )−1/2(1 − ρ2)−1/2 exp

[
− 1

2(1 − ρ2)

(
εi − ρ

σ
νi

)
dεi

]
= �

[
(1 − ρ2)−1/2

(
z′

iθ2 + ρ

σ
νi

)]
. (11.26)

Let Pr [y1, y2 = 1 | w, ν, ε] denote the joint distribution of y1 and y2, condi-
tional on w, (= [x, z]), ν, and ε. Integrating out ν we obtain

Pr[y1i , y2i = 1 | wi ]

=
∫ ∞

−∞
Pr[y1i | xi , νi ]�

[
(1 − ρ2)−1/2

(
z′

iθ2 + ρ

σ
νi

)]
× 1

σ
√

2π
exp

(
− ν2

i

2σ 2

)
dνi ,

= 1√
π

∫ ∞

−∞
exp
(−u2

i

)
Pr [y1i | xi , ui ] �

[
z′

iθ
∗
2 + τui

]
dui ,

(11.27)

where the second line is obtained by a change of variable u = ν/
√

2σ 2, δ =
σ/

√
2σ 2, τ = √

2ρ/(1−ρ2)1/2, θ∗
2 = θ2/(1−ρ2)1/2. This expression involves

Pr [y1i | xi , ui ] which is the heterogeneity-conditional distribution of the counts,
specified as Poisson by both Terza and Greene.
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Integrating out νi from Pr [y2i = 0 | zi , νi ] in (11.26) yields the expression
for the second term in the log-likelihood,

Pr [y2i = 0 | zi ] =
∫ ∞

−∞

(
1 − Pr

[
εi > −z′

iθ2 | zi , νi
])

g(νi ) dνi

= 1√
2π

∫ ∞

−∞
exp
(−u2

i

)
�
[−(z′

iθ
∗
2 + τui

)]
dui

= EνPr
[
εi < −z′

iθ2 | zi , νi
]

≈ 1

S

S∑
s=1

Pr
[
εi < −z′

iθ2 | zi , ν
s
i

]
. (11.28)

The log-likelihood is constructed using the two terms (11.28) and (11.27),

L(β, θ2, ρ, σ ) =
n∑

i=1

ln Pr [y1i , y2i = 1 | wi ]

+
n∑

i=1

ln Pr [y2i = 0 | zi ] . (11.29)

The maximization of this likelihood function requires either numerical inte-
gration or simulation as illustrated in section 4.9. The SML maximizes

L(β, θ2, ρ, σ ) =
n∑

i=1

ln

(
1

S

S∑
s=1

Pr
[
y1i , y2i = 1 | wi , ν

s
i

])

+
n∑

i=1

ln

(
1

S

S∑
s=1

Pr
[
εi < −z′

iθ2 | zi , ν
s
i

])
.

(11.30)

The expected values of random functions, expressed as integrals in the log-
likelihood, are approximated by a sample mean of S simulated values of these
terms based on random draws us

i , s = 1, . . . , S. In other words, the probabilities
in the log-likelihood, expressed as integrals, are approximated by sample means
of their simulated values. The resulting expression is then maximized in the
usual way.

Although the method is computationally intensive, Greene’s (1997b) illus-
trative application shows that computation is manageable.

Weiss (1995) proposes an alternative method for modeling sample selection
with count data, based on Lee (1983). The marginal distributions of the random
variables ν and ε are specified. With known marginals, transformations to con-
vert these random variables to jointly normal variables can be found. Let G(ν)
denote the distribution function cdf of ν, and let there be a function h(νi ) such
that

εi = ρh(νi ) + ξi , (11.31)
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where ξi | νi ∼ N[0, σ 2
ξ ]. Here ρ is the correlation parameter. For example, as-

sume gamma heterogeneity and consider a transformation of νi such that the
resulting variable is linearly related to (correlated with) εi . That is, the trans-
formation h can be found using

� [h(νi )] = G(νi )

h(νi ) = �−1[G(νi )] ,
(11.32)

then (11.31) may be substituted into the expression for f (y1, y2 | w). Maximiz-
ing the likelihood based on this approach still requires numerical integration
(Weiss, 1995).

11.4.3 Sequential Estimation

In view of the computational burden of the full information approach, an analog
of the Heckman two-step approach (see section 11.4.1) has some appeal. Using
essentially the same set-up given previously, the conditional mean of y1 is given
by

E[y1i | y2i = 1] = exp

[
x′

iβ + σ 2

2

](
�
(
z′

iθ2 + ρσ
)

�
(
z′

iθ2
) )

= exp
[
x′

iβ
∗] (�

(
z′

iθ2 + ρσ
)

�
(
z′

iθ2
) )

, (11.33)

where β∗ is the same as β apart from the intercept term, which is shifted by
σ 2/2, (Johnson, Kotz, and Balakrishnan, 1994, p. 241). This regression may be
estimated by NLS after substituting in the first stage estimates of θ2 denoted θ̂2.
This step introduces heteroskedastic errors into the regression and complicates
the estimation of the asymptotic covariance matrix as seen in section 2.5.4. If ρ

or σ = 0, the term in the square brackets on the right becomes 1, indicating zero
sample selection bias. Thus, the effect of sample selection on the exponential
conditional mean of the count equation is multiplicative, not additive as in the
normal linear case. This suggests that an ad hoc adjustment based on adding the
Mill’s ratio to the conditional mean by analogy with the linear case is flawed.

11.4.4 Two-Part Models

The preceding analysis can be used to shed additional light on the two-part
(hurdle) model discussed in section 4.7.1. Suppose we reinterpret the above
model as follows. Let the binary outcome model refer to the outcomes y1 = 0
and y1 > 0. If y2 = 1, we observe y1 > 0, otherwise we observe y1 = 0. Given
independence of y1 and y2 for positive counts we get

Pr [y1, y2 = 1] = Pr [y1] × Pr [y2 = 1] .
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For Pr [y1] we need a distribution for counts that take values 1, 2, . . . , and in
practice we use a truncated Poisson or NB for Pr [y1]. (This is similar to the Rand
two-part model used in modeling expenditures on healthcare in which Pr [y1]
is lognormal to allow for only positive observations.) Then the log-likelihood
for this model is given by

n∑
i=1

[ln Pr[y1i | y1i > 0, xi ] + ln Pr[y2i = 1 | zi ]] . (11.34)

The log-likelihood is usually maximized by separately maximizing the two
terms in the sum, with the first part based on a standard count distribution and
the second part on probit or logit model. Although the covariates in the two parts
are often the same, this is not necessary. A more general set-up also allows for
possible correlation between the two parts, as in the selectivity model, thereby
justifying an analysis parallel to that of the selection model. For example, the
count distribution could be Poisson conditioned on unobserved heterogeneity ν.
The binomial distribution of y2 could be conditioned on another unobserved
heterogeneity term ε, with the (ν, ε) bivariate normal. Likelihood analysis of
such a model requires numerical or Monte Carlo integration.

11.5 Bibliographic Notes

Manski and McFadden (1981) survey and discuss choice-based sampling in the
context of discrete choice models. Recently the problem has received consider-
able attention. For example, Imbens and Lancaster (1994) deal with issues that
are closely related to those arising in choice-based samples and give many use-
ful references. The optimal instruments problem for heteroskedastic nonlinear
models is discussed in Newey (1993).



CHAPTER 12

Flexible Methods for Counts

12.1 Introduction

In this chapter we examine methods for modeling count data that are more
flexible than those presented in previous chapters. The focus is on the cross-
section case, although some of the methods given here have potential extension
to time series, multivariate or longitudinal count data, and treatment of sample
selection.

One type of flexible modeling is to specify low-order conditional moments
of the dependent variable, rather than the entire distribution. This moment-
based approach has already been considered extensively in previous chapters.
Here we extend it by considering higher-order moments. The emphasis is on the
more difficult question of the most efficient use of the moments, with estimators
derived using results on optimal GMM.

The core of the chapter considers two basic types of flexible model. First, we
consider a sequence of progressively more flexible parametric models, where the
underlying parameters in the sequence are tightly specified, for example, equal
to a specified function of a linear combination of regressors and parameters.

Second, we consider models in which part of the distribution or general
functional form for the moment is tightly specified, but the remainder is flexibly
modeled. For example, the conditional mean may be the exponential of the sum
of a linear combination of all but one regressor and a flexible function of the
remaining regressor. A second example, in which the conditional mean function
is specified but the conditional variance is flexible, has already been considered
in earlier chapters but is covered in further depth here.

Some authors call the general approach considered in this chapter semi-
parametric methods but we prefer the term flexible methods. Fully parametric
regression methods specify the distribution of y given x, and the estimation
problem is finite-dimensional. An example is the NB2 model. Pure nonpara-
metric methods specify no part of the distribution of y given x, leading to an
infinite-dimensional estimation problem. Even here some basic assumptions
are made. Thus, in kernel regression of y given x in the continuous data case, it
is usually assumed that data are iid and homoskedastic. In principle any method
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between these extremes is semiparametric. For example, throughout this book
we have often considered inference based on specification of only the con-
ditional mean, or on specification of the conditional mean and variance, and
these moment methods might be called semiparametric. A tighter definition of
semiparametric is that despite specification of part of the model, there is still
an infinite-dimensional parameter estimation problem. Using this definition,
estimation based on specification of the conditional mean and variance is not
semiparametric.

Section 12.2 deals with efficient moment-based estimation. This has been
presented in previous studies as an extension of quasilikelihood using the es-
timating equation approach, presented in Chapter 2. Here we also cast this in
the GMM framework. In section 12.3 we consider flexible functional forms for
parametric distributions for count data. These include models based on poly-
nomial series expansion, and the family of modified power series distributions.
In section 12.4 we consider more flexible models for the conditional mean,
focusing on the case in which a functional form is given for part but not all
of the conditional mean function. In section 12.5 we consider estimation if a
functional form is specified for the conditional mean but not for the conditional
variance. Estimators of regression coefficients more efficient than those given in
earlier chapters are presented. Section 12.6 presents an application that focuses
on some methods presented in sections 12.3 and 12.4.

12.2 Efficient Moment-Based Estimation

Key features of count models may be expressed as conditional mean and vari-
ance restrictions, avoiding possible misspecification that may occur in a full
parametric specification of the likelihood function. Estimation given correct
specification of the conditional mean is done using the GLM and Poisson PML
approaches covered extensively in Chapters 2 and 3. Efficiency gains are pos-
sible by additionally specifying higher-order conditional moments. In section
12.2.1 we state key results obtained in studies that use estimating equation and
QL approaches. These results are then derived in Section 12.2.2, using the GMM
approach. This is a good illustration of the usefulness of the GMM framework.

12.2.1 Estimating Equations and Quasilikelihood

The extended QL approach is a refinement of the moment-based approach dis-
cussed in earlier chapters. The version given here owes much to Crowder (1987)
and Godambe and Thompson (1989). In this approach the central focus of esti-
mation is on an estimating equation, whose solution defines an estimator, rather
than on an objective function that is maximized or minimized. See section 2.5.1
for the general estimating equation approach. The equations are analogous to
the score equations in maximum likelihood theory, leading to the terminology
extended QL.
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We consider models in which functional forms µi = µ(xi ,θ) and σ 2
i =

ω(xi ,θ) are specified for the conditional mean and variance of the scalar de-
pendent variable yi . Crowder (1987) proposed the following general estimating
equation

n∑
i = 1

{
a(xi ,θ)(yi − µi ) + b(xi ,θ)

{
(yi − µi )

2 − σ 2
i

}} = 0, (12.1)

where a(xi ,θ) and b(xi ,θ) are q × 1 nonstochastic functions of θ, the q × 1
unknown parameter vector to be estimated. Typically, θ = (β′, α)′ where β are
the parameters in the mean function, and the parameter α appears, in addition
to β, in the variance function. This class includes unweighted least squares
where a(xi ,θ) = ∂µi/∂θ and b(xi ,θ) = 0; and QL estimation, in which case
a(xi ,θ) = (1/σ 2

i ) ∂µi/∂θ and b(xi ,θ) = 0.
Setting b(xi ,θ) = 0 in (12.1) yields estimating equations that are quadratic

in (yi − µi ). These quadratic estimating equations (QEEs) are a potential re-
finement to the QL approach. QL estimation is an appropriate approach if the
variance specification is doubtful, whereas the quadratic approach is better if
the variance specification is more certain. Cubic and higher-order terms may
be added if there is more information about higher moments, but the practical
usefulness of such extensions is uncertain.

If µi = µ(xi ,β) and σ 2
i = ω(xi ,β, α) are correctly specified, and θ̂QEE is

the solution to the QEE, then from the results of Crowder (1987) it is known that
the estimator is consistent and asymptotically normal with variance V[θ̂QEE] =
A−1

n BnA−1′
n , where

An = −
n∑

i=1

{
ai

∂µi

∂θ′ + 2σi bi
∂σi

∂θ′

}
, (12.2)

Bn =
n∑

i=1

σ 2
i

{
ai a′

i + σiγ1i
(
ai b′

i + bi a′
i

)+ σ 2
i (γ2i + 2)

(
bi b′

i

)}
,

(12.3)

where ai = a(xi ,θ) and bi = b(xi ,θ) are (k + 1) × 1 vectors and γ1i and
γ2i denote the skewness and kurtosis coefficients. The sandwich form of the
variance matrix is used. Consistent estimation ofθ requires correct specification
of the first two moments of y, while V[θ̂QEE] depends on the first four moments.
If bi = 0, the asymptotic covariance matrix does not depend on skewness or
kurtosis parameters. This is consistent with earlier results for QL estimation.

As already noted, minimization of the first term only in the objective function
corresponds to QL estimation. The second term is identically zero in some cases,
such as the LEF density for which the variance function fully characterizes the
distribution. In such a case specification of higher-order moments is redundant.
In other cases, however, efficiency gains result from the inclusion of a correctly
specified second term. An example of this follows.
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Dean and Lawless (1989b) and Dean (1991), following Firth (1987), Crowder
(1987), and Godambe and Thompson (1989), have discussed the estimation of a
mixed Poisson model using extended QL approach. This employs the following
specification of the first four moments of the NB2 model

E[yi | xi ] = µi = µi (xi ,β)

E[(yi − µi )2 | xi ] = σ 2
i = µi (1 + αµi )

E[(yi − µi )3 | xi ] = σ 3
i γ1i = σ 2

i (1 + 2αµi )

E[(yi − µi )4 | xi ] = σ 4
i γ2i = σ 2

i + 6ασ 4
i + 3σ 4

i ,

(12.4)

where α ≥ 0, and γ1i and γ2i denote skewness and kurtosis coefficients.
Suppose one assumes that the first four moments are known, but does not

wish to use the negative binomial distribution. The optimal quadratic estimating
equations for estimation can be shown to be

n∑
i=1

(yi − µi )

σ 2
i

∂µi

∂β
= 0, (12.5)

n∑
i=1

{
(yi − µi )2 − σ 2

i

(1 + αµi )2
− (yi − µi )(1 + 2αµi )

(1 + αµi )2

}
= 0. (12.6)

Given correct specification of the first four moments, these equations yield the
most efficient estimator for (β, α). Given α, the solution of the first equation
yields the QL estimate of β. This is the special case of (12.1) with

a(xi ,θ) =
[ (

1/σ 2
i

)
(∂µi/∂β)

−(1 + 2αµi )/(1 + αµi )2

]
,

b(xi ,θ) =
[

0

1/(1 + αµi )2

]
.

The limit distribution can be obtained using (12.2) and (12.3).
Other estimators for α, given β, have been suggested in the literature; for

example, moment estimators that assume γ1i = γ2i = 0 and hence are less
efficient than the previous one if the higher moment assumptions given earlier
are correct. Dean and Lawless (1989b) have evaluated the resulting loss of effi-
ciency in a simulation context. Dean (1991) shows that the asymptotic variance
of β is unaffected by the choice of the estimating equation for α. An appli-
cation to the mixed PIG regression is in Dean, Lawless and Willmot (1989).
The practicality of improving efficiency of estimators based on higher order
moment assumptions remains to be established.



348 12. Flexible Methods for Counts

12.2.2 Generalized Method of Moments

The literature generally does not motivate well the QEE estimator (12.1) and
optimal cases such as (12.5) and (12.6). Results on optimal GMM provide a
simple way to obtain the optimal formulation of the QEE.

From section 2.5.3, the optimal GMM estimator for general moment condi-
tion

E[ρ(yi , xi ,θ) | xi ] = 0, (12.7)

where (yi , xi ) is iid, is the solution to the system of equations

n∑
i=1

h∗
i (yi , xi ,θ) = 0, (12.8)

where

h∗
i (yi , xi ,θ) = E

[
∂ρ(yi , xi ,θ)′

∂θ

∣∣∣∣ xi

]
× {E[ρ(yi , xi ,θ)ρ(yi , xi ,θ)′ | xi ]}−1ρ(yi , xi ,θ).

(12.9)

We apply this result to estimation based on the first two moments, in which
case

ρ(yi , xi ,θ) =
[
ρ1(yi , xi ,θ)

ρ2(yi , xi ,θ)

]
=
[

yi − µi

(yi − µi )2 − σ 2
i

]
. (12.10)

The first two moments are specified to be those of the NB2 model

µi = µi (xi ,β)

σ 2
i = µi (1 + αµi ).

(12.11)

Then θ = (β′, α)′. Note that the conditional mean function is not restricted to
be exponential. Note also that identification of θ in this case requires that both
ρ1(·) and ρ2(·) appear in h∗

i (·) in (12.9).
For notational simplicity drop the subscript i and the conditioning on xi in

the expectation. The first two terms in the right-hand side of (12.9) are

E


∂ρ1

∂β

∂ρ2

∂β

∂ρ1

∂α

∂ρ2

∂α

 = E

−∂µ

∂β
{−2(y − µ) − 1 − 2αµ}∂µ

∂β

0 −µ2



=

−∂µ

∂β
−(1 + 2αµ)

∂µ

∂β

0 −µ2

 , (12.12)
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and {
E

[
ρ2

1 ρ1ρ2

ρ1ρ2 ρ2
2

]}−1

=
{

E

[
(y − µ)2 (y − µ){(y − µ)2 − σ 2}

(y − µ){(y − µ)2 − σ 2} {(y − µ)2 − σ 2}2

]}−1

=
{[

σ 2 σ 3γ1

σ 3γ1 σ 4γ2 − σ 4

]}−1

= 1

σ 6
(
γ2 − 1 − γ 2

1

) [σ 4γ2 − σ 4 −σ 3γ1

−σ 3γ1 σ 2

]
, (12.13)

using E[(y − µ)3 | x] = σ 3γ1 and E[(y − µ)4 | x] = σ 4γ2, where γ1 and γ2

denote skewness and kurtosis coefficients. Substituting (12.10) through (12.13)
into (12.9) yields

[
h∗

1(yi , xi ,θ)
h∗

2(yi , xi ,θ)

]
=


(
σ 4

i γ2i −σ 4
i

)
−(1+2αµi )σ 3

i γ1i

σ 6
i

(
γ2i −1−γ 2

1i

) ∂µi

∂β

σ 3
i γ1i −(1+2αµi )σ 2

i

σ 6
i

(
γ2i −1−γ 2

1i

) ∂µi

∂β

σ 3
i γ1i µ

2
i

σ 6
i

(
γ2i −1−γ 2

1i

) −µ2
i σ

2
i

σ 6
i

(
γ2i −1−γ 2

1i

)


×
[

y − µi

(y − µi )2 − σ 2
i

]
. (12.14)

The optimal GMM estimator solves (12.8) with h∗(yi , xi ,θ) defined in (12.9).
Its distribution can be obtained using (2.70) through (2.72) in Section 2.5.1.
From (12.14), identification requires γ2i − 1 − γ 2

1i = 0 for all i .
Comparing (12.14) with (12.1), the optimal GMM estimator in this case is of

the QEE form (12.1), with a(xi ,θ) and b(xi ,θ), respectively, equal to the first
and second columns of the first matrix in the right-hand side of (12.14), which
is a (k + 1) × 2 matrix.

Now specialize to the case in which the skewness and kurtosis parameters γ1i

and γ2i are the functions given in (12.4). Then, in section 12.7 it is shown that(
σ 4

i γ2i − σ 4
i

)− (1 + 2αµi )σ
3
i γ1i = σ 4

i

(
γ2i − 1 − γ 2

1i

)
σ 3

i γ1i − (1 + 2αµi )σ
2
i = 0 (12.15)

σ 6
i

(
γ2i − 1 − γ 2

1i

) = 2(1 + α)σ 2
i .

Using these results, (12.14) reduces to[
h∗

1(yi , xi ,θ)

h∗
2(yi , xi ,θ)

]
=
 1

σ 2
i

∂µi

∂β
0

(1+2αµi )µ2
i

2(1+α)σ 4
i

µ2
i

2(1+α)σ 4
i

[ y − µi

(y − µi )2 − σ 2
i

]
.

(12.16)
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For σ 2
i defined in (12.11), µ2

i /σ
4
i = 1/(1 + αµi )2. Thus (12.16) yields the op-

timal QEE estimator defined in (12.5) and (12.6) on premultiplication of (12.6)
by the constant 2(1 + α).

The optimal GMM estimator requires specification of E[ρ(yi , xi ,θ)ρ(yi ,

xi ,θ)′ | xi ], which in this example requires specification of the first four mo-
ments. Newey (1993) proposed a semiparametric method of estimation, which
replaces these elements by nonparametric estimates. For example, an estimate
of the (1, 1) element, E[(yi − µi )2 | xi ], may be formed from a kernel or series
regression of (yi − µ̂i )2 on an intercept, µ̂i and µ̂2

i , where µ̂i is a consistent
estimator. A similar treatment may be applied to the other two elements.

Unfortunately, even after determining that θ is identified under GMM, this
semiparametric method may run into practical difficulties. First, if the individ-
ually estimated elements are combined, there is no guarantee that the resulting
estimate of E[ρ(yi , xi ,θ)ρ(yi , xi ,θ)′ | xi ] will be positive definite as required.
Second, even if the procedure produces a positive definite estimate, the esti-
mate may be highly variable. Finally, in small samples the resulting estimator
may be biased, perhaps badly so, as indicated by several studies of the GMM
method (Smith, 1997). The econometric literature includes several studies in
which use of a constant rather the “optimal” matrix E[ρiρ

′
i | xi ] produced better

estimates.

12.3 Flexible Distributions Using Series Expansions

12.3.1 Seminonparametric Maximum Likelihood

Gallant and Nychka (1987) proposed approximating the distribution of an iid
m-dimensional random variable y using a squared power series expansion
around an initial choice of density or baseline density, say f (y |λ). Thus,

h p(y |λ, a) = (Pp(y | a))2 f (y |λ)∫
(Pp(z | a))2 f (z) dz

, (12.17)

where Pp(y | a) is an m-variate pth order polynomial, a is the vector of co-
efficients of the polynomial, and the term in the denominator is a normaliz-
ing constant. Squaring Pp(y | a) has the advantage of assuring that the den-
sity is positive. This is closely related to the series expansions in Chapter
8, where Pp(y | a) was not squared and emphasis was placed on choosing
Pp(y | a) to be the orthogonal or orthonormal polynomials for the baseline
density f (y |λ).

The estimator of λ and a maximizes the log-likelihood
∑n

i=1 ln h p(yi |λ, a).
Gallant and Nychka (1987) show that under fairly general conditions if the
order p of the polynomial increases with sample size n then the estimator
yields consistent estimates of the density. This result holds for a wide range
of choices of baseline density. The estimator is called the seminonparametric
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maximum likelihood estimator. It is called seminonparametric to reflect that it
is somewhere between parametric – in practice a specific baseline density needs
to be chosen – and nonparametric.

This result provides a strong basis for using (12.17) to obtain a class of flex-
ible distributions for any particular data. There are, however, several potential
problems. First, the method may not be very parsimonious. Thus a poor initial
choice of baseline density may require a fairly high-order polynomial, a po-
tential problem even with relatively large data sets of, say, 1000 observations.
Second, it may be difficult to obtain analytical expressions for the normalizing
constant, especially in the multivariate case. Third, the normalizing constant
usually leads to a highly nonlinear log-likelihood function with multiple lo-
cal maxima. Finally, Gallant and Nychka (1987) establish only consistency. As
with similar nonparametric approaches, it is difficult to establish the asymptotic
distribution. One solution is to bootstrap, although the asymptotic properties of
this particular bootstrap do not appear to have been established. Another solu-
tion is to select a high-enough-order polynomial to feel that the data is being
well fit by the model, assume this is the density of the dgp, and apply standard
maximum likelihood results. This is similar to starting with the Poisson, reject-
ing this in favor of NB2, and then using usual maximum likelihood standard
errors of the NB2 model for inference.

Gallant and Tauchen (1989) and various coauthors in many studies have
applied models based on (12.17) to continuous finance data. There the baseline
density is the multivariate normal with meanµ and variance Σ, with a particular
transformation used so that the normalizing constant is simply obtained as a
weighted sum of the first 2p moments of the univariate standard normal. They
advocate selecting the order of the polynomial on the basis of the BIC of Schwarz
(1978), defined in section 5.7.1, which gives a relatively large penalty for lack
of parsimony.

In the first application of these methods to count data, Gurmu, Rilstone, and
Stern (1998) proposed using a series expansion to model the distribution of
the heterogeneity term in the Poisson model with random heterogeneity. This
method has also been applied by Gurmu and Trivedi (1996) and extended to
hurdle models by Gurmu (1997). Cameron and Johansson (1997) instead use
a series expansion to directly generalize and modify the Poisson density for
the dependent variable. We present this study in sections 12.3.2 and 12.3.3 and
defer presentation of the other studies to section 12.5.2, on flexible models for
the heterogeneity term.

12.3.2 General Results

We begin with a quite general presentation for the univariate case, before spe-
cializing to count data with a Poisson density as a baseline in the next subsection.
Derivations are given in Cameron and Johansson (1997).

Consider a scalar random variable y with baseline density f (y |λ), where
λ is possibly a vector. The density based on a squared polynomial series
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expansion is

h p(y |λ, a) = f (y |λ)
P2

p (y | a)

ηp(λ, a)
, (12.18)

where Pp(y | a) is a pth-order polynomial

Pp(y | a) =
p∑

k=0

ak yk, (12.19)

a = (a0, a1, . . . , ap)′ with the normalization a0 = 1, and ηp(λ, a) is a normal-
izing constant term that ensures that the density h p(y |λ, a) sums to unity.
Squaring the polynomial ensures that the density is nonnegative. This is just
the univariate version of (12.17). It can be shown that

ηp(λ, a) =
p∑

k=0

p∑
l=0

akalmk+l , (12.20)

where mr ≡ mr (λ) denotes the r th moment (not centered around the mean) of
the baseline density f (y |λ).

The moments of the random variable y with density h p(y |λ, a) can be
readily obtained from those of the baseline density f (y |λ) as

E[yr ] =
∑p

k=0

∑p
l=0 akalmk+l+r

ηp(λ, a)
. (12.21)

The r th moment of y generally differs from the r th moment of the baseline
density. In particular, the mean for the series expansion density h p(y |λ, a)
usually differs from that for the baseline density f (y |λ).

We consider estimation based on a sample {(yi , xi ), i = 1, . . . , n} of inde-
pendent observations. Then yi | xi has density h p(yi |λi , ai ), where regressors
can be introduced by lettingλi or ai be a specified function of xi and parameters
to be estimated. As a simple example, suppose λi is a scalar determined by a
known function of regressors xi and an unknown parameter vector β

λi = λ(xi ,β), (12.22)

and the polynomial coefficients a are unknown parameters that do not vary with
regressors. The log-likelihood function is then

L(β, a) =
n∑

i=1

{ln f (yi | λ(xi ,β)) + 2 ln Pp(yi | a)

− ln ηp(λ(xi ,β), a)}, (12.23)
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with first-order conditions that, given ηp(λ, a) in (12.20), can be reexpressed
as

∂L
∂β

=
n∑

i=1

{
∂ ln f (yi | λi )

∂λi
−
∑p

k=0

∑p
l=0 akal∂mk+l,i/∂λi∑p

k=0

∑p
l=0 akalmk+l,i

}
∂λi

∂β
= 0,

(12.24)

∂L
∂a j

=
n∑

i=1

2

{
y j∑p

k=0 ak yk
−

∑p
k=0 akmk+ j,i∑p

k=0

∑p
l=0 akalmk+l,i

}
= 0,

j = 1, . . . , p. (12.25)

Cameron and Johansson (1997) do not establish semiparametric consistency
of this method. Instead, the density with chosen p is assumed to be correctly
specified. Inference is based on the standard result that the MLE for β and a is
asymptotically normally distributed with variance matrix equal to the inverse
of the information matrix, under the assumption that the data are generated by
(12.18) and (12.22).

In principle this method is very easy to apply, provided analytical moments
of the baseline density are easily obtained. The maximum likelihood first-order
conditions simply involve derivatives of these moments with respect to λ, and
even then some optimization routines do not require specification of first deriva-
tives.

In practice there are two potential problems. First, the objective function is
very nonlinear in parameters and there are multiple optima. This is discussed in
the next subsection. Second, these series expansion densities may not be very
parsimonious or may not fit data very well. The usefulness can really only be
established by applications.

12.3.3 Poisson Polynomial Model

The preceding framework can be applied to a wide range of baseline densi-
ties. Cameron and Johansson illustrated this method if baseline density is the
Poisson, so f (y | µ) = e−µµy/y!. They called this model the PPp model, for
Poisson polynomial of order p. Then λ = µ, and the normalizing constant
ηp(µ, a) defined in (12.20) and the moments E[yr ] defined in (12.21) are eval-
uated using the moments mr (µ) of the Poisson, which can be obtained from the
moment generating function using mr (µ) = ∂r exp(−µ + µet )/∂tr | t=0.

As an example the PP2 model is

h2(y | µ, a) = e−µµy

y!

(1 + a1 y + a2 y2)2

η2(a, µ)
, (12.26)

where

η2(a, µ) = 1 + 2a1m1 + (a2
1 + 2a2

)
m2 + 2a1a2m3 + a2

2m4.

(12.27)
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Note that µ here refers to the mean of the baseline density. In fact the first two
moments of y for the PP2 density are

E[y] = (m1 + 2a1m2 + (a2
1 + 2a2

)
m3 + 2a1a2m4 + a2

2m5
)
/η2(a, µ)

E[y2] = (m2 + 2a1m3 + (a2
1 + 2a2

)
m4 + 2a1a2m5 + a2

2m6
)
/η2(a, µ).

(12.28)

Estimation requires evaluation of (12.27) and hence the first four moments of
the Poisson density; evaluation of the mean and variance from (12.28) requires
the first six moments of the Poisson density. These moments are

m1 = µ

m2 = µ + µ2

m3 = µ + 3µ2 + µ3

m4 = µ + 7µ2 + 6µ3 + µ4

m5 = µ + 15µ2 + 25µ3 + 10µ4 + µ5

m6 = µ + 31µ2 + 90µ3 + 65µ4 + 15µ5 + µ6.

The PPp model permits a wide range of models for count data, including mul-
timodal densities and densities with either underdispersion or overdispersion.

For the PPp model if the baseline density has exponential mean, so λi =
exp(x′

iβ), the first-order condition (12.24) simplifies to

∂LPPp

∂β
=

n∑
i=1

{
yi −

∑p
k=0

∑p
l=0 akalmk+l+1,i∑p

k=0

∑p
l=0 akalmk+l,i

}
xi . (12.29)

Using (12.21) with r = 1 and (12.20), (12.29) can be reexpressed as

∂LPPp

∂β
=

n∑
i=1

(yi − E[yi | xi ])xi = 0. (12.30)

Thus the residual is orthogonal to the regressors, and the residuals sum to
zero if an intercept term is included in the model. The result (12.30) holds
more generally if the baseline density is an LEF density with conditional mean
function corresponding to the canonical link function.

As is common for many nonlinear models, the likelihood function can have
multiple optima. To increase the likelihood that a global maximum is obtained
Cameron and Johansson use fast simulated annealing (Szu and Hartley, 1987),
a variation on simulated annealing (see Goffe, Ferrier, and Rogers, 1994), to
obtain parameter estimates close to the global optima that are used as starting
values for standard gradient methods. The advantage of simulated annealing
techniques is that they permit movements that decrease the value of the objective
function, so that one is not necessarily locked in to moving to the local maxima
closest to the starting values. Cameron and Johansson find that using a range
of starting values improves considerably the success of the Newton-Raphson
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method in finding the global maximum, but it is better still to use the fast
simulated annealing method.

For the underdispersed takeover bids data introduced in section 5.2.5,
Cameron and Johansson find that a PP1 model provides the best fit in terms of
BIC and performs better than other models proposed for underdispersed data,
namely Katz, hurdle, and double-Poisson.

12.3.4 Modified Power Series Distributions

The family of modified power series distributions (MPSDs) for nonnegative
integer-valued random variables y is defined by the pdf

f (y | λ) = a(λ)yb(y)

c(λ)
, (12.31)

where c(λ) is a normalizing constant

c(λ) =
∑
y∈I

a(λ)yb(y), (12.32)

b(y) > 0 depends only on y, and a(λ) and c(λ) are positive, finite, and differ-
entiable functions of the parameter λ. If a distribution belongs to the MPSD
class, then the truncated version of the same distribution is also an MPSD. The
MPSD permits the range of y to be a subset, say T , of the set I of nonnegative
integers, in which case the summation in (12.32) is for y ∈ T .

For the MPSD density, differentiating the identity
∑

y∈I f (y | λ) = 1 with
respect to λ yields

E[y] ≡ µ = a(λ)

a′(λ)

c′(λ)

c(λ)
=
(

∂ ln a(λ)

∂λ

)−1
∂ ln c(λ)

∂λ
, (12.33)

where a′(λ) = ∂a(λ)/∂λ and c′(λ) = ∂c(λ)/∂λ. The variance is

V[y] ≡ µ2 = a(λ)

a′(λ)

∂µ

∂λ
=
(

∂ ln a(λ)

∂λ

)−1
∂µ

∂λ
.

Higher-order central moments, µr = E[(y − µ)r ], can be derived from the re-
currence relation

µr = a(λ)

a′(λ)

dλr−1

dλ
+ rµ2µr−2, r ≥ 3, (12.34)

where µr−2 = 0 for r = 3.
The MPSD family, proposed by Gupta (1974), is a generalization of the

family of power series distributions (PSDs). The PSD is obtained by replacing
a(λ) in (12.31) by λ, in which case c(λ) = ∑y∈I b(y)λy . This provides the
motivation for the term power series density, as it is based on a power series
expansion of the function c(λ) with different choices of c(λ) leading to different
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densities. An early reference for the PSD is Noack (1950). The generalized
PSD family is obtained from the PSD if the support of y is restricted to a
subset of the nonnegative integers. A generalization of the MPSD is the class
of Lagrange probability distributions proposed by Consul and Shenton (1972).
There is an extensive statistical literature on these families. Some discussion
is given in Johnson, Kotz, and Kemp (1992), with more extensive discussion
in various entries in Kotz and Johnston (1982–89). These densities have rarely
been applied in a regression setting.

For nonnegative integer-valued random variables, the MPSD is a generaliza-
tion of the LEF. To see this note that (12.31) can be reexpressed as f (y|λ) =
exp{−ln c(λ) + ln b(y) + ln a(λ)y}. This is exactly the same functional form as
the LEF defined in section 2.4.2, except it is parametrized in terms of λ rather
than the mean µ. However, it is not a mean parameterization of the density.
The difference is that the LEF places strong restrictions on a(λ) and c(λ).
Here the restrictions are not as strong. The MPSD therefore includes the Pois-
son and the NB2 (with overdispersion parameter specified). For the Poisson,
a(λ) = λ, b(y) = 1/y! and c(λ) = eλ. For the NB2, a(λ) = [1−λ/(λ+α−1)]−1/α ,
b(y) = �(α−1 + y)/[�(y + 1)�(α−1) and c(λ) = λ/(λ + α−1). The MPSD also
includes the logarithmic series distributions.

The MPSD family is potentially very flexible. One modeling strategy is to be-
gin with a particular choice of a(λ) and b(y), and then progressively generalize
b(y), which also changes the normalizing constant c(λ). To be specific, the func-
tion b(y) in (12.31) can be modified so that it also depends on additional param-
eters to be estimated, say a, and consequently the term c(λ) also depends on a.

The PPp model presented in section 12.3.3 is an MPSD model. For exam-
ple, the PP2 density (12.26) is (12.31) with a(µ) = µ, b(y, a) = (1 + a1 y +
a2 y2)2/y!, and c(µ, a) = η2(a, µ)/e−µ. This results from choosing the base-
line density, here the Poisson, to be an LEF density. With other choices of
baseline density f (y | λ) in (12.18), models found by series expansion as in
section 12.3.2 need not be related to MPSD models.

12.4 Flexible Models of Conditional Mean

We now consider approaches in which a component of the conditional mean is
nonparametric, meaning it has an unknown functional form. For example, the
conditional mean function may be partially linear in the sense that it has one
component linear in a subset of covariates, and another whose dependence on
a second subset is of an unknown form (Robinson, 1988). Such an approach
has been developed by Severini and Staniswalis (1994) in the general context
of quasilikelihood estimation of GLM models.

Consider a model in which the conditional mean of yi depends on two sets
of covariates, xi and zi , and is written in the form

E[yi | xi , zi ] = µ
(
x′

iβ + γ (zi )
)
, (12.35)

where µ(·) is a known function and γ (·) is an unknown smooth function. Such
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a model in which there is a parametric relation between y and x, and a nonpara-
metric one between y and z, is referred to as a partially parametric model. In
the context of the count regression typically µ(·) is an exponential function.

The traditional parametric approach to obtaining a flexible specification with
respect to a subset of covariates is to let γ (z) be a polynomial function of z. For
example, in the analysis of recreational trip data in Chapter 6, we considered cost
variables that entered the model quadratically rather than linearly. Even greater
generality can be achieved by treating this component nonparametrically.

There is a considerable literature for more general treatment of γ (z) in the
linear regression model, in which case E[y | x, z] = x′β + γ (z) and the model
is called the partially linear model. For example, Robinson (1988) proposes
estimation ofβ by OLS regression of y−Ê[y | z] on (x−Ê[x | z]), where Ê[y | z]
and Ê[x | z] are nonparametric kernel density estimates of E[y | z] and E[x | z].

For count models there are several additional complications. The condi-
tional mean function µ(·) is nonlinear, the conditional variance is not constant,
and usually this nonconstancy is controlled for by modeling the conditional
variance as a function of the conditional mean. We present an estimator due
to Severini and Staniswalis (1994), whose methods can be applied whenever
quasilikelihood estimation is feasible.

The observations are assumed to be independent with conditional mean and
variance

E[yi | xi , zi ] = µ
(
x′

iβ + γ (zi )
)

V[yi | xi , zi ] = φυ(E[yi | xi , zi ]),
(12.36)

where the functions µ(·) and υ(·) are specified. Let
∑n

i=1 q(µ(x′
iβ+ηi )) denote

the quasilikelihood function, where ηi = γ (zi ). The flexibility of the approach
results from the use of moment specification rather than the full distribution,
and from the use of a potentially flexible functional form for the conditional
mean.

Estimation is complicated because there is a parametric and a nonparametric
component of the model. If β is treated as a fixed parameter then a quasilikeli-
hood estimate of γ (zi ) can be obtained using a generalization of the weighted
quasilikelihood method of Staniswalis (1989). Specifically, for given β, given
kernel function K (·), bandwidth parameter b > 0, and observables z, the quasi-
likelihood estimator satisfies the equation

∑
i

K

(
z − zi

b

)
∂q
(
µ
(
x′

iβ + η(β)
))

∂η
= 0. (12.37)

Denote this estimator as η̂(β). Treating η as a given infinite dimensional nui-
sance parameter, maximum quasilikelihood estimates of β satisfy the equation∑

i ∂q
(
µ
(
x′

iβ + η̂(β)
))

∂β
= 0, (12.38)
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which is a parametric estimation problem. In general these equations are solved
iteratively. The interested reader should refer to the original article for details
of the asymptotic properties of this estimator.

In practice the user of this method needs to determine which variables con-
stitute the z subset and which ones the x subset. Although such choices are
context-specific, given the constraint that γ should be smooth, continuous vari-
ables are the natural candidates for z. If the sample size is large and the di-
mension of z not too large, then a computationally simpler alternative seems to
approximate γ (z) by a quadratic in z, as for instance in the recreational data
analysis of Chapter 6, and then treat the estimation parametrically.

An alternative class of flexible models of the conditional mean, one embed-
ded in the GLM framework, is the generalized additive model due to Hastie
and Tibshirani (1990). Then the linear component x′β in the GLM class model
is replaced by an additive model of the form

∑k
j=2 f j (x j ), where f j (·) are

nonparametric univariate functions, one for each covariate. Thus

E[yi | xi ] = µ

(
β1 +

k∑
j=2

f j (xi j )

)
,

where xi j is the j th component of xi , and µ(·) is specified. For Poisson regression
µ(·) = exp(·) and the conditional variance is a multiple of µ(·).

12.5 Flexible Models of Conditional Variance

Let us reconsider the mixture density

h(yi | xi ) =
∫

f (yi | xi , νi )g(νi ) dνi , (12.39)

introduced in Chapter 4, where the density f (yi | xi , νi ) is the Poisson with
conditional mean µiνi = exp(x′

iβ)νi . Unlike Chapter 4, the distribution of the
unobserved heterogeneity component is treated as unknown. In this section we
consider flexible models for the mixture density g(νi ), leading to more flexible
models for h(yi | xi ). The first method considers mixtures of densities, while
the second method uses a series expansion.

At the end of this section we present an adaptive estimation procedure that
provides efficient estimates of the conditional mean parameters, controlling for
heteroskedasticity by nonparametric estimation of the conditional variance.

12.5.1 Mixture Models for Unobserved Heterogeneity

As in section 4.8, consider a discrete representation of g(ν), so that the marginal
distribution may be written as

h(yi | xi ,β) =
C∑

j=1

f (yi | xi ,β, ν j )π j (ν j ), (12.40)
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where ν j , j = 1, . . . , C , is an estimated support point for the distribution of
unobserved heterogeneity and π j is the associated probability with π j ≥ 0 and∑

j π j = 1.
For the Poisson with exponential mean, this representation of heterogeneity

may be interpreted as a random-intercept model in which the intercept is (β0 +
ν j ) with probability π j . This is detailed in section 4.8. The subpopulation with
each intercept is treated as a “type,” and the number of types, C , is estimated
from the data along with (π j ,β).

The method has both a nonparametric component, because it avoids distri-
butional assumptions on ν, and a parametric component, the density f (y | x,
β, ν). It is standard terminology in the statistic literature to call the estimator
an SPMLE if C is taken as given and maximum likelihood estimation is done
for the unknown parameters (β, π j ).

As an example, if f (yi | xi ,β, ν j ) in (12.40) is the Poisson density with
parameter µiν j ,with µi = µ(xi ,β), the log-likelihood is

LSP(β,π) =
n∑

i=1

[
yi ln (µi ) − ln (yi !) + ln

(
C∑

j=1

exp(−µiν j )ν
yi

j π j

)]
.

(12.41)

Estimation of this model is discussed in section 4.8.

12.5.2 Series Expansions for Unobserved Heterogeneity

This section outlines estimation of the Poisson model with exponential mean
and a random heterogeneity component ν whose density g(ν) is modeled by
a series expansion. The method was proposed by Gurmu, Rilstone, and Stern
(1998), who call it SPMLE. The goal is a flexible model specification that avoids
strong parametric assumptions about the distribution of ν.

If y conditional on µ and ν is P[µν] distributed, the mixture density (12.39),
suppressing the subscript i , is

h(y | µ) =
∫

e−µν(νµ)y

y!
g(ν) dν

= µy

y!

∫
ν ye−µνg(ν) dν. (12.42)

Gurmu et al. propose approximating the unknown mixture density g(ν) by a
squared pth-order polynomial expansion of form (12.17), say g∗

p(ν), and an-
alytically calculating the integral in (12.42) with respect to g∗

p(ν) rather than
g(ν). The two-parameter gamma is used as the baseline density, because this
restricts ν > 0, and more importantly because the leading term in the expansion
is then the gamma, which from Chapter 4 leads to h(y | µ) being the standard
NB2 density. An orthonormal polynomial series expansion is used (see Chap-
ter 8) in which the orthogonal polynomials for the gamma are the orthonormal
generalized Laguerre polynomials.
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Specifically, the approximating density is

g∗
p(ν | λ, γ ) = f (ν | λ, γ )

P2
p (ν | λ, γ, a)

ηp(λ, γ, a)
, (12.43)

where f (ν | λ, γ ) is the two-parameter gamma density

f (ν | λ, γ ) = νγ−1λγ

�(γ )
e−λν, (12.44)

P2
p (ν | α, γ, a) is the pth-order orthonormal generalized Laguerre polynomial

P2
p (ν | λ, γ, a) =

p∑
k=0

akη
−1/2
k Qk(ν) (12.45)

with the kth-order orthogonal generalized Laguerre polynomial defined by

Qk(ν) =
k∑

l=0

(
k

l

)
�(k + γ )

�(l + γ )�(k + 1)
λl(−ν)l , (12.46)

orthonormalization is achieved by premultiplying Qk(ν) in (12.45) by η
−1/2
k

with

ηk = �(k + γ )

�(γ )�(k + 1)
, (12.47)

and orthonormalization leads to the normalizing constant being simply

ηp(λ, γ, a) =
p∑

k=0

a2
k . (12.48)

Clearly, evaluating
∫

ν ye−µνg(ν) dν in (12.42) is not straightforward for
g(ν) = g∗

p(ν | λ, γ ) defined by (12.43) through (12.48). Gurmu et al. observe
that if ν has density g(ν), the moment generating function of ν is

Mν(t) =
∫

etνg(ν) dν,

with yth-order derivative

M(y)
ν (t) = ∂ yMν(t)/∂t y =

∫
ν yetνg(ν) dν.

Thus (12.42) can be re-expressed as

h(y | µ) = [µy/y!]M(y)
ν (−µ). (12.49)
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Gurmu et al. obtain the analytical expression for M∗
ν,p(t), the moment generat-

ing function for g∗
p(ν|λ, γ ) defined by (12.43) through (12.48), and its yth-order

derivative M∗(y)
ν,p (t) = ∂ yM∗

ν,p(t)/∂t y . Evaluation at t = −µ yields

M∗(y)
ν,p (−µ) =

(
1 + µ

λ

)−γ
�(γ )

(λ + µ)y

(
p∑

k=0

a2
k

)−1 p∑
k=0

p∑
l=0

akal (ηkηl)
1/2

×
k∑

r=0

l∑
s=0

(
k

r

)(
l

s

)
�(γ + r + s + y)

�(γ + r )�(γ + s)

(
−1 − µ

λ

)−(r+s)
.

(12.50)

Premultiplication by [µy/y!] yields at last the approximating density for the
count variable.

The log-likelihood function for a sample of size n is

lnL(β, γ, λ, a) =
n∑

i=1

{
yi ln µi − ln(yi !) + ln

(
M∗(yi )

ν,p (−µi )
)}

,

(12.51)

where in practice µi = exp(x′
iβ). The MLE is obtained in the usual way. Identi-

fication requires that E[νi ] = M∗(1)
ν,p (0) = 1 and a0 = 1. A formal statement and

proof of the semiparametric consistency of this procedure is given in Gurmu
et al. (1998), but to date its asymptotic distribution as p → ∞ has not been
established.

This type of mixture representation generalizes the treatment of heterogene-
ity but does not alter the specification of the conditional mean in any way. One
advantage of using Laguerre polynomial expansion is that the leading term is the
gamma density, which has been used widely as a mixing distribution in count
and duration literature. Thus, if higher terms in the expansion vanish and γ = λ,
we obtain the popular NB2 model of the earlier chapters, with γ = λ = α−1.
Further, if γ −1 = λ−1 → 0 and a j = 0 for j ≥ 1, the Poisson model is obtained.
Unlike semiparametric methods based on discrete mixtures, such as that in the
preceding subsection, the series expansion method provides smooth estimation
of the distribution of unobserved heterogeneity.

This form of heterogeneity representation is computationally demanding.
The complexity of the last term in the log-likelihood hinders an analytical
study of the likelihood. As with other series-based likelihoods there remains a
possibility of multiple maxima and at present no test is available for a global
maximum. Gurmu et al. compute the standard errors by computer-intensive
bootstrap methods. Alternatively, if the estimated value of p is treated as correct,
one can use the outer product of numerically evaluated gradients of (12.51). As
in other studies, information criteria are used to select the number of terms p
in the expansion.

Gurmu et al. show that this method can be extended to Poisson models with
censoring, truncation, and excess zeros and ones. They apply the model to
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censored data on the number of shopping trips to a shopping mall in a month
taken by 828 shoppers, where 7.9% of the observations are right-censored due
to the highest category being recorded as 3 or more and the data are somewhat
overdispersed with sample variance 2.1 times the sample mean. They prefer
a model with p = 2, meaning two terms more than the NB2. Application by
Gurmu and Trivedi (1996) to uncensored data is presented in section 12.6. In
Gurmu (1997) the method is extended and applied to the hurdle model, leading
to a model that nests the hurdle specifications considered in section 4.7. Al-
though appealing in principle, a potential problem with the hurdle specification
is overfitting due to estimation of two parts of the model.

12.5.3 Nonparametric Estimation of Variance

An alternative to flexible specification of the variance function is to impose no
algebraic form on the variance function but to treat it nonparametrically. In ideal
circumstances one can obtain estimates of the conditional mean parameters
that are as efficient if the variance function is unspecified as they are if it is
specified. Then the estimation method is called adaptive. Note that this is more
ambitious than methods presented in Chapter 3 for unknown variance function.
There, if the variance function was not specified or at least not assumed to be
correctly specified, the goal was to obtain consistent parameter estimates and
valid standard errors. Efficient estimation was not a goal.

Here we present the adaptive method of Delgado and Kniesner (1997) for
heteroskedasticity of unknown functional form in the exponential model. This
is a generalization of the adaptive method of Robinson (1987) for the linear
regression model with heteroskedasticity.

For the linear model, Robinson introduced a semiparametric WLS estimator
for the linear regression model in which the weights, the inverse of the square
root of the error variance σ 2

i , are consistently estimated from residuals ûi =
yi − x′

i β̂, generated by the first-stage regression of y on x. The approach lets
σ 2

i be a continuous or discrete nonparametric function of the regressors xi . The
estimated variances σ̂ 2

i are obtained by nonparametric regression of û2
i on xi .

The nonparametric regression uses the method of k nearest neighbors (see, for
example, Altman, 1992), rather than kernel methods. Here k can be viewed
as a smoothing parameter, similar to the bandwidth in kernel methods, which
determines the number of observations that are used in estimating each σ 2. A
technical requirement is that the degree of smoothness should increase with the
sample size, albeit at a slower rate. The properties of the estimator depend on
the choice of the number of nearest neighbors. Values of k = n1/2 and k = n3/5

have been used in empirical work. The resulting WLS estimator is shown to be
adaptive. Formally this means it attains the semiparametric efficiency bound
among estimators, given the specification of the conditional mean.

Relatively few changes are required to extend the Robinson approach to
nonlinear regression. Delgado and Kniesner (1997) apply Robinson’s approach
to a count regression in their study of the factors determining absenteeism
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of London bus drivers. Assuming an exponential conditional mean, and then
following Robinson, they estimate the conditional variances σ 2

i by

σ̂ 2
i =

n∑
j=1

(
y j − exp

(
x′

j β̃
))2

wi j , (12.52)

where β̃ is an initial root-n consistent estimator forβ, such as the NLS estimator
or the Poisson MLE. The wi j are k nearest neighbor weights that equal 1/k for
the k observations x j closest to xi and equal 0 otherwise. The semiparametric
WLS estimator β̂SP solves the first-order conditions

n∑
i=1

(
yi − exp

(
x′

i β̂SP

))
exp
(
x′

i β̂SP

)
xi σ̂

−2
i = 0. (12.53)

Under regularity conditions, β̂SP is root-n consistent and asymptotically normal
with variance matrix estimate

V̂[β̂SP] =
(∑

xi x′
i µ̂

2
i σ̂

−2
i

)−1
.

A robust sandwich variant of this estimate is

V̂RS[β̂SP] =
(∑

xi x′
i µ̂

2
i σ̂

−2
i

)−1∑
xi x′

i µ̂
2
i û2

i σ̂
−4
i

×
(∑

xi x′
i µ̂

2
i σ̂

−2
i

)−1
,

where ûi = yi− exp(x′
i β̂SP) is the raw residual.

The results reported by Delgado and Kniesner (1997) appear to be more
sensitive to the specification of the conditional mean than the estimator for the
conditional variance. Indeed, their results suggest that the changes resulting
from the use of the nonparametric variance estimation compared with the NB
assumption are not large, even though the latter makes a very strong assumption
that variances depend on the mean. A possible reason for this is that in practice
the NB variance specification is a good approximation to heteroskedasticity of
unknown form. However, more experience with the comparative performance
of alternative approaches is desirable.

Delgado (1992) extended Robinson’s approach to the estimation of a multi-
variate (multiequation) nonlinear regression. This estimator is a WLS estimator
based on k nearest neighbor estimates of the conditional variance matrices. The
approach is an attractive alternative to likelihood-based methods in those cases
in which the likelihood involves awkward integrals that cannot be simplified
analytically. Multivariate count regressions with unrestricted patterns of depen-
dence, and mixed multivariate models with continuous and discrete variables,
fall into this category.
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12.6 Example and Model Comparison

In this section we illustrate some of the above modeling approaches, using
the recreational trips data analyzed in section 6.4. Recall that these data on
number of boating trips in a year are very overdispersed, with sample variance
17.6 times the sample mean. They were very poorly fit by Poisson and Poisson
hurdle models, reasonably well fit by the NB2 model, and best fit by NB2 hurdle
model.

Here we investigate whether the more flexible distributions presented in this
chapter perform as well or better than the NB2 hurdle model.

In Table 12.1 we present estimates from two flexible distribution models. We
also reproduce the NB2 model estimates given in section 6.3. The first estimates
in the table are NLS estimates from regression with exponential mean, along with
heteroskedastic consistent standard errors, because this is viewed as a flexible
method for modeling the first moment, although not the entire distribution.

In this literature it has become standard to refer to the estimator without
referring to the model actually being estimated. Here for clarity we introduce
acronyms for the models. First, the model of Gurmu et al. (1997) is called the
PGP model for Poisson–gamma polynomial model, indicating that the basic
model is Poisson with heterogeneity modeled by an orthogonal series expansion
around a baseline gamma density. Second, the model of Cameron and Johansson
(1997) is called the PP model, following their terminology. Third, a similar
model based on polynomial series expansion around a baseline NB2 density
is called the NB2P model. The suffix p denotes the order of the polynomial
or number of mixture terms. To select p we use the minimum CAIC, CAIC =
−2 ln L + (1 + ln n)k, where k is the number of free parameters.

The first flexible approach considered is the SPMLE of Gurmu et al. (1997)
applied to the PGP model. This reproduces the estimates first reported in Gurmu
and Trivedi (1996). The CAIC selects the specification with p = 3. The coef-
ficient estimates are given in Table 12.1, along with absolute t ratios based
on bootstrapped standard errors. Asymptotic standard errors for the SPMLE
can instead be computed by viewing the log-likelihood with p = 3 as a valid
specification. Compared with NB2 estimates, allowing for more terms in the
Laguerre expansion increases the log-likelihood and substantially reduces the
value of the CAIC. The coefficient estimates are plausible, all the three terms
in the expansion are significant, and compared with the NB2 specification the
FC3 coefficient is now significant. The previously reported NBH model still has
an edge, in terms of CAIC, over this model and estimator.

Next consider PP models. Cameron and Johansson (1997) found that for an
application with mildly overdispersed data the PP model was not parsimonious,
with a PP5 model needed to outperform NB2, which fit their data exceptionally
well. This lack of parsimony is confirmed here. Results for the boating-trip
data based on PP4 specification are given in Table 12.1. The CAIC steadily fell
from 3318 for PP0, or Poisson, to 2907 for PP1, 2756 for PP2, and 2684 for
PP3. But a fourth-degree polynomial has a CAIC value, 2484, still well below
that of NB2. As expected, the parameter estimates for the PP4 model differ
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Table 12.2. Recreational trips: cumulative
predicted probabilities

Counts Empirical Poisson PP4 NB2P1 NB2H

0 0.633 0.420 0.544 0.653 0.623
1 0.736 0.640 0.740 0.747 0.730
2 0.794 0.744 0.787 0.797 0.739
3 0.845 0.805 0.813 0.835 0.836
4 0.871 0.850 0.847 0.862 0.866
5 0.891 0.885 0.880 0.883 0.889
6–8 0.923 0.945 0.901 0.921 0.930
9–11 0.947 0.971 0.944 0.942 0.952
12–14 0.955 0.983 0.949 0.956 0.965
15–17 0.977 0.988 0.972 0.965 0.974
18–62 0.999 0.998 1.000 0.994 0.997
63–100 1.000 1.000 1.000 0.996 1.000
− ln L 1529 1198 796 725
CAIC 2998 2484 1647 1321

Note: PP4, fourth-order series expansion around Pois-
son baseline density; NB2P1, first-order series expansion
around NB2 baseline density; NB2H, hurdle model using
NB2 density; Empirical, actual cumulative relative fre-
quency. Remaining columns give cumulative predicted
frequencies.

from that of other models, because the mean in this model is not equal to the
mean exp(x′β) in the baseline Poisson density. One should instead compare the
derivative of the conditional mean function with respect to regressors.

It would appear to be much better to use as baseline density for the series-
expansion method of Cameron and Johansson (1997) the NB2 density rather
than the Poisson. And from section 12.3.2 there is no need to be restricted
to the Poisson. NB2P models nest PP models and are therefore still capable
of modeling underdispersed data, whereas a Poisson with heterogeneity term
modeled by a series expansion is capable of modeling only overdispersion.
Table 12.1 also provides estimates of the NB2P model with P = 1. This model
has a higher log-likelihood (−796) than any other model in Table 12.1 except
PGP3 and is clearly the most parsimonious, with CAIC of 1657. The advantage
comes from modeling overdispersion in a more parsimonious fashion than the
PP formulation.

Table 12.2 presents the empirical and fitted probabilities for the Poisson,
PP4, NB2P1, and NB2 hurdle (NB2H) models. It confirms that the NB2P1 does
much better than the PP4 model in explaining the data. Even for the PP4 speci-
fication the zero frequency and frequencies higher than two are underestimated,
suggesting a failure to model overdispersion. Closer examination of the data
suggests that the estimation method may have been particularly sensitive to a
single large count of 88. If P = 5 was tried this appeared to lead to numerical
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instability, not surprising because 885 is a large number relative to most others
in the sample.

From Table 12.2 the NB2P1 is outperformed by the NB2H, even using CAIC,
which penalizes the NB2H model for its additional parameters. We also com-
pared the SPMLE results with those obtained by applying the constrained and
unconstrained versions of the FMNB2 model, introduced in section 6.4. These
are not reported in detail to save space. The chi-square goodness-of-fit tests
rejected both variants of this model and confirmed that NB2H was the preferred
model overall. It appears that for this data a hurdle specification is needed.

12.7 Derivations

We derive the section 12.2 result on optimal GMM for NB2 first four moments.
For notational simplicity we drop the subscript i in (12.14). From (12.4), γ1σ

3 =
σ 2(1 + 2αµ) and γ2σ

4 = σ 2 + 6ασ 4 + 3σ 4. Then

(σ 4γ2 − σ 4) − (1 + 2αµ)γ1σ
3 = σ 4γ2 − σ 4 − (σγ1)γ1σ

3

= σ 4γ2 − σ 4 − σ 4γ 2
1

= σ 4
{
γ2 − 1 − γ 2

1

}
,

σ 3γ1 − (1 + 2αµ)σ 2 = σ 2(1 + 2αµ) − (1 + 2αµ)σ 2

= 0,

and

σ 6
(
γ2 − 1 − γ 2

1

)= σ 2(σ 2 + 6ασ 4 + 3σ 4) − σ 6 − σ 4(1 + 2αµ)2

= σ 4{1 + 6ασ 2 + 2σ 2 − (1 + 2αµ)2}
= σ 4{1 + 6αµ(1 + αµ) + 2µ(1 + αµ)

− (1 + 4αµ + 4α2µ2)}
= σ 4{2(1 + α)µ(1 + αµ)}
= 2(1 + α)σ 6.

This yields (12.15).

12.8 Count Models: Retrospect and Prospect

In this concluding section we provide a brief retrospective look at the contents
and attempt to present a glimpse into possible future developments.

This book opens with reference to the vast statistical literature on iid uni-
variate count distributions. A major thrust of the work of the recent decades
has been to translate and extend analysis of counts to more general regression
models. Hence, most of the book is devoted to regression models for counts in
a variety of data situations, including cross-section, time series, and panels.

Parametric count models are especially useful if the response variable takes
relatively few values and the counts are small. In most cases there is an advantage
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in working with the exponential mean specification. It is important that the
inherent heteroskedasticity of count data be modeled, an effective parsimonious
approach being to specify the variance as a function of the mean. We have
emphasized parametric models based on discrete distributions, although models
based on discretization of a latent continuous distribution, such as the ordered
probit model, may also be used.

Count models are dual to waiting time models. The latter are often more
attractive and may well be more suitable for structural (as opposed to reduced
form) modeling. In general, however, they require more data and may also
call for more complex estimation procedures. Although analyzing counts in-
stead may lead to information loss, it can still be informative about the role of
covariates.

Significant additional complications arise from the presence of unobserved
heterogeneity, truncation, censoring, joint dependence, measurement errors,
and nonrandom sampling. These complications, generally studied extensively
in the linear setting but less so for nonlinear models, have also been considered
in detail here. A variety of parametric and semiparametric estimators have been
presented.

Use of flexible functional forms for the density and moments of count models
has also been given considerable attention. These developments are practically
significant in many areas in which large heterogenous samples are available.

In the future we expect considerable emphasis to be given to application
of computationally intensive methods to counts. At the most basic level this
includes more widespread use of bootstrap methods and nonparametric and
semiparametric regression methods in simple cross-section settings.

At the frontier we expect this to lead to models that better accommodate em-
pirical realities that are currently underdeveloped in certain areas. For example,
the available estimation and inference procedures for multivariate counts, mod-
els for nonrandom samples, and measurement errors are largely restricted to
special models. Sometimes to handle one specific complication, others are sup-
pressed. The simultaneous presence of several complications often results in
models that may be conveniently analyzed by numerical methods only. This
lack of an analytical solution is increasingly becoming less of a barrier.

In dealing with models with a flexible representation of heterogeneity, in
section 4.9, for example, it is shown why the Monte Carlo simulation approach is
an attractive estimation strategy. Additional examples of this approach are cited
in discussion of measurement error and selection bias models. The potential
for application of such methods also is indicated in the context of maximum
likelihood estimation of multivariate models. This arises because the kernel of
the likelihood is often an integral that must be numerically evaluated. Bayesian
analyses of these models typically share this feature also.

These examples appear to us as harbingers of an emerging new generation of
reduced form and structural models, exploiting advances in simulation-based
estimation that are already penetrating other areas of econometrics and statistics.
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12.9 Bibliographic Notes

Optimal GMM in a variety of settings is covered in Newey (1993). Johnson,
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(1990). A relatively nontechnical introduction to kernel and nearest-neighbor
nonparametric regression is given by Altman (1992). A recent survey of regres-
sion methods is given by Härdle and Linton (1994).





APPENDIX A

Notation and Acronyms

AIC: Akaike information criterion
ARMA: autoregressive moving average
BHHH: Berndt-Hall-Hall-Hausman algorithm
BIC: Bayes information criterion
BP: binary Poisson
Boot: bootstrap
CAIC: consistent Akaike information criterion
CB: correlated binomial
cdf: cumulative distribution function
CFMNB: slope-constrained finite mixture of negative binomials
CFMP: slope-constrained finite mixture of Poissons
CM: conditional moment (function or test)
Cov: covariance
CP: correlated Poisson
CV: coefficient of variation
DARMA: discrete ARMA
dgp: data generating process
Diag: diagonal
E: mathematical expectation
EL: expected value of log-likelihood function
E[y | x]: conditional mean of y given x
Elast: elasticity
EM: expectation-maximization (algorithm)
f (y | x): conditional density of y given x
FE: fixed effects
FMNB-C: C-component finite mixture of negative binomial
FMP-C: C-component finite mixture of Poisson
GEC(k): generalized event count model
GLM: generalized linear model
GLS: generalized least squares
GMM: generalized method of moments
iid: independently identically distributed
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IM: information matrix (criterion or test)
INAR: integer-valued autoregressive (model)
INARMA: integer ARMA
L[τ, z]: Laplace transform
L: likelihood function
L: log-likelihood function
LEF: linear exponential family
LEFN: linear exponential family with nuisance parameter
LM: Lagrange multiplier
LR: likelihood ratio
mgf: moment generating function
m(s; π1, . . . , πn): multinomial distribution
M(t): moment generating function
MLE: maximum likelihood estimator
MLH: maximum likelihood Hessian
MLOP: maximum likelihood outer product
MPSD: modified power series distribution
N[µ, σ 2]: normal distribution with mean µ and variance σ 2

N[0, 1]: standard normal distribution
NB: negative binomial
NB1: NB distribution with linear variance function
NB2: NB distribution with quadratic variance function
NB1FE: negative binomial 1 fixed effects model
NBH: negative binomial hurdle
NLIV: nonlinear instrumental variable (method)
NLIV2: sequential two-step NLIV
NLS: nonlinear least squares
NPML: nonparametric maximum likelihood
N(s, s + t): number of events observed in interval (s, s + t)
OLS: ordinary (linear) least squares
OP: outer product
OPG: outer product of the gradient (score) vectors
P[µ]: Poisson distribution with mean µ

pdf: probability density function
PFE: Poisson fixed effects (model)
pgf: probability generating function
PGP: Poisson–gamma polynomial (model)
PIG: Poisson inverse Gaussian mixture
PML: pseudomaximum likelihood
PPp: polynomial Poisson (model) of order p
PRE: Poisson random effects (model)
PSD: power series distribution
QEE: quadratic estimating equation
QGPML: quasigeneralized PML
QGPMLE: QGPML estimator
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QL: quasi likelihood
QVF: quadratic variance function
RE: random effects
RS: robust sandwich (variance estimator)
SC: Schwarz Bayesian information criterion
SPGLS: semiparametric generalized least squares
TCM: conditional moment test (statistic)
TGoF: chi-square goodness-of-fit test (statistic)
TH: Hausman test (statistic)
TLR: likelihood ratio test (statistic)
TLM: Lagrange multiplier (score) test (statistic)
TW: Wald test (statistic)
TZ: standard normal test (statistic)
V: variance
V[y | x]: conditional variance of y given x
WLS: weighted least squares
ZIP: zero-inflated Poisson



APPENDIX B

Functions, Distributions, and Moments

For convenience we list in this appendix expressions and moment properties of
several univariate distributions that have been used in this book, most notably
the Poisson and negative binomial. But first we define the gamma function, a
component of these distributions.

B.1 Gamma Function

Definition. The gamma function, denoted by �(a), is defined by

�(a) =
∫ ∞

0
e−t ta−1 dt, a > 0.

Properties of the gamma function include

1. �(a) = (a − 1)�(a − 1)
2. �(a) = (a − 1)! if a is a positive integer
3. �(0) = ∞, �( 1

2 ) = √
π

4. �(na) = (2π )(1−n)/2(n)na−1/2∏n−1
k=0 �(a + k

n ), where n is a positive
integer.

Definition. The incomplete gamma function, denoted by γ (a, x), is defined by

γ (a, x) =
∫ x

0
e−t ta−1 dt ; a > 0, x > 0.

The ratio γ (a, x)/�(a) is known as the incomplete gamma function ratio or
the gamma cdf.

The derivative of the logarithm of the gamma function is the digamma
function

d ln �(a)

da
= ψ(a).

The digamma function obeys the recurrence relation

ψ(a + 1) = ψ(a) + 1/a,
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and the j th derivative ψ ( j)(a +1) with respect to a obeys the recurrence relation

ψ ( j)(a + 1) = (−1) j j!a− j−1 + ψ ( j)(a).

B.2 Some Distributions

B.2.1 Poisson

The Poisson density for the count random variable y is

f (y) = e−µµy

y!
; y = 0, 1, . . . ; µ > 0.

Then y ∼ P[µ] with mean µ, variance µ, moment generating function (mgf)
exp [µ(et − 1)] and pgf exp [µ(t − 1)].

B.2.2 Logarithmic Series

The logarithmic series density for the positive valued count random variable y
is

f (y) = α
θ y

y
; y = 1, 2, . . . ; 0 < θ < 1, α = −[log(1 − θ )]−1.

Then y has mean αθ/(1 − θ ), variance αθ (1 − αθ )/(1 − θ )2, mgf log(1 −
θet )/ log(1 − θ ) and pgf log(1 − θ t)/ log(1 − θ ).

B.2.3 Negative Binomial

The negative binomial density for the count random variable y with parameters
α and P is

f (y) =
(

α + y − 1
α − 1

)(
P

1 + P

)y ( 1

1 + P

)α

;

y = 0, 1, . . . ; P, α > 0.

Then y has mean αP , variance αP(1 + P) and pgf (1 + P − Pt)−α .
Different authors use different parameterizations of the negative binomial

(Johnson, Kotz, and Kemp, 1992). In this book we have used µ = αP , which
leads to

f (y) =
(

α + y − 1
α − 1

)(
µ

α + µ

)y (
α

α + µ

)α

,

which has mean µ and variance µ(1 + µ/α) and pgf (1 + µ/α − µt/α)−α .
The special case of the geometric distribution is obtained by setting α = 1.

Pascal distribution is obtained by setting α equal to an integer.
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B.2.4 Gamma

The gamma density for the positive continuous random variable y is

f (y) = e−yφ yα−1φα

�(α)
; y > 0; φ > 0, α > 0.

Then y has mean α/φ, variance α/φ2 and mgf exp[φ/(φ − 1)α].

B.2.5 Lognormal

The lognormal density for the positive continuous random variable y is

f (y) = 1

σ y
√

2π
exp

[
− 1

2σ 2
(ln y − ξ )2

]
;

y > 0; −∞ < ξ < ∞, σ > 0, α > 0.

Then y has mean exp[ξ + (1/2σ 2)] and variance exp(2ξ + σ 2)[exp(σ 2) − 1].

B.2.6 Inverse Gaussian

The inverse Gaussian density for the positive continuous random variable y is

f (y) =
√

θ

2πy3
exp

[
−θ (y − µ)2

2µ2 y

]
; y > 0; θ > 0, µ > 0.

Then y has mean µ and variance µ3/θ .

B.3 Moments of Truncated Poisson

The kth-order factorial moments of truncated Poisson can be derived conve-
niently in terms of the mean of the regular Poisson µ, the mean of the truncated
Poisson θ , the adjustment factor δ, and the truncation point r − 1. Both θ and
δ are defined in section 4.5. Let E[y(k)] represent the kth descending factorial
moment of y, and y(k) = ∏k−1

z=0(y − z), k ≥ 1. For the left-truncated Poisson
model the factorial moments can be derived using

E[y(k)] = µk−1 + δ

k−2∑
j=0

µ jπ j ,

where

π j =
k−2− j∏

i=0

(r − 1 − i).
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Hence the first four factorial moments of the left-truncated Poisson are

E[y(1)] = θ

E[y(2)] = µθ + δ(r − 1)
E[y(3)] = µ2θ + δ[(r − 1)(r − 2) + (r − 1)µ]
E[y(4)] = µ3θ + δ[(r − 1)(r − 2)(r − 3)

+ (r − 1)(r − 2)µ + (r − 1)µ2].

Given the factorial moments, the uncentered and central moments can be ob-
tained easily using the standard relationships between the three. For details see
Gurmu and Trivedi (1992).
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Software

Many widely used regression packages, including LIMDEP, STATA, TSP, and
GAUSS, support maximum likelihood estimation of standard Poisson and
negative binomial regressions, the latter of these in a separate count mod-
ule. LIMDEP also supports the QGPML versions of the standard models,
maximum-likelihood estimation of truncated or censored Poisson, geometric
and negative binomial models, and ZIP and sample selection models. STATA
also supports the generalized negative binomial regression in which the overdis-
persion parameter is further parameterized as a function of additional covariates.
In addition, any statistical package with a generalized linear models compo-
nent will include maximum likelihood and QGPML estimation of the Poisson,
although not necessarily negative binomial. Thus, regression packages cover
the models in Chapter 3 and roughly half of those in Chapter 4. The packages
vary somewhat in the provision of diagnostics such as overdispersion tests and
goodness-of-fit measures.

At the time of writing (late 1997) there is virtually no specialized software for
the models presented in Chapters 7 through 12. A notable exception is estima-
tion of basic panel count data models, which is provided by both LIMDEP and
TSP. For models for which off-the-shelf software is not available, one needs to
provide at least the likelihood function, for maximum likelihood estimation, or
the moment conditions and weighting matrix, for GMM estimation. In principle
this can be done using many regression packages, or using matrix programming
languages such as GAUSS, MATLAB, S-PLUS, or SAS/IML. In practice nu-
merical problems can be encountered if models are quite nonlinear. For much
of our work we have successfully used the MAXLIK optimization routine
in GAUSS. Further information is available from accameron@ucdavis.edu or
trivedi@indiana.edu or http://www.econ.ucdavis.edu/count.html.

Software for simulation-based estimation is even less readily available. Tem-
plate programs and algorithms may provide a useful starting point. For Markov-
chain Monte Carlo methods a good reference to such resources is Gilks, Richard-
son, and Spiegelhalter (1996). This work contains several articles on Bayesian
estimation of mixtures using Gibbs sampling.
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Van Duijn, M.A.J., and U. Böckenholt (1995), “Mixture Models for the Analysis of
Repeated Count Data,” Applied Statistics: Journal of the Royal Statistical Society
C, 44, 473–485.

van Praag, B.M.S., and E.M. Vermeulen (1993), “A Count-Amount Model with Endoge-
nous Recording of Observations,” Journal of Applied Econometrics, 8, 383–395.

Vuong, Q.H. (1989), “Likelihood Ratio Tests for Model Selection and Non-nested Hy-
pothesis,” Econometrica, 57, 307–333.

Wagner, G.G., R.V. Burkhauser, and F. Behringer (1993), “The English Language Public
Use File of The German Socio-Economic Panel,” Journal of Human Resources,
28, 429–433.

Wang, P., I.M. Cockburn, and M.L. Puterman (1998). “Analysis of Patent Data – A
Mixed Poisson Regression Model Approach,” Journal of Business and Economic
Statistics, 16(1), 27–41.

Watermann, J., R. Jankowski, and I. Madan (1994), “Under-reporting of Needlestick
Injuries by Medical Students,” Journal of Hospital Infection, 26, 149–151.

Wedderburn, R.W.M. (1974), “Quasi-likelihood Functions, Generalized Linear Models,
and the Gauss-Newton Method,” Biometrika, 61, 439–447.

Wedel, W., W.S. DeSarbo, J.R. Bult, and V. Ramaswamy (1993), “A Latent Class Poisson
Regression Model for Heterogeneous Count Data,” Journal of Applied Economet-
rics, 8, 397–411.

Weiss, A.A. (1995), “Simultaneity and Sample Selection in Poisson Regression Models,”
unpublished discussion paper.

West, M., and P. J. Harrison (1997, 1990), Bayesian Forecasting and Dynamic Models,
edition 2, New York, Springer.

West, M., P.J. Harrison, and H.S. Migon (1985), “Dynamic Generalized Linear Models
and Bayesian Forecasting [with discussion],” Journal of the American Statistical
Association, 80, 73–97.

White, H. (1980), “A Heteroskedasticity-Consistent Covariance Matrix Estimator and a
Direct Test for Heteroskedasticity,” Econometrica, 46, 817–838.

White, H. (1982), “Maximum Likelihood Estimation of Misspecified Models,” Econo-
metrica, 50, 1–25.

White, H. (1994), Estimation, Inference, and Specification Analysis, Cambridge, UK,
Cambridge University Press.

White, H., and I. Domowitz (1984), “Nonlinear Regression with Dependent Observa-
tions,” Econometrica, 52, 143–161.

Whittemore, A.S., and G. Gong (1991), “Poisson Regression with Misclassified Counts:
Application to Cervical Cancer Mortality Rates,” Applied Statistics, 40, 81–93.



398 References

Williams, D.A. (1987), “Generalized Linear Model Diagnostics Using the Deviance and
Single Case Deletions,” Applied Statistics, 36, 181–191.

Windmeijer, F.A.G., and J. M. C. Santos Silva (1997), “Endogeneity in Count Data Mod-
els: An Application to Demand for Health Care,” Journal of Applied Econometrics,
12, 281–294.

Winkelmann, R. (1997, 1994), Count Data Models: Econometric Theory and Applica-
tion to Labor Mobility, Berlin, Springer-Verlag.

Winkelmann, R. (1995), “Duration Dependence and Dispersion in Count-Data Models,”
Journal of Business and Economic Statistics, 13, 467–474.

Winkelmann, R., and K.F. Zimmermann (1991), “A New Approach for Modeling Eco-
nomic Count Data,” Economics Letters, 37, 139–143.

Winkelmann, R., and K.F. Zimmermann (1992), “Recursive Probability Estimators for
Count Data,” in G. Haag, U. Muller, and K.G. Troitzsch, eds., Economic Evolution
and Demographic Change, 321–329, New York, Springer.

Winkelmann, R., and K.F. Zimmermann (1993), “Poisson Logistic Regression,”
SELAPO, University of Munich.

Winkelmann, R., and K.F. Zimmermann (1995), “Recent Developments in Count Data
Modelling: Theory and Application,” Journal of Economic Surveys, 9, 1–24.

Wong, W.H. (1986), “Theory of Partial Likelihood,” Annals of Statistics, 14, 88–123.
Wooldridge, J.M. (1990a), “A Unified Approach to Robust, Regression-Based Specifi-

cation Tests,” Econometric Theory, 6, 17–43.
Wooldridge, J.M. (1990b), “An Encompassing Approach to Conditional Mean Tests

with Applications to Testing Nonlinear Hypotheses,” Journal of Econometrics, 45,
331–350.

Wooldridge, J.M. (1990c), “Distribution-Free Estimation of Some Nonlinear Panel Data
Models,” Working Paper No. 564, Department of Economics, Massachusetts Insti-
tute of Technology.

Wooldridge, J.M. (1991a), “On the Application of Robust, Regression-Based Diag-
nostics to Models of Conditional Means and Conditional Variances,”Journal of
Econometrics, 47, 5–46.

Wooldridge, J.M. (1991b), “Specification Testing and Quasi-Maximum Likelihood Es-
timation,” Journal of Econometrics, 48, 29–55.

Wooldridge, J.M. (1997), “Multiplicative Panel Data Models without the Strict Exo-
geneity Assumption,” Econometric Theory, 13, 667–679.

Wu, D. (1973), “Alternative Tests of Independence between Stochastic Regressors and
Disturbances,” Econometrica, 41, 733–750.

Yannaros, N. (1993), “Analyzing Incomplete Count Data,” Statistician, 42, 181–187.
Zeger, S.L. (1988), “A Regression Model for Time Series of Counts,” Biometrika, 75,

621–629.
Zeger, S.L., and K.-Y. Liang (1986), “Longitudinal Data Analysis for Discrete and

Continuous Outcomes,” Biometrics, 42, 121–130.
Zeger, S.L., K.-Y. Liang, and P.S. Albert (1988), “Models for Longitudinal Data: A

Generalized Estimating Equation Approach,” Biometrics, 44, 1049–1060.
Zeger, S.L., and Qaqish B. (1988), “Markov Regression Models for Time Series: A

Quasi-Likelihood Approach,” Biometrics, 44, 1019–1031.



Author Index

Aitchison, J., 273, 379
Aitken, M., 130, 379
Akaike, H., 182–3, 379
Al-Osh, M. A., 236, 379
Albert, P. S., 290, 398
Alcaniz, M., 303, 324, 379
Altman, N. S., 362, 369, 379
Alzaid, A. A., 236, 379
Amemiya, T., 41, 51, 57, 117, 137, 181, 326,

324, 332–3, 379
Andersen, E. B., 7, 379
Andersen, P. K., 282, 379
Anderson, E. N., 220, 395
Andrews, D. W. K., 157, 187, 198, 379
Arellano, M., 294, 300, 380
Arnold, B. C., 273, 380
Artis, M., 18, 384

Balakrishnan, N., 273, 392, 389
Balshaw, D., 8, 384
Baltagi, B., 277, 294, 300, 380
Barlow, R. E., 111, 380
Barmby, T., 313, 380
Basford, K. E., 128, 137, 392
Beringer, F., 12, 397
Berndt, E., 24, 380
Bishop, Y. M. M., 153, 380
Blonigen, B., 292, 380
Blundell, R., 238, 283, 294, 297–8, 333–6, 380
Bockenholt, U., 292, 397
Bohning, D., 129, 132, 137, 197, 380
Bond, M., 294, 300, 380
Borgan, R. D., 7, 379
Bortkiewicz, L., von 1, 11, 380
Boswell, M. T., 102, 138, 380
Bourlange, D., 106, 380
Brannas, K., 137, 229, 234–8, 242, 244, 248,

250, 290, 294, 303, 380–1
Breslow, N., 187, 381
Breusch, T. S., 176, 381
Browning, M., 332, 381
Brubacher, D., 307, 390

Bult, J., 129, 397
Burguette, J., 333, 381
Burkhauser, R. V., 12, 397

Cameron, A. C., 12, 17, 29, 65, 68, 77, 94, 98,
112, 154–5, 158, 161–2, 173, 175, 176,
178, 180, 187, 219, 229, 240, 264–6, 268,
295, 324, 326, 351, 353, 355, 364–6, 369,
381, 382, 388

Campbell, M. J., 242, 382
Carroll, R. J., 57, 301, 307, 324, 382
Carson, R., 137, 219, 387
Chamberlain, G., 42, 263, 273, 285, 296, 298,

382
Chappell, W. F., 251, 273, 392
Chavas, J. P., 207, 395
Chen, T. T., 326, 382
Chesher, A., 143–4, 179, 324, 382
Chib, S., 289, 382
Christmann, A., 312, 382
Cincera, M., 298, 382
Cochrane, W. G., 17, 382
Cockburn, I. M., 220, 397
Cohen, A. C., 322, 382
Collings, B. J., 187, 382
Conniffe, D. C., 168, 383
Consul, P. C., 103, 116–7, 356, 383
Cox, D. R., 98, 111, 142, 146, 158, 162–3,

182–3, 187, 225, 230, 250, 303, 305, 383
Cragg, J., 124, 383
Cramer, H., 264, 383
Creel, M. D., 137, 383
Crepon, B., 137, 294, 298, 383
Crowder, M. J., 23, 345–7, 383

Dalal, S. R., 136, 197, 386
Daley, D. J., 104, 383
Davidson, R., 25, 47, 50–1, 57, 182, 383
Davison, A. C., 145–6, 187, 384
Davutyan, N., 13, 229, 384
Dean, C. B., 8, 65, 103, 105, 111, 167–8, 187,

347, 384



400 Author Index

Deb, P., 137, 192–3, 206, 384
Delgado, M. A., 263, 362–3, 384
DeSarbo, W. S., 129, 220, 395, 397
Desjardins, D., 306, 384
Dietz, E., 197, 380
Diggle, P. J., 277–8, 284, 289, 294, 300, 384
DiNardo, J., 20, 390
Dionne, G., 13, 18, 190, 219, 306, 324, 384
Domowitz, I., 226, 397
Doz, C., 106, 380
Duan, N., 90, 384
Duguet, E., 137, 294, 298, 383
Durbin, J., 180, 244, 384

Eagleson, G. K., 315, 316, 324, 385
Eaves, D. M., 65, 384
Efron, B., 36, 114–5, 164–5, 167, 187, 385
Eggenberger, F., 1, 102, 107, 385
Eicker, F., 39, 66, 385
Englin, J., 321, 331, 385
Everitt, B. S., 128, 385

Fahrmeier, L., 57, 239–40, 250, 289, 291, 300,
385

Famoye, F., 117, 383
Fan, J., 145, 385
Feinberg, S. E., 153, 380, 385
Feinstein, J. S., 313, 318–9, 385
Feller, W., 17, 102, 106–7, 136, 317, 385
Feng, Z. D., 133, 218, 385
Fernandes, C., 243–4, 388
Ferrier, G. D., 354, 386
Firth, D., 187, 347, 385
Fleming, T. R., 7, 386
Freeman, J., 18, 387

Gallant, A. R., 266, 333, 350–1, 381, 386
Gallo, P. P., 94, 390
Gauthier, G., 236, 386
Geil, P., 193, 327, 386
Gelfand, A. E., 136, 197, 386
Gey, K. F., 307, 390
Gigli, A., 145, 384
Gilks, W. R., 378, 386
Gill, R. D., 7, 379
Godambe, V. P., 345, 347, 386
Goffe, W. L., 354, 386
Goldstein, H., 300, 386
Gomaz, I., 12, 207–8, 394
Gong, G., 302, 310–2, 397
Good, D., 273, 386
Gourieroux, C., 2, 29, 31–3, 36, 57, 94, 98,

123, 134–5, 137, 143–4, 181, 260, 340,
386

Greenberg, E., 289, 382, 386
Greene, W. H., 13, 20, 44, 94, 339–41, 386
Greenwood, M., 1, 100, 107, 387
Griffith, R., 238, 283, 294, 297–8, 333, 380

Griliches, Z., 2, 12, 16, 94, 283, 286, 288,
291–4, 298, 387–8

Grogger, J. T., 18, 137, 219, 387
Guillen, M., 18, 384
Gupta, C. R., 355, 387
Gurmu, S., 17, 95, 118, 120, 122, 137, 144,

160, 168, 193, 207, 219, 304, 351,
359–62, 364, 369, 377, 387

Haab, T. C., 220, 387
Haight, F. A., 17, 387
Hall, A. R., 179, 387
Hall, B. H., 2, 12, 16, 24, 94, 283, 286, 288–9,

291–4, 298, 380, 387–8
Hall, R., 24, 380
Hamilton, J., 57, 387
Hand, D. J., 128, 385
Hannan, M. T., 18, 387
Hansen, L. P., 39, 41, 57, 333, 387
Hardle, W., 369, 387, 388
Harrington, D. P., 7, 386
Harrison, P. J., 243, 250, 397
Hartley, R., 354, 396
Harvey, A. C., 243–4, 250, 388
Harville, D., 278, 388
Hastie, T. J., 358, 369, 388
Hausman, J., 2, 12, 16, 24, 88, 94, 180–1, 252,

270–1, 283, 286, 288, 291–4, 298, 380,
387–8

Heckman, J. J., 105, 129, 157, 196, 336, 388
Hendry, D. F., 57, 253, 388
Hilbe, J. M., 369, 388
Hill, S., 295, 388
Hinde, J., 135, 385, 388
Ho, C. H., 273, 379
Holland, P. W., 153, 380
Holly, A., 181, 388
Honda, Y., 168, 389
Horowitz, J. L., 164, 167, 187, 389
Hsiao, C., 377–8, 284, 290, 294, 300, 389
Huber, P. J., 26, 39, 389

Imbens, G. W., 343, 389
Irish, M., 143–4, 382

Jacobs, P. A., 234, 245, 389
Jaggia, S., 13, 146, 231, 389
Jain, G. C., 103, 383
Jankowski, R., 313, 397
Jewel, N., 104, 389
Jin-Guan, D., 236, 389
Johansson, P., 158, 219, 229, 242, 244, 266,

290, 294, 313, 351, 353–5, 364, 366, 369,
381, 389

Johnson, N. L., 1, 17, 108, 117, 130, 257, 273,
342, 356, 369, 375, 389, 390

Johnston, J., 20, 390
Jordan, P., 307, 390



Author Index 401

Jorgensen, B., 36, 115, 390
Jorgenson, D. W., 17, 94, 390
Jung, C. J., 236, 258, 273, 390, 395
Jupp, P. E., 258, 268, 390

Kalbfleisch, J. D., 109, 390
Karlin, S., 3, 6, 17, 390, 396
Katz, L., 112, 390
Kaufman, H., 239, 385, 390
Keane, M. P., 300, 390
Keiding, N., 7, 379, 390
Kemp, A., 1, 17, 103, 130, 356, 369, 375, 389,

390
Kennan, J., 231, 390
Kianifard, F., 94, 390
King, G., 14, 18, 90, 112, 258, 273, 390
Kingman, J. F. C., 4, 5, 15, 17, 98, 136, 390
Kniesner, T. J., 362–3, 384
Kocherlakota, K., 256, 258, 272–3, 390
Kocherlakota, S., 256, 258, 272–3, 390
Koenker, R., 172, 390
Koopman, S., 244, 384
Kotz, S., 1, 17, 103, 117, 130, 257, 273, 342,

356, 369, 375, 389–90

Labergue-Nadeau, C., 306, 384
Laird, N., 128, 196, 390
Lambert, D., 14, 97, 126, 219, 390
Lancaster, H. O., 264–5, 324, 391
Lancaster, T., 50, 104–5, 137, 281, 321, 343,

389, 391
Land, K. C., 14, 18, 219, 393
Landwehr, J. M., 144, 391
Latour, A., 236, 386
Lawless, J. F., 41, 78, 103, 105, 163–4, 167–8,

187, 230, 300, 347, 384, 391, 395
Lee, L.-F., 108–9, 137, 159, 178, 341, 391
Leon, L., 240, 381, 391
Leonard, G. K., 252, 270–1, 388
Leroux, B. G., 197–8, 391
Lewis, P. A. W., 230, 234, 245, 250, 383, 389,

391
Li, W. K., 228, 240, 391
Liang, K.-Y., 39, 277–8, 284, 289–90, 294,

300, 384, 391, 398
Lindeboom, M., 259, 273, 391
Lindsay, B. G., 128, 130, 196, 197, 380, 391
Linton, O., 369, 388
Liu, R. Y., 167, 391
Lo, A., 88, 388
Long, J. S., 14, 391
Loomis, J. B., 137, 383
Lu, M. Z., 182, 391
Lucerno, A., 111, 137, 391

Maag, U., 306, 384
MacDonald, I. L., 244, 250, 392
MacKinlay, A. C., 88, 388

MacKinnon, J., 25, 47, 50–1, 57, 182, 383
Madan, I., 313, 397
Maddala, G. S., 3, 85, 88, 94, 117, 338, 392
Makov, U. E., 128, 397
Mammen, E., 167, 392
Manski, C. F., 326, 328, 336–7, 343, 392
Mardia, K. V., 258, 268, 390
Margolin, B. H., 187, 382
Marshall, A. W., 258, 392
Martinez, C. J., 65, 384
Matyas, L., 300, 392
Mayer, W. J., 251, 273, 392
McCallum, J., 322, 392
McConnell, K. E., 220, 387
McCullagh, P., 2, 26, 33, 37, 57, 90, 94, 98,

142, 146, 152–3, 167, 187, 284, 392
McCulloch, C. E., 133, 218, 385
McFadden, D., 24, 51, 57, 135, 252, 270, 271,

326, 328, 343, 388, 392, 394
McGilchrist, C. A., 289, 322, 392
McKenzie, E., 234–7, 250, 392
McLachlan, G. J., 128, 137, 392
Meghir, C., 252, 274, 392
Melion, A., 193, 386
Merkle, L., 155, 392
Migon, H. S., 243, 397
Milne, F., 12, 68, 382
Mizon, G. E., 182, 391, 393
Monfort, A., 2, 29, 57, 94, 134, 135, 137,

143–4, 187, 340, 386
Montalvo, J. G., 297–8, 393
Moore, D. F., 98, 393
Moran, P. A. P., 78, 393
Morrison, D. C., 94, 303
Moschopoulos, P., 253, 273, 393
Moser, U., 307, 390
Mukhopadhyay, K., 320, 324, 393
Mullahy, J., 97, 99, 124–5, 127, 136, 209, 309,

333, 393
Mundlak, Y., 291, 393
Murphy, K., 44, 393

Nagin, D. S., 14, 18, 219, 393
Nelder, J. A., 2, 26, 33, 36–7, 57, 90, 94, 142,

146, 167, 187, 284, 392, 393
Newell, D. J., 121, 393
Newey, W. K., 24, 41–4, 47–8, 51, 57, 164,

242, 263, 273, 333, 343, 393–4
Newhouse, J., 219, 369, 394
Neyman, J., 106–7, 116, 275, 394
Nickell, S. J., 294, 394
Noack, A., 356, 394
Nourse, H. O., 121, 329, 394
Nychka, D. W., 350–1, 386

Ogaki, M., 57, 394
Okoruwa, A. A., 121, 329, 394
Olkin, L., 258, 392



402 Author Index

Orme, C., 313, 380
Ozuna, T., 12, 207–8, 394

Pagan, A. R., 44, 48, 56, 176, 381, 394
Page, M., 292, 300, 394
Palme, M., 219, 313, 389
Palmgren, J., 283, 394
Patil, G. P., 10, 102, 135, 180, 394
Patterson, H. D., 278, 394
Pesaran, M. H., 182, 394
Phillips, P. C. B., 230, 394
Pierce, D., 44, 142, 146, 394
Piggott, J., 12, 68, 382
Pinquet, J., 292, 394
Pirog-Good, M., 273, 386
Pitt, M. K., 244, 396
Pohlmeier, W., 127, 193, 219, 395
Poisson, S.-D., 1, 395
Polya, G., 1, 102, 107, 385
Pope, A., 229, 395
Pregibon, D., 36, 144–5, 187, 391, 393, 395
Prentice, R. L., 109, 390
Proschan, F., 111, 380
Pudney, S., 3, 329, 338, 395
Puterman, M. L., 220, 397

Qaqish, B., 239, 246, 398
Qin, J., 41, 395

Ramaswamy, V., 129, 220, 395, 397
Ransom, M., 229, 395
Raymond, C., 322, 392
Renault, E., 143–4, 187
Richard, J.-F., 182, 393
Richardson, S., 378, 386
Rilstone, P., 304, 351, 359, 387
Robert, C. P., 137, 395
Roberts, G. R., 244, 396
Robin, J.-M., 252, 274, 392
Robinson, P. M., 66, 262–3, 356–7, 362–3, 395
Roeder, K., 196–7, 391
Rogers, J., 254, 386
Ronning, G., 236, 395
Rose, N., 219, 395
Rosenqvist, G., 137, 381
Ross, S. M., 108, 395
Rothchild, D., 295, 388
Rotte, R., 193, 386
Rubin, D. B., 130, 379
Runkle, D. E., 300, 390
Ruppert, D., 57, 382
Ruser, J. W., 292, 313, 395
Ruud, P., 135, 392

Santos Silva, J., 331, 333, 336, 395, 398
Sargan, J. D., 41, 395
Schafer, D. W., 142, 146, 394
Schall, R., 289, 395
Schaub, R., 197, 380

Schlattmann, P., 197, 380
Schmidt, P., 124, 395
Schmittlein, D. C., 94, 393
Schneider, A. L., 313, 395
Schwartz, J., 229, 395
Schwartz, E. S., 18, 219, 395
Schwarz, G., 183, 351, 395
Secrest, D., 135, 396
Sellar, C., 207, 395
Severini, T. A., 356–7, 396
Sevestre, P., 300, 392
Shaban, S. A., 103, 396
Shaked, M., 99, 135, 396
Shaw, D., 329, 396
Shenton, L. R., 356, 383
Shephard, N., 244, 388, 396
Shiba, T., 268, 396
Shoemaker, A. C., 144, 391
Shonkwiler, J. S., 329, 331, 385
Simar, L., 196, 396
Singer, B., 105, 129, 196, 388
Singh, A. C., 244, 396
Smith, A. F., 128, 397
Smith, R. J., 41, 350, 396
Smyth, G. K., 36, 396
Snell, E. J., 142, 146, 187, 383–4
Solow, A. R., 313, 317, 396
Souza, G., 333, 381
Spiegelhalter, D. J., 378, 386
Staniswalis, J. S., 253, 273, 356–7, 393, 396
Stefanski, L. A., 57, 382
Stern, S., 304, 351, 359, 387
Steutel, F. W., 235–6, 396
Stoll, J. R., 207, 395
Strauss, D. J., 273, 380
Stroud, A. H., 135, 396
Stukel, T., 126, 396
Szu, H., 354, 396

Tauchen, G., 48, 157, 266, 351, 386, 396
Taylor, H. M., 3, 6, 17, 396
Teicher, H., 104, 396
Terza, J. V., 121–2, 252, 254, 270–1, 329, 337,

339–40, 394, 396
Thall, P. F., 290, 397
Thompson, R., 278, 345, 347, 386, 394
Thosar, S., 13, 146, 389
Tibshirani, R. J., 164–7, 187, 358, 369, 385,

388
Titterington, D. M., 128, 129, 397
Topel, R., 44, 393
Torous, W. N., 18, 219, 395
Treble, J. G., 313, 380
Trivedi, P. K., 12, 17, 29, 65, 68, 77, 94–5, 98,

112, 120, 137, 144, 160–2, 168, 173,
175–6, 178, 180, 187, 192, 196, 206–7,
217, 219, 229, 264–6, 268, 320, 324, 351,
362, 377, 381–2, 384, 387, 393

Trognon, A., 2, 29, 143, 144, 187, 386



Author Index 403

Tsai, C.-L., 240, 391
Tsubono, Y., 307, 390
Tsugane, S., 307, 390
Tsurumi, H., 268, 396
Tutz, G. T., 57, 193, 240, 250, 289, 291, 360,

385

Ulrich, 127, 219, 395

Vail, S. C., 290, 397
van den Berg, G., 259, 273, 391
Van Duijn, M. A. J., 292, 397
Van Harn, K., 235–6, 396
Van Praag, B. M. S., 252, 271–2, 397
Van Reenan, J., 298, 380
Vanasse, C., 13, 190, 219, 384
Vella, F., 48, 56, 394
Vere-Jones, D., 104, 383
Vermeulen, E. M., 252, 271–2, 397
Visser, N., 137, 386
Vuong, Q. H., 182, 184–5, 397

Wagner, G. G., 12, 397
Wang, P., 220, 398
Watermann, J., 313, 397
Wedderburn, R. W. M., 2, 33, 36, 57, 393, 397
Wedel, W., 129–30, 137, 220, 397
Weiss, A. A., 254, 337, 341–2, 397

West, K., 41, 47, 57, 242, 394
West, M., 243, 250, 397
White, H., 26, 33, 39, 48, 50, 66, 182, 187–8,

226, 397
Whittemore, A. S., 302, 310–2, 397
Williams, D. A., 146, 398
Willmot, G. E., 103, 105, 347, 384
Wilson, P. W., 259, 270–1, 396
Windmeijer, F. A. G., 154–5, 187, 219, 238,

281, 283, 294, 297–8, 333–6, 380, 382,
398

Winkelmann, R., 17, 94, 108–9, 111–3, 137,
258, 273, 289, 382, 390, 398

Witte, A., 124, 395
Wong, W. H., 239, 398
Wooldridge, J. M., 182, 187, 285, 297, 398
Wu, D., 180, 398

Yannaros, N., 313, 398
Yuan, L., 263, 389
Yule, U., 1, 100, 107, 387

Zeger, S. L., 39, 239–40, 242, 244, 246, 277,
278, 284, 289, 290–1, 294, 300, 384, 391,
398

Zimmermann, K. F., 17, 94, 112–3, 155, 193,
386, 392, 398

Zucchini, W., 244, 250, 392



Subject Index

A

acronyms, 17, 371–3
adaptive estimation, 362
algorithm, see iterative methods
applications to count data

doctor visits, 67–70, 75–7, 79, 82–4, 91–2,
113–4

medical services, 268–9
office visits to physician, 192–206
patents awarded, 286–7
recreational trips, 206–16, 364–7
strikes, 230–4, 246–8
takeover bids, 146–51, 157–8

autocorrelation function, 228
autocorrelation tests, 227–30, 232–4, 246–9,

250, 293–4
autoregressive (AR) model

count, 225, 238–40, 246–7, 250
linear, 222
for longitudinal count data, 294, 295, 298

autoregressive moving average (ARMA)
model

discrete (DARMA), 225, 245–6
integer (INARMA) 225, 234–8, 248, 250
linear, 222

auxiliary regression
for chi-square goodness-of-fit test, 157,

198
for CM test, 49–50, 56, 170
for independence test, 267
for LM test, 46
for overdispersion test, 78, 160–2, 210
versus regression-based CM test, 173

B

bandwidth, 357, 362
baseline density, see series expansion
Bayesian framework

finite mixtures, 137
measurement error, 307, 324
mixtures, 378

panel data, 287
time series data, 224, 243

beta distribution, 244, 288
between estimator, 278, 291
binary outcome, 85–6

in hurdle model, 123–5, 193
repeated events, 191
in sample selection model, 339
in simultaneity model, 336

binary Poisson, 86–7
binomial distribution, 4, 5, 176, 220, 244, 250,

255
as LEF member, 30, 178, 264
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Weibull distribution for, 109, 231
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endogeneity, 331–6
definition of endogenous regressor, 332
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errors-in-variables model, 301
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optimal, 39, 348–50
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122–3, 126–7, 131–2, 137
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exponential distribution, 6–7, 93, 109
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exponential family, 30, 99, 135
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exponential mean function, 61
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as general mixture model, 103
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fixed effects, 280–7, 295–8
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in dynamic models, 294–8
linear model, 277–8
moment-based model, 284–5
multiplicative, 279, 282, 297
negative binomial model, 283–4, 292, 300
Poisson model, 271, 280–3, 292, 299, 300
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284, 296
with time-invariant regressors, 291
time-specific effects, 291
versus random effects, 291, 293

flexible estimation, 344–67
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definition of, 344–5
efficient moment-based, 345–50, 367, 369
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gamma distribution, 101, 109–10, 287–8, 376
as LEF member, 30, 178, 264

gamma function, 374
Gaussian distribution, see normal distribution
Gaussian quadrature, 135
generalized additive models, 358, 369
generalized event count (GEC) model, 112–4
generalized exponential family, 258
generalized linear models (GLM), 2, 27–36,

44, 53–4, 152–3, 187, 378
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with measurement errors, 307
for multivariate data, 273
Poisson, 66–7, 94
for time series data, 239, 250
versus LEFN, 35–6

generalized method of moments (GMM)
estimation, 39–43, 54–5

hypothesis tests for, 47
identification, 39, 348
optimal, 42–3, 348–50, 369
optimal instruments, 334–5
optimal weighting matrix, 40
versus estimating equations, 39, 348–50
see also instrumental variables

generalized Poisson distribution, 116–7
generalized power series distributions, 356
generating function, 264
geometric distribution, 30, 57–8, 95, 125, 375
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goodness-of-fit, 151–8

chi-squared test, 155–7, 198, 217–8
Pearson chi-square test, 157, 188
pseudo R-squared, 153–5

G-squared statistic, 153, 209
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Hausman test, 180–2, 293
hazard function, 7, 105, 109–11
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unobserved individual, 71, 98–105, 179–80,
190–1, 254, 275, 339, 359–62

misspecification of, 105–6
multiplicative form for, 98–102, 279, 304,

308–9
Polya urn scheme for, 102–3

heteroskedasticity
consistent standard errors, 28–9, 39
LM test for, 176

hidden Markov model, 224–5, 244–5, 250
hurdle model, 123–5, 138

application, office visits to physician,
192–206

application, recreational trips, 211–6
hypothesis tests, 20, 44–7, 158–68

auxiliary regression for, 46, 78, 160–2, 210,
267

bootstrap, 165–6, 218
at boundary value, 78, 133, 197–8, 216–8
Box-Pierce portmanteau, 228–9, 234, 247
encompassing, 182
finite-sample corrections for, 163–8
Lagrange multiplier (LM), 45–6
likelihood ratio (LR), 45, 197–9, 216–8
of nonnested models, 182–5, 198
of overdispersion, 77–9, 159–63, 170–4,

185–8, 210
score, see LM test
of serial correlation, 227–30, 232–4,
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identification
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of MLE, 23
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314, 318, 320–2
of mixture models, 104–5, 128, 133–4
in sample selection models, 337

incidental parameters problem, 281–2, 294–5
incomplete gamma function, 110, 374
independence tests, 266–8

application, medical services, 268–9
information

Fisher, 24
full, 254, 255
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matrix equality, 24, 50

generalized, 50
information criteria, 133, 182–3, 197–200

Akaike (AIC), 183, 197–200
Bayesian (BIC), 183, 197–200, 351
consistent Akaike (CAIC), 183, 210,

212–4
definitions of, 182–3
Kullback-Liebler (KLIC), 183, 184

information matrix test, 50, 178–80, 188
instrumental variables estimation

nonlinear (NLIV), 41, 309, 320, 333–6
optimal, 334–5, 343
two-stage least squares (2SLS), 41, 180–1
see also GMM

integer ARMA (INARMA) model, 225,
234–8, 248, 250

integration
Gausian quadrature, 135
Monte Carlo, 134–5, 259, 340–1, 343
numerical, 135, 259, 289, 341–2, 343

intensity function, 3, 9
measurement error in, 302–3

inverse Gaussian distribution, 103–5, 376
iterative methods

expectation maximization (EM), 122–3,
126–7, 131–2, 137

fast simulated annealing, 354
method of scoring, 94
Newton-Raphson, 62, 93–4, 127, 132, 354
reweighted least squares, 93–4
simulated annealing, 354

K

Katz family, 112–4, 137
LM test of Poisson against, 159–60, 185–6

kernel regression, 145, 262–3, 344, 357, 369
Kullback-Liebler

divergence, 154
information criteria, 183, 184

L

lagged dependent variables, 223, 227
inconsistency if serially correlated error, 227

Lagrange multiplier (LM) test
auxiliary regression for, 46, 78, 160–2, 210,

267
definition of, 45–6
against Katz, 159–60, 185–6
against local alternatives, 162–3, 186–7
against negative binomial, 77–9, 160

Laplace transform, 108–10
latent class model, 128–34, 194–220
latent variable, 9, 86–8, 240–2, 254–5
law of rare events, 5, 11
least squares estimation

conditional, 236, 237
generalized (GLS), 28
nonlinear (NLS), 90–1

for time series data, 223, 226–7, 242, 247
nonlinear two-stage (2SLS), 41, 95
ordinary (OLS), 21, 28, 89–90, 91–2
semiparametric generalized (SGLS),

261–3
two-stage (2SLS), 41, 180–1
weighted (WLS), 28–9, 31, 57

likelihood
concentrated, 25, 281
conditional, 25, 282–3
constrained, see restricted
empirical, 41
expected, 122, 126, 132
extended QL, 36, 345–7
function, 22
log-likelihood function, 23
maximum, see ML estimation
penalized, 197–8
profile, 25
quasilikelihood (QL), 37
ratio, 45
restricted, 45
weighted, 328, 330–1

likelihood ratio (LR) test, 45, 197–8, 199,
216–8

linear exponential family (LEF), 29–36, 53–4,
57, 356

canonical parameterization, 34–6
deviance for, 152–4, 187, 188, 209
mean parameterization, 29–32
measurement error in, 324
members of, 30, 178
with nuisance parameter (LEFN), 32–3,

35–6, 44, 54, 94
with quadratic variance function

(LEF-QVF), 178
link function, 34

canonical, 34, 36, 58, 66, 95, 284, 354
logarithmic series distribution, 102, 356, 375
logistic function, 323
logit model, 86, 126–7, 138, 237, 318
loglinear model, 9–10, 61
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dynamic, 294–8
linear, 277–9, 300
static, 279–92, 299–300
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M

marginal analysis, 225, 241, 252–4, 278,
290

in mixture models, 10, 99–102
Markov chain model, 102, 234–5, 244–5
Markov chain Monte Carlo (MCMC), 137,

244, 289, 378
Markov model, see autoregressive model
matrix

derivative, 22
hat, 145
Hessian, 24
information, 24, 50
notation, 17
vech operator, 50
weighting, 39, 40
working, 28

maximum likelihood (ML) estimation,
22–7

conditional, 25, 282–3
constrained, see restricted
estimator (MLE), 24–5, 53
full information, 254
identification, 23, 104–5
log-likelihood function for, 23
with misspecified density, 26–7
pseudo- (PMLE), 19, 31, 36, 53–4

for time series 227, 231–2, 250
quasi-, see pseudo-
quasi-generalized PMLE (QGPMLE), 33,

36, 54, 261, 325
regularity conditions for, 23–4, 133
restricted, 45
seminonparametric, 350–1, 361
semiparametric, 130, 359
simulated, 134–5, 289, 341
weighted, 328, 330–1
see also likelihood

mean-scaling transformation, 297
measurement error, 301–25

bias due to, 301, 307, 313, 324
in counts, 309–13

underreported, 313–23
in exposure, 302–6
in intensity, 302–3
in regressors

additive errors, 307
multiplicative errors, 301, 307–9

due to proxy variables, 306
Taylor series expansion for, 305–6

Meixner class, 178, 264

method of moments, 37
simulated, 134
see also EE; GMM

method of scoring algorithm, 94
misspecification

of density, 26–7, 53
of mean in GLM or LEF, 27
of variance in GLM or LEF, 27

mixture models, 97–106, 358–9
binomial, 8, 111, 220
double Poisson, 114–6, 138, 160
exponential, 196–7
finite, 128–34, 137, 194–206, 212–3
negative binomial, 100–2
identification of, 104–5, 128, 133–4
see also Poisson mixture models

model discrimination
for nonnested models, 182–5, 198

modified Poisson model, 211–5
modified power series distributions, 355–6
moment-based estimation, 37–44, 54–5, 67,

260–2, 284–5, 289–90, 345–50
see also EE, GMM

moment-based testing, see CM tests
moment generating function (mgf), 3,

375–6
moments

central, 4, 130, 375–7
logarithmic series, 375
negative binomial, 375
Poisson, 4, 375
raw, 4, 130
truncated Poisson, 118–20, 376–7

factorial, 377
Monte Carlo

integration, 134–5, 259, 340–1, 343
Markov chain, 137, 244, 289, 378

multilevel models, 300
multinomial logit model, 87, 270, 283, 312
multinomial model, 4, 87, 191, 270, 282
multiplicative effects, 279, 282, 297
multivariate data, 251–74

bivariate negative binomial, 258–9
bivariate Poisson, 256–8, 260–2, 272–3
distributions for, 256–9
mixed multivariate models, 269–72
moment-based models, 260–3, 363
seemingly unrelated regressions, 262–3
series expansion models, 263–5
tests of independence, 266–8
types of dependence, 252–6
see also bivariate distributions
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NB1 variance function, 62–3, 112, 288
NB2 variance function, 62–3, 98, 105, 112–3,

138
nearest neighbor estimator, 145, 263, 362,

369
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bivariate, 258–9
censored, 312
characterization, 100–3, 109
definitions of, 101–2, 375
as LEFN member, 33, 73, 178, 264
properties of, 375
truncated, 118–21, 125, 127, 128, 204

negative binomial regression model, 70–7
application, doctor visits, 75–7
with fixed effects, 283–4, 292, 300
-logistic model, 319–22
NB1 model, 73–4

GLM estimator, 74
ML estimator, 74

NB2 model, 71–3, 74–5, 347
ML estimator, 71–2
QGPML estimator, 73, 95

with random effects, 288, 292
state-space model, 244

negative hypergeometric distribution, 284
Newton-Raphson algorithm, 62, 93–4, 127,

132, 354
Neyman contagious distribution, 116
nonnested models, 182–5, 198
nonparametric regression, 145, 344, 369

see also kernel; nearest neighbours
normal distribution,

as LEF member, 30, 178, 364
nuisance parameter, 25, 34

O

observation-driven model, 225
on-site surveys, 206, 327, 329–31
ordered logit model, 88
ordered probit model, 9, 87–8, 91–2, 95
orthogonal polynomials

definition of, 263–5
independence tests based on, 266–9
for LEF-QUF, 178
multivariate expansions, 265, 350
for semiparametric estimation, 350
specification tests based on, 176–8
for under-reported counts, 315
for unobserved heterogeneity, 359–62

orthonormal polynomials
definition of, 264
generalized Laguerre, 359–60
Gram-Charlier, 176–7, 178
Krawtchouk, 315

outer-product-of-the-gradient (OPG), 50, 56,
198

overdispersion
definition of, 4
interpretation of, 78–9

overdispersion tests, 77–9, 159–63, 170–4,
185–8, 210

application, doctor visits, 79
auxiliary regression, 78, 160–2, 210

LM test against Katz, 159–60, 185–6
LM test against local alternatives, 162–3,

186–7
LM test against negative binomial, 77–9,

160, 167–8
LR test, 78
regression-based CM tests, 170–4
small-sample corrections, 167–8, 187
Wald test, 78

P

panel data, see longitudinal data
parameter-driven model, 225
partially linear model, 357
partially parametric model, 357
Pascal distribution, 375
Pearson chi-square test, 157, 188
Pearson statistic, 151–2
point process

doubly stochastic, 98
nonhomogeneous, 230
Poisson, 5–7, 13, 17, 97, 226, 311, 316
stationary, 5, 8, 9, 108

Poisson distribution
bivariate, 235, 256–8, 260–2, 266, 272–3
censored, 121–3, 137
compound, 98–103, 258, 323
characterizations, 4–8, 109
definition of, 3
as LEF member, 30, 178, 264
properties of, 3–4, 375
truncated, 118–21, 137, 138, 144, 160, 168,

331, 343, 376–7
Poisson INAR(1) model, 235–8, 248, 250
Poisson mixture models,

Poisson-binomial, 8, 111, 318–22, 323
Poisson-gamma, 99–102, 104–5
Poisson-gamma polynomial model, 359–62,

364–7
Poisson-inverse gaussian, 103–5, 347
Poisson-lognormal, 103, 134–5, 137
Poisson-multinomial, 270
Poisson-normal, 103, 134–5, 137

Poisson polynomial model, 353–6, 364–7
Poisson process, 5–7, 17, 97, 226, 230, 311,

316
Poisson regression model, 9–10, 20–1, 32,

61–70
application, doctor visits, 67–70
EE estimator, 67
fixed effects, 271, 280–3, 299, 300
GLM estimator, 66–7
PML estimator, 63–6, 95

with Poisson variance function, 64
with NB1 variance function, 64–5
with NB2 variance function, 65
with unspecified variance function, 65–6,

227
for time series data, 227, 231–2, 250
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random effects, 288, 292, 299, 300
versus exponential, 93

Polya urn scheme, 102–3
polynomials

generalized Laguerre, 359–60
Gram-Charlier, 176–7, 178
Krawtchouk, 315
orthogonal, 176–8, 263–9, 350
orthonormal, 176–8, 264, 315, 350

population-averaged analysis, 290
posterior probability, 131, 205–6
power series distribution, 355–6
prediction, 84–5

actual value, 84
conditional mean, 84, 190
conditional probability, 85, 190

probability generating function (pgf), 235,
272, 323, 375

probability limit, 22
probit model, 86, 256
proportional hazard model, 219
pseudo R-squared, 153–5, 187

application, 209, 232, 247
deviance, 154–5, 187
Pearson, 155, 209
versus likelihood ratio index, 155

pseudo-true value, 22, 184

Q

quasidifferencing, 279, 284, 296
quasilikelihood (QL), 37, 320

extended, 36, 345–7

R

random effects, 287–90
additive, 279
Gaussian, 289
linear model, 277–9
moment-based methods, 289–90
multiplicative, 279
negative binomial model, 288, 292
Poisson model, 288, 292, 299, 300
versus fixed effects, 291, 293

random utility, 191
regime-shift model, see hidden Markov model
regression-based CM tests, 174–6
regularity conditions, 23–4, 133
renewal

function, 107
process, 17, 107–8

residual analysis, 140–51, 187
application, takeover bids, 146–51
influential observations, 145–6
normal scores plots, 145
outliers, 144
plots, 144–5
serial correlation tests, 227–30, 232–4

residual
adjusted deviance, 146
Anscombe, 142
deviance, 141–2, 209
generalized, 120, 123, 142–3
Pearson, 141, 209
for Poisson, 152–3
raw, 141, 265
simulated, 144
studentized deviance, 146
studentized Pearson, 146

robust estimation, 312–3
R-squared, see pseudo R-squared

S

sample selection model, 97, 117, 336–42
sampling, 326–31

choice-based, 326–8, 343
endogenous stratified, 326, 329–31
exogenous, 327
on-site, 206, 327, 329–31
random, 327
stratified, 326, 327, 329–31

score test, see LM test
seemingly unrelated regression, 258, 262–3
seminonparametric ML estimation, 350–1
semiparametric

efficiency bounds, 285
estimation, 263, 344–5, 350, 362–3
ML estimation, 130, 359–61

in finite mixtures model, 129, 130
serial correlation tests, 227–30, 250

application, strikes data, 232–4, 246–9
for panel data, 293–4

serially correlated error model, 223, 225,
240–2, 250

series distributions, 355–6
generalized power series, 356
modified power series, 355–6
power series, 355
versus LEF, 356

series expansion
around baseline density, 264, 350–5, 366
around heterogeneity density, 359–62
Poisson polynomial model, 353–6, 364–7
Poisson-gamma polynomial model, 359–62,

364–7
see also orthogonal polynomials;

orthonormal polynomials
short panel, 276, 277
simulated

annealing iterative method, 354
likelihood, 134–5, 289, 340–1
method of moments, 134

simulation analysis, 216–8
simultaneity, 301, 331–6
single-index model, 36, 81, 142, 322
spells, 106, 191, 291
static model, 222, 226–34
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state-space model, 223–5, 242–4, 250
structural model, 254

T

tests, see CM tests; hypothesis tests;
overdispersion tests

time series data, 221–50
application, strikes, 230–4, 246–8
dynamic models, 225–6, 234–48
linear models, 222–4
seasonality, 230
static models, 226–34
trends, 230

time-varying parameter model, see state-space
model

Tobit model, 117, 122, 124
transformation

application, doctor visits, 91–2
logarithmic, 89–90
mean-scaling, 297
square-root, 90

transition model, see dynamic longitudinal
model

trends, 97, 230
trivariate reduction, 256, 272–3
truncated data, 97, 117–21

negative binomial, 118–21, 125, 127, 138,
204

Poisson, 118–21, 137, 138, 144, 160, 168,
331, 376–7

see also censored data; sample selection
two-part model, 123–8, 192–216, 342–3
two-stage least squares (2SLS) estimator,

41
two-step estimation

Heckman, 328, 338, 342
sequential, 43–4, 255, 260–2, 335–6,

343
Two Crossings Theorem, 99, 135, 190,

196

U

uncentered R-squared, 46
underdispersion, 4

see also overdispersion
unit roots, 223, 230
urn model, 102–3

V

variance matrix estimation
BHHH, 24
delta method, 47
Eicker-White, 39, 66
Fisher information, 24
Hessian, 24
Huber, 39
Newey-West, 41–2
outer product (OP), 24, 62
robust sandwich, 27, 38, 39

for Poisson, 66, 70, 227, 285
sandwich form, 22, 25, 27, 346
working, 28, 242

variance function, 62–3
NB1 (linear), 63, 112, 288
NB2 (quadratic), 62–3, 98, 106, 112–3, 138

varying dispersion model, 36

W

waiting time, 6–7, 102, 106–11
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USMLE Step 1 Test Question Formats  
  

Single-Item Questions  

A single patient-centered vignette is associated with one question followed by four or more response options. The response 

options are lettered (A, B, C, D, E).  A portion of the questions require interpretation of graphic or pictorial materials. You 

are required to select the best answer to the question. Other options may be partially correct, but there is only ONE BEST 

answer. This is the traditional, most frequently used multiple-choice question format on the examination.  
  

Strategies for Answering Single One-Best-Answer Test Questions  

  

The following are strategies for answering one-best-answer items:   
  

• Read each patient vignette and question carefully. It is important to understand what is being asked.  
  

• Try to generate an answer and then look for it in the response option list.  
  

• Alternatively, read each response option carefully, eliminating those that are clearly incorrect.  
  

• Of the remaining options, select the one that is most correct.  
  

• If unsure about an answer, it is better to guess since unanswered questions are automatically counted as wrong answers.  
  

Example Item  

  

A 32-year-old woman with type 1 diabetes mellitus has had progressive renal failure over the past 2 years. She has not yet 

started dialysis. Examination shows no abnormalities. Her hemoglobin concentration is 9 g/dL, hematocrit is 28%, and mean 

corpuscular volume is 94 μm3. A blood smear shows normochromic, normocytic cells. Which of the following is the most 

likely cause?  
  

(A) Acute blood loss  (F)  Microangiopathic hemolysis  

(B) Chronic lymphocytic leukemia  (G)  Polycythemia vera  

(C) Erythrocyte enzyme deficiency  (H)  Sickle cell disease  

(D) Erythropoietin deficiency  (I)   Sideroblastic anemia  

(E) Immunohemolysis  (J)   β-Thalassemia trait  
  
  

(Answer: D)  
  

NOTE: Some item types that appear on the Step 1 examination are NOT depicted in the sample items provided in this 

booklet, eg, items with multimedia features, such as audio. Also, when additional item formats are added to the exam, notice 

will be provided at the USMLE website: http://www.usmle.org. You must monitor the website to stay informed about the 

types of items that occur in the exam, and you must practice with the downloadable sample test items available on the 

USMLE website to be fully prepared for the examination.  

Introduction to USMLE Step 1 Sample Test Questions  
  
The following pages include 117 sample test questions. Most of these questions are the same as those you can install on 

your computer from the USMLE website. Please note that reviewing the sample questions as they appear on pages 7-45 is 

not a substitute for practicing with the test software. You should download and run the Step 1 tutorial and practice test items 

that are provided on the USMLE website well before your test date. The sample materials available on the USMLE website 

include additional items and item formats that do not appear in this booklet, such as items with associated audio or video 

findings. You should become familiar with all item formats that will be used in the actual examination.  

http://www.usmle.org/
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Although the sample questions exemplify content on the Step 1 examination overall, they may not reflect the content 

coverage on individual examinations. In the actual examination, questions will be presented in random order; they will not 

be grouped according to specific content. The questions will be presented one at a time in a format designed for easy onscreen 

reading, including use of the Normal Laboratory Values table (included here on pages 5 and 6) and some pictorials. 

Photographs, charts, and x-rays in this booklet are not of the same quality as the pictorials used in the actual examination. 

In addition, you will be able to adjust the brightness and contrast of pictorials on the computer screen.  
  

To take the following sample test questions as they would be timed in the actual examination, you should allow a maximum 

of 1 hour for each 40-item block, and a maximum of 55 minutes, 30 seconds, for the 37-item block, for a total of 2 hours, 

55 minutes, 30 seconds. Please note that the third block has 37 items instead of 40 because the multimedia items have been 

removed, and the recommended time to complete the block has been adjusted accordingly. Please be aware that most 

examinees perceive the time pressure to be greater during an actual examination. All examinees are strongly encouraged to 

practice with the downloadable version to become familiar with all item formats and exam timing. An answer form for 

recording answers is provided on page 46. An answer key is provided on page 47. In the actual examination, answers will 

be selected on the screen; no answer form will be provided.  
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LABORATORY VALUES  
* Included in the Biochemical Profile (SMA-12)   

  

REFERENCE RANGE                               SI REFERENCE INTERVALS   

BLOOD, PLASMA, SERUM  

* Alanine aminotransferase (ALT), serum ................. 8-20 U/L  .................................................... 8-20 U/L  

   Amylase, serum ...................................................... 25-125 U/L ................................................. 25-125 U/L  

* Aspartate aminotransferase (AST), serum .............. 8-20 U/L ..................................................... 8-20 U/L  

   Bilirubin, serum (adult) Total // Direct ................... 0.1-1.0 mg/dL // 0.0-0.3 mg/dL  ................ 2-17 μmol/L // 0-5 μmol/L  

* Calcium, serum (Ca2+) ............................................ 8.4-10.2 mg/dL .......................................... 2.1-2.8 mmol/L  

* Cholesterol, serum .................................................. Rec:<200 mg/dL  ....................................... <5.2 mmol/L  

   Cortisol, serum ........................................................ 0800 h: 5-23 μg/dL // 1600 h: 3-15 μg/dL  138-635 nmol/L // 82-413 nmol/L  

2000 h: < 50% of 0800 h ............................ Fraction of 0800 h: < 0.50    

Creatine kinase, serum ............................................ Male: 25-90 U/L  ....................................... 25-90 U/L  

Female: 10-70 U/L  .................................... 10-70 U/L  

* Creatinine, serum .................................................... 0.6-1.2 mg/dL  ........................................... 53-106 μmol/L  

   Electrolytes, serum  

     Sodium (Na+) ........................................................ 136-145 mEq/L .......................................... 136-145 mmol/L  

* Potassium (K+) ...................................................... 3.5-5.0 mEq/L ............................................ 3.5-5.0 mmol/L       

     Chloride (Cl–) ........................................................ 95-105 mEq/L  ........................................... 95-105 mmol/L  

     Bicarbonate (HCO3
–)............................................. 22-28 mEq/L  ............................................. 22-28 mmol/L  

     Magnesium (Mg2+) ................................................ 1.5-2.0 mEq/L ............................................ 0.75-1.0 mmol/L   

   Estriol, total, serum (in pregnancy)  

     24-28 wks // 32-36 wks ......................................... 30-170 ng/mL // 60-280 ng/mL  ................ 104-590 nmol/L // 208-970 nmol/L  

     28-32 wks // 36-40 wks ......................................... 40-220 ng/mL // 80-350 ng/mL  ................ 140-760 nmol/L // 280-1210 nmol/L    

Ferritin, serum ......................................................... Male: 15-200 ng/mL  ................................. 15-200 μg/L  

Female: 12-150 ng/mL  .............................. 12-150 μg/L    Follicle-

stimulating hormone, serum/plasma  ......... Male: 4-25 mIU/mL  .................................. 4-25 U/L  

Female: premenopause 4-30 mIU/mL  ...... 4-30 U/L  

midcycle peak 10-90 mIU/mL  ............... 10-90 U/L  

postmenopause 40-250 mIU/mL  ............ 40-250 U/L  

   Gases, arterial blood (room air)  

     pH  ........................................................................ 7.35-7.45  ................................................... [H+] 36-44 nmol/L  

     PCO2  ..................................................................... 33-45 mm Hg ............................................. 4.4-5.9 kPa  

     PO2  ....................................................................... 75-105 mm Hg ........................................... 10.0-14.0 kPa  

* Glucose, serum ........................................................ Fasting: 70-110 mg/dL  .............................. 3.8-6.1 mmol/L  

2-h postprandial: < 120 mg/dL  ................. < 6.6 mmol/L  

   Growth hormone - arginine stimulation .................. Fasting: < 5 ng/mL  .................................... < 5 
μg/L  provocative stimuli: > 7 ng/mL  .............. > 7 μg/L  

   Immunoglobulins, serum  

     IgA  ....................................................................... 76-390 mg/dL ............................................ 0.76-3.90 g/L  

     IgE  ........................................................................ 0-380 IU/mL  ............................................. 0-380 kIU/L  

     IgG  ....................................................................... 650-1500 mg/dL ........................................ 6.5-15 g/L  

     IgM  ...................................................................... 40-345 mg/dL  ........................................... 0.4-3.45 g/L  

   Iron  ......................................................................... 50-170 μg/dL  ............................................ 9-30 μmol/L  

   Lactate dehydrogenase, serum ................................ 45-90 U/L ................................................... 45-90 U/L    

Luteinizing hormone, serum/plasma  ...................... Male: 6-23 mIU/mL  .................................. 6-23 U/L  

Female: follicular phase 5-30 mIU/mL  ..... 5-30 U/L  

midcycle 75-150 mIU/mL ....................... 75-150 U/L  

postmenopause 30-200 mIU/mL  ............ 30-200 U/L  

   Osmolality, serum ................................................... 275-295 mOsmol/kg H2O .......................... 275-295 mOsmol/kg H2O  

   Parathyroid hormone, serum, N-terminal  ............... 230-630 pg/mL  ......................................... 230-630 ng/L  

* Phosphatase (alkaline), serum (p-NPP at 30°C) ..... 20-70 U/L  .................................................. 20-70 U/L  

* Phosphorus (inorganic), serum ............................... 3.0-4.5 mg/dL  ........................................... 1.0-1.5 mmol/L  
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   Prolactin, serum (hPRL)  ........................................ < 20 ng/mL ................................................ < 20 μg/L * 

Proteins, serum  

     Total (recumbent) ................................................. 6.0-7.8 g/dL  ............................................... 60-78 g/L      

Albumin ................................................................ 3.5-5.5 g/dL ................................................ 35-55 g/L      

Globulin  ............................................................... 2.3-3.5 g/dL ................................................ 23-35 g/L  

   Thyroid-stimulating hormone, serum or plasma ..... 0.5-5.0 μU/mL  .......................................... 0.5-5.0 mU/L  

   Thyroidal iodine (123I) uptake .................................. 8%-30% of administered dose/24 h ........... 0.08-0.30/24 h  

   Thyroxine (T4), serum ............................................. 5-12 μg/dL  ................................................ 64-155 nmol/L  

   Triglycerides, serum ............................................... 35-160 mg/dL ............................................ 0.4-1.81 mmol/L  

   Triiodothyronine (T3), serum (RIA)  ....................... 115-190 ng/dL  ........................................... 1.8-2.9 nmol/L  

   Triiodothyronine (T3) resin uptake.......................... 25%-35%  .................................................. 0.25-0.35  

* Urea nitrogen, serum  .............................................. 7-18 mg/dL  ............................................... 1.2-3.0 mmol/L  

* Uric acid, serum ...................................................... 3.0-8.2 mg/dL  ........................................... 0.18-0.48 mmol/L  

LABORATORY VALUES (continued from previous page)  

  

REFERENCE RANGE                                     SI REFERENCE INTERVALS   

BODY MASS INDEX (BMI)  

   Body mass index .......................................................Adult: 19-25 kg/m2  

CEREBROSPINAL FLUID  

   Cell count ..................................................................0-5/mm3 .............................................................0-5 x 106/L  

   Chloride  ...................................................................118-132 mEq/L .................................................118-132 mmol/L  

   Gamma globulin .......................................................3%-12% total proteins .......................................0.03-0.12  

   Glucose  ....................................................................40-70 mg/dL  .....................................................2.2-3.9 mmol/L  

   Pressure  ....................................................................70-180 mm H2O  ...............................................70-180 mm H2O  

   Proteins, total  ...........................................................<40 mg/dL   .................... ...................................<0.40 g/L   

HEMATOLOGIC   

   Bleeding time (template)  ..........................................2-7 minutes ........................................................2-7 minutes  

   Erythrocyte count ......................................................Male: 4.3-5.9 million/mm3 ................................4.3-5.9 x 1012/L  

Female: 3.5-5.5 million/mm3 ............................3.5-5.5 x 1012/L    

Erythrocyte sedimentation rate (Westergren) ...........Male: 0-15 mm/h  ..............................................0-15 mm/h  

Female: 0-20 mm/h ...........................................0-20 mm/h    

Hematocrit  ...............................................................Male: 41%-53%  ...............................................0.41-0.53  

Female: 36%-46% .............................................0.36-0.46  

   Hemoglobin A1c ........................................................< 6% ..................................................................< 0.06  

   Hemoglobin, blood ...................................................Male: 13.5-17.5 g/dL  ........................................2.09-2.71 mmol/L  

Female: 12.0-16.0 g/dL .....................................1.86-2.48 mmol/L    Hemoglobin, 

plasma .................................................1-4 mg/dL ..........................................................0.16-0.62 mmol/L  

   Leukocyte count and differential  

     Leukocyte count ......................................................4500-11,000/mm3 ..............................................4.5-11.0 x 109/L  

       Segmented neutrophils ..........................................54%-62%  ..........................................................0.54-0.62        

Bands ....................................................................3%-5%  ..............................................................0.03-0.05        

Eosinophils  ...........................................................1%-3%  ..............................................................0.01-0.03  

       Basophils ...............................................................0%-0.75% ..........................................................0-0.0075  

       Lymphocytes  ........................................................25%-33% ...........................................................0.25-0.33        

Monocytes  ............................................................3%-7%  ..............................................................0.03-0.07  

   Mean corpuscular hemoglobin ..................................25.4-34.6 pg/cell ...............................................0.39-0.54 fmol/cell  

   Mean corpuscular hemoglobin concentration  ..........31%-36% Hb/cell  .............................................4.81-5.58 mmol Hb/L  

   Mean corpuscular volume  ........................................80-100 μm3 ........................................................80-100 fL  

   Partial thromboplastin time (activated)  ....................25-40 seconds ....................................................25-40 seconds  

   Platelet count .............................................................150,000-400,000/mm3 .......................................150-400 x 109/L  

   Prothrombin time ......................................................11-15 seconds ....................................................11-15 seconds  

   Reticulocyte count ....................................................0.5%-1.5% .........................................................0.005-0.015  

   Thrombin time ..........................................................<2 seconds deviation from control  .................. .<2 seconds deviation from            

…………………………………………………………………………………………………………...control  

   Volume  
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     Plasma  ....................................................................Male: 25-43 mL/kg ...........................................0.025-0.043 L/kg  

Female: 28-45 mL/kg ........................................0.028-0.045 L/kg  

     Red cell ...................................................................Male: 20-36 mL/kg  ..........................................0.020-0.036 L/kg  

Female: 19-31 mL/kg  .......................................0.019-0.031 L/kg   

SWEAT   

   Chloride ....................................................................0-35 mmol/L  ....................................................0-35 mmol/L   

URINE   

   Calcium  ....................................................................100-300 mg/24 h ...............................................2.5-7.5 mmol/24 h  

   Chloride ....................................................................Varies with intake ............................. ................Varies with intake    Creatinine 

clearance ..................................................Male: 97-137 mL/min  

Female: 88-128 mL/min  

   Estriol, total (in pregnancy)  

     30 wks .....................................................................6-18 mg/24 h .....................................................21-62 μmol/24 h  

     35 wks .....................................................................9-28 mg/24 h .....................................................31-97 μmol/24 h  

     40 wks .....................................................................13-42 mg/24 h ...................................................45-146 μmol/24 h  

   17-Hydroxycorticosteroids .......................................Male: 3.0-10.0 mg/24 h .....................................8.2-27.6 μmol/24 h  

Female: 2.0-8.0 mg/24 h ...................................5.5-22.0 μmol/24 h    17-

Ketosteroids, total ................................................Male: 8-20 mg/24 h ...........................................28-70 μmol/24 h  

Female: 6-15 mg/24 h .......................................21-52 μmol/24 h  

   Osmolality  ................................................................50-1400 mOsmol/kg H2O  

   Oxalate ......................................................................8-40 μg/mL .......................................................90-445 μmol/L  

   Potassium  .................................................................Varies with diet ............... ..................................Varies with diet  

   Proteins, total  ...........................................................<150 mg/24 h  ................................... ................<0.15 g/24 h  

   Sodium  .....................................................................Varies with diet .................................................Varies with diet    Uric 

acid ....................................................................Varies with diet ................................... ..............Varies with diet  

USMLE STEP 1 SAMPLE TEST QUESTIONS  
  

BLOCK 1, ITEMS 1-40  

  

1. A 28-year-old man comes to the physician because of a 1-year history of pain with urination that has increased in severity during the 

past month. He also has had episodes of blood in his urine during the past 5 years. He lived in sub-Saharan Africa until he came 

to the USA 6 months ago for graduate school. His temperature is 38°C (100.4°F), pulse is 80/min, respirations are 16/min, and 

blood pressure is 110/84 mm Hg. Physical examination shows suprapubic tenderness. Laboratory studies show:  

  

 Hemoglobin  12.3 g/dL  

 Hematocrit  37%  

 Leukocyte count  13,400/mm3  

   Segmented neutrophils  65%  

   Bands  5%  

   Eosinophils  5%  

   Lymphocytes  22%  

   Monocytes  3%  

 Serum    

   Urea nitrogen  75 mg/dL  

   Creatinine  3.8 mg/dL  

 Urine    

   Blood  3+  

   RBC  200/hpf  

   WBC  100/hpf  

   RBC casts  absent  

   WBC casts  absent  
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Imaging studies show bilateral hydroureter and hydronephrosis and foci of calcification in the region of the bladder. A biopsy 

specimen of the bladder shows marked chronic inflammation with fibrosis and scattered granulomas. Which of the following 

best explains the biopsy findings?  

  

(A) Exposure to a chemical toxin  

(B) Interstitial cystitis  

(C) Malacoplakia  

(D) Schistosomiasis  

(E) Vesicoureteral reflux  

  

  
2. A 14-year-old boy is brought to the emergency department after being hit with a baseball bat on the lateral side of his leg 

immediately below the knee. He is unable to dorsiflex his foot. Which of the following nerves is most likely injured?  

  

(A) Common fibular (peroneal)  

(B) Femoral  

(C) Obturator  

(D) Sural  

(E) Tibial  

  

  

  

  

3. A 24-year-old man comes to the office because of a 2-day history of a red, itchy rash on his buttocks and legs. Four days ago, 

he returned from a cruise to the Caribbean, during which he swam in the ship’s pool and used the hot tub. He appears well. His 

vital signs are within normal limits. Physical examination shows the findings in the photograph. The infectious agent causing 

these findings most likely began to proliferate in which of the following locations?  

  

(A) Apocrine gland  

(B) Dermis  

(C) Eccrine gland  

(D) Hair follicle  

(E) Sebaceous gland  

  

  
4. A 14-year-old girl is brought to the physician after her mother learned that she began having sexual intercourse with various 

partners 1 month ago. She does not use condoms or other contraception. The mother is concerned about her behavior. The 

patient's parents separated 3 months ago. She had been an honor student and excelled in sports and leadership positions at school 

before the separation. Since the separation, however, she has become sullen, defiant, and rebellious. She has begun smoking 

cigarettes, disobeying her curfew, and being truant from school. This patient is most likely using which of the following defense 

mechanisms?  

  

(A) Acting out  

(B) Displacement  

(C) Projection  

(D) Reaction formation  

(E) Sublimation  
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5. A 24 old woman comes to the physician for a follow-up examination. One week ago, she was treated in the emergency 

department after she accidentally spilled hot grease on her left leg while working at a fast-food restaurant. Examination of the 

left lower extremity shows a 7-cm, pink, soft, granular, edematous wound. The formation of this tissue was most likely caused 

by increased activity of which of the following?  

  

(A) Complement C3b  

(B) Glycosylation-dependent cell adhesion molecule-1  

(C) P-selectin  

(D) Stromelysin  

(E) Vascular endothelial growth factor  

  

  

6. A 63-year-old woman comes to the physician 1 day after the sudden onset of pain and swelling of her right knee. She has had 

no injury. Her medications include occasional ibuprofen for mild osteoarthritis of both knees. Her temperature is 37°C (98.6°F), 

pulse is 97/min, respirations are 19/min, and blood pressure is 129/79 mm Hg. Examination of the right knee shows warmth, 

erythema, and effusion. Exquisite tenderness is produced with minimal range-of-motion testing. Examination of synovial fluid 

obtained via joint aspiration shows that it is clear, with positively birefringent rhomboids observed under polarized light 

microscopy. Deposition of which of the following substances is the most likely cause of these findings?  

  

(A) Ammonium urate  

(B) Calcium oxalate  

(C) Calcium pyrophosphate  

(D) Calcium urate  

(E) Sodium urate  

  

  

7. A 55-year-old woman with small cell carcinoma of the lung is admitted to the hospital to undergo chemotherapy. Six days after 

treatment is started, she develops a temperature of 38°C (100.4°F). Physical examination shows no other abnormalities. 

Laboratory studies show a leukocyte count of 100/mm3 (5% segmented neutrophils and 95% lymphocytes). Which of the 

following is the most appropriate pharmacotherapy to increase this patient's leukocyte count?  

  

(A) Darbepoetin  

(B) Dexamethasone  

(C) Filgrastim  

(D) Interferon alfa  

(E) Interleukin-2 (IL-2)  

(F) Leucovorin  

  

  

8. A 37-year-old woman with right lower extremity edema is evaluated because of the sudden onset of shortness of breath and 

pleuritic chest pain. A diagnosis of pulmonary embolism is made. Which of the following signs, if present on physical 

examination, would be the most specific indicator of pulmonary arterial hypertension in this patient?  

  

(A) Increased jugular venous pressure  

(B) P2 louder than A2 (C) Peripheral edema (D) Presence of an S3  

(E) Pulmonary crackles  



  

   -year- 
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9. During an experiment, a Southern blot analysis is done by digesting DNA samples with a single restriction endonuclease, 

separating the digestion products by gel electrophoresis, and transferring them to a filter. The investigator probes the filter by 

exposing it to a cDNA clone that encodes a single immunoglobulin-constant region. The figure shows the resulting pattern with 

DNA samples isolated from different organs. Assuming there were no technical errors, the Southern blot analysis results 

demonstrate which of the following processes?  

  

(A) Affinity maturation  

(B) Apoptosis  

(C) Gene rearrangement  

(D) RNA splicing  

(E) Somatic hypermutation  

  

  
10. During a clinical study examining the effects of exercise, men between the ages of 20 and 30 years are evaluated during a 

15minute session on a treadmill. The average pulse for the last 2 minutes of the session is 175/min. During the last minute of 

exercise, various measurements are taken. Compared with the measurement before the session, which of the following is most 

likely to be decreased?  

  

(A) Cardiac output  

(B) Oxygen consumption  

(C) Pulse pressure  

(D) Stroke volume  

(E) Systolic blood pressure  

(F) Total peripheral resistance  

  

  

  

  

11. A 26 old man is brought to the emergency department by ambulance 30 minutes after being shot in the leg. He is unconscious 

and appears markedly pale. His pulse is 120/min, respirations are 16/min, and blood pressure is 80/60 mm Hg. Compared with 

a healthy adult, which of the following findings is most likely in this patient?  

  

   Arterial Baroreceptor  Systemic Vascular   Pulmonary Vascular  Systemic Capillary  

    Firing Rate  Resistance   Resistance   Fluid Transfer  

(A) ↑  ↑  ↑  filtration  

(B) ↑  ↓  ↑  absorption  

(C) ↑  ↓  ↓  filtration  

(D) ↓  ↑  ↑  absorption  

(E) ↓  ↑  ↓  filtration  

(F) ↓  ↓  ↓  absorption  
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12. A 17-year-old boy is brought to the emergency department 30 minutes after being found with a "blank stare" and flat facial 

expression at a party. His pulse is 72/min, and blood pressure is 104/68 mm Hg. He is sitting upright and appears catatonic. 

Physical examination shows rigidity. During the examination, he becomes hostile and attempts to assault the physician. This 

patient most likely ingested which of the following drugs?  

  

(A) Cocaine  

(B) Diazepam  

(C) Methamphetamine  

(D) Oxycodone  

(E) PCP (phencyclidine)  

  

  

13. A 26-year-old woman is brought to the emergency department because of an 8-hour history of severe back and abdominal pain 

and mild but persistent vaginal bleeding. Ultrasonography of the abdomen shows a 2-cm ectopic pregnancy in the ampulla. The 

ampulla has ruptured into the surrounding tissue. Fluid from this rupture will most likely be found in which of the following 

locations?  

  

(A) Lesser peritoneal cavity  

(B) Mesometrium  

(C) Pouch of Douglas  

(D) Uterine cavity  

(E) Vagina  

  

  

14. A 14-year-old girl has had nausea, intermittent diarrhea, and a 2.2-kg (5-lb) weight loss over the past 4 weeks. Examination 

shows a migrating serpiginous pruritic perianal rash. Her leukocyte count is 8000/mm3 with 20% eosinophils. Which of the 

following tests is most likely to yield an accurate diagnosis?  

  

(A) Blood smear  

(B) Bone marrow biopsy  

(C) KOH preparation  

(D) Microscopic examination of the stool  

(E) Skin snip  
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15. A 40 old woman comes to the physician because of a 6-month history of increased facial hair growth. Her last menstrual period 

was 4 months ago. She is 165 cm (5 ft 5 in) tall and weighs 70 kg (154 lb); BMI is 26 kg/m2. Her pulse is 80/min, and blood 

pressure is 130/82 mm Hg. Physical examination shows temporal balding and coarse dark hair on the upper lip and chin. Pelvic 

examination shows clitoral enlargement. Her serum testosterone concentration is increased. Serum concentrations of 

androstenedione, dehydroepiandrosterone, and urinary 17-ketosteroids are within the reference ranges. Ultrasonography of the 

pelvis shows a 12-cm ovarian mass. Which of the following best describes this mass?  

  

(A) Granulosa tumor  

(B) Ovarian carcinoid  

(C) Sertoli-Leydig tumor  

(D) Teratoma  

(E) Thecoma  

  

  

16. A 45-year-old woman with systemic sclerosis (scleroderma) comes to the physician because of a 3-week history of progressive 

shortness of breath and nonproductive cough. Her temperature is 36.9°C (98.4°F), pulse is 82/min, respirations are 20/min, and 

blood pressure is 136/85 mm Hg. Crackles are heard in both lower lung fields. Pulmonary function tests show total lung capacity 

is 80% of predicted, and diffusing capacity for carbon monoxide, corrected for alveolar volume, is 65% of predicted. Histologic 

examination of a lung biopsy specimen is most likely to show which of the following findings?  

  

(A) Diffuse interstitial fibrosis  

(B) Intra-alveolar exudates  

(C) Multiple thromboemboli  

(D) Necrotizing vasculitis  

(E) Non-necrotizing interstitial granulomas  

  

  

17. A new blood test to detect prostate cancer is evaluated in 300 male volunteers. A needle biopsy of the prostate gland is done on 

all men with serum prostate-specific antigen concentrations greater than 5 ng/mL (N<4). One hundred men undergo biopsy 

procedures; 90 are found to have prostate cancer, and five are found to have chronic prostatitis. Which of the following is 

necessary to calculate the sensitivity of this test?  

  

(A) Incidence of chronic prostatitis in the general population  

(B) Number of men with test results greater than 5 ng/mL and a normal biopsy specimen  

(C) Prevalence of chronic prostatitis in the general population  

(D) Prostate biopsies of men with test results equal to or below 5 ng/mL  

  

  

18. A 62-year-old woman comes to the physician because of low back pain for 1 week. Menopause occurred 10 years ago. Physical 

examination shows localized tenderness over the lumbar spine after movement. X-rays of the spine show a compression fracture 

of L1-2. A DEXA scan shows decreased bone mineral density. Serum calcium and phosphorus concentrations and serum 

alkaline phosphatase activity are within the reference ranges. A bisphosphonate drug is prescribed. The expected beneficial 

effect of this drug is most likely due to which of the following actions?  

  

(A) Decreased insulin-like growth factor-1 concentration  

(B) Decreased osteoclast activity  

(C) Decreased osteoprotegerin production  

(D) Increased 1,25-dihydroxycholecalciferol concentration  

(E) Increased osteoblast activity  

(F) Increased receptor activator of NF-κB ligand (RANKL) production  
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19. A 26 old woman is brought to the emergency department 3 hours after ingesting approximately 50 tablets of aspirin in a suicide 

attempt. She is nauseated, confused, and sleepy. Her pulse is 130/min, respirations are 30/min, and blood pressure is 100/60 

mm Hg. Which of the following sets of laboratory values is most likely on evaluation of blood obtained before treatment?  

  

   Serum  Arterial Blood  

   HCO3
−  pH  PCO2  

(A) ↑  ↓  ↑  

(B) ↓  ↓  ↓  

(C) ↑  ↑  ↓  

(D) ↓  ↓  ↑  

(E) ↑  ↑  ↑  

  

 
  

20. An investigator is studying the incidence of the common cold among medical students at various time points during the school 

year. Results show an increased incidence of upper respiratory tract infections among these students during finals week. It is 

hypothesized that the stress of studying for examinations adversely affects the immune system, making the students more 

susceptible to infection. Which of the following laboratory findings in these students during examination week is most likely 

to support this hypothesis?  

  

(A) Decreased AM serum cortisol concentration  

(B) Decreased macrophage activity  

(C) Increased basophil count  

(D) Increased lymphocyte count  

(E) Increased natural killer cell activity  

  

  

21. A 63-year-old man is brought to the emergency department because of a 4-day history of increasingly severe left leg pain and 

swelling of his left calf. He also has a 1-month history of increasingly severe upper midthoracic back pain. During this time, 

he has had a 9-kg (20-lb) weight loss despite no change in appetite. He has no history of major medical illness. His only 

medication is ibuprofen. He is 180 cm (5 ft 11 in) tall and weighs 82 kg (180 lb); BMI is 25 kg/m2. His vital signs are within 

normal limits. On examination, lower extremity pulses are palpable bilaterally. The remainder of the physical examination 

shows no abnormalities. An x-ray of the thoracic spine shows no abnormalities. A CT scan of the abdomen shows a 3-cm mass 

in the body of the pancreas; there are liver metastases and encasement of the superior mesenteric artery. Ultrasonography of 

the left lower extremity shows a femoropopliteal venous clot. Which of the following is the most likely cause of this patient’s 

symptoms?  

  

(A) Carcinoid syndrome  

(B) Hypercoagulability from advanced malignancy  

(C) Multiple endocrine neoplasia  

(D) Splenic artery aneurysm and embolic disease of the left lower extremity  

(E) Superior mesenteric artery syndrome  

  

  

22. A 35-year-old man comes to the physician because of pain and swelling of his right arm where he scraped it on a tree branch 2 

days ago. His temperature is 38.3°C (101°F). Examination of the right forearm shows edema around a fluctuant erythematous 

lesion at the site of trauma. The area is extremely tender to palpation. Which of the following is most likely the primary 

mechanism of the development of edema in this patient?  

  

(A) Degranulation of eosinophils  

(B) Disruption of vascular basement membranes  

(C) Increased hydrostatic pressure  
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(D) Release of thromboxane  

(E) Separation of endothelial junctions  

  

  

  

  

23. A 4-year-old boy from Brazil is brought to the physician because of a 1-week history of painless swelling of his jaw and pressure 

around his eyes. He is at the 80th percentile for height and weight. Physical examination shows a single 12 × 10-cm lesion in 

the right side of the jaw with diffuse limits and irregular edges. Photomicrographs of an incisional biopsy specimen of the 

lesion are shown. Based on these findings, which of the following processes is most likely occurring in the region indicated by 

the arrows?  

  

(A) Apoptosis  

(B) Necrosis  

(C) Oncosis  

(D) Ostosis  

(E) Symptosis  

  
  

24. A 33-year-old woman comes to the physician because of a 2-day history of mild nausea, increased urinary urgency and 

frequency, and constipation. She also has had a 4.5-kg (10-lb) weight loss during the past 2 weeks and a 3-week history of 

vaginal bleeding. Pelvic examination shows a nodular cervix with an irregular, friable posterior lip, and a rock-hard, irregular, 

immobile pelvic mass that extends across the pelvis. Examination of biopsy specimens from the cervix and anterior wall of the 

vagina show well-differentiated keratinizing squamous cell carcinoma. Which of the following best describes the pathogenesis 

of this patient's disease?  

  

(A) Inactivation of cellular p53  

(B) Insertion of viral promotors adjacent to cellular growth factor genes  

(C) Specialized transduction  

(D) Transactivation of cellular growth factor genes by TAX  

(E) Translocation of CMYC to an Ig gene promoter  

  

  

25. A 27-year-old man is admitted to the hospital 45 minutes after being involved in a motor vehicle collision. Physical examination 

shows a sluggish response to stimuli. Neurologic examination shows no other abnormalities. A skull x-ray shows a linear, 

nondepressed basal skull fracture. Two weeks later, the patient develops polyuria and polydipsia. Laboratory studies show a 

serum glucose concentration within the reference range, increased serum osmolality, and decreased urine osmolality. Following 

the administration of desmopressin, urine osmolality increases. The beneficial effect of this drug is most likely due to activation 

of which of the following?  

  

(A) Adenylyl cyclase  

(B) Ca2+ channels  

(C) Janus kinase  

(D) Serine kinase  

(E) Tyrosine kinase  
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26. A 30-year-old man is admitted to the hospital for evaluation. He has a 6-week history of colicky abdominal pain and diarrhea 

with occasional blood. Three days after admission, he suddenly develops peritonitis and sepsis. Despite appropriate care, he 

dies. At autopsy, examination shows a fibrinous exudate over the peritoneal and serosal surfaces, and a punctate opening is seen 

in the wall of a thickened loop of small intestine. Several lengths of the small and large intestines are also thickened and adherent 

to one another, with marked areas of narrowing. Photomicrographs of a section of the colon are shown. Which of the following 

is the most likely diagnosis?  

  

(A) Colon cancer  

(B) Crohn disease  

(C) Diverticulitis  

(D) Ischemic necrosis  

(E) Ulcerative colitis  

  
  

27. A couple comes for preconceptional genetic counseling because they both have a family history of α-thalassemia. The woman 

has a minimally decreased hemoglobin concentration. Genetic studies show a single gene deletion. The man has microcytic 

anemia and a two-gene deletion. If the two-gene deletion is in trans (one deletion on the maternal gene and one deletion on the 

paternal gene), which of the following percentages of their offspring will have a two-gene deletion?  

  

(A) 0%  

(B) 25%  

(C) 50%  

(D) 75%  

(E) 100%  

  

  

28. A healthy 22-year-old man participates in a study of glucose metabolism. At the beginning of the study, his serum glucose 

concentration is within the reference range. He consumes an 800-calorie meal consisting of protein, fat, and carbohydrates. He 

then sleeps through the night without additional food or drink. Twelve hours later, his serum glucose concentration remains 

within the reference range. Which of the following mechanisms is most likely involved in maintaining this man's serum glucose 

concentration?  

  

(A) Continued gut absorption of calories from the ingested meal  

(B) Glucose release from skeletal muscle  

(C) Glycogenolysis in the liver  

(D) Increased leptin release from adipose tissues  

(E) Inhibition of glucagon release by the pancreas  

  

  

  

  

29. A 63-year-old homeless man is brought to the emergency department 1 hour after police found him unresponsive. His 

respirations are 30/min. Crackles are heard over the left upper and the entire right lung fields. Despite appropriate lifesaving 

measures, he dies. A photomicrograph of a section of the right lung obtained at autopsy is shown. Which of the following 

mediators is the most likely cause of the position of the cell indicated by the arrow?  

  

(A) Bradykinin  

(B) C5a  

(C) Histamine  

(D) Nitrous oxide  

(E) Prostaglandins  
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30. A 16-year-old boy is brought to the physician because of a 3-day history of abdominal pain and vomiting; he also has had 

decreased appetite during this period. The pain was initially on the right but now has become generalized. His temperature is 

38.8°C (101.8°F), pulse is 100/min, respirations are 20/min, and blood pressure is 143/83 mm Hg. Abdominal examination 

shows guarding with diffuse rebound tenderness. There are no palpable masses. A CT scan of the abdomen shows a perforated 

appendix. Examination of peritoneal fluid from this patient will most likely show which of the following organisms?  

  

(A) Candida albicans  

(B) Citrobacter freundii  

(C) Escherichia coli  

(D) Staphylococcus aureus  

(E) Streptococcus pneumoniae  

  

  

31. A 16-year-old boy is admitted to the emergency department because of a knife wound to the left side of his chest. An x-ray of 

the chest shows an air-fluid level in the left side of the chest, partial collapse of the left lung, and elevation of the stomach 

bubble. The mediastinum is in the midline. Which of the following is the most likely diagnosis?  

  

(A) Hemopneumothorax, not under tension  

(B) Hemothorax, not under tension  

(C) Pneumothorax, not under tension  

(D) Tension hemopneumothorax  

(E) Tension hemothorax  

(F) Tension pneumothorax  

  

  

  

  

32. A 20-year-old woman comes to the physician because of a 5-year history of heavy bleeding with menses that often requires her 

to change her sanitary pads three times hourly. Menses occur at regular 28-day intervals. She recently sustained a minor cut to 

her finger, and the bleeding took longer to stop than usual. She has not had easy bruising or change in weight. She only takes 

an oral contraceptive, but she has not been sexually active for the past 6 months. Her temperature is 37.5°C (99.5°F), pulse is 

72/min, respirations are 12/min, and blood pressure is 120/66 mm Hg. Physical examination shows mildly pale conjunctivae. 

Pelvic examination shows no abnormalities. Laboratory studies show:  

  

 Hemoglobin  10.5 g/dL  

 Hematocrit  31.3%  

 Mean corpuscular hemoglobin concentration  28% Hb/cell  

 Mean corpuscular volume  70 μm3  

 Leukocyte count  5500/mm3  

 Platelet count  275,000/mm3  

 Platelet aggregation studies  normal  

 Prothrombin time  10.5 sec (INR=1.0)  

 Partial thromboplastin time  28 sec  

  

(A) Pap smear shows no abnormalities. Which of the following hematologic disorders is the most likely 

cause of this patient's menorrhagia?  

  

(A) Afibrinogenemia  

(B) Hemophilia A  

(C) Intravascular coagulation  

(D) Vitamin K deficiency  

(E) von Willebrand disease  
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33. A 2-year-old boy is brought to the physician for a well-child examination. He was delivered at term after an uncomplicated 

pregnancy. His birth weight was 3500 g (7 lb 11 oz), and Apgar scores were 8 and 10 at 1 and 5 minutes, respectively. At the 

age of 15 months, physical examination showed no abnormalities, but he was not yet talking. Both of his parents had learning 

difficulties in school, and his mother stopped attending after the 10th grade. He has a maternal uncle with cognitive disabilities. 

He is at the 25th percentile for height, 15th percentile for weight, and 90th percentile for head circumference. He appears 

irritable, he resists making eye contact, and he is flapping his hands. Which of the following is the most likely cause of this 

patient's condition?  

  

(A) Creation of an alternative splice site  

(B) Frameshift mutation  

(C) Missense mutation  

(D) Nonsense mutation  

(E) Trinucleotide repeat expansion  

  

  

34. A 31-year-old woman with type 2 diabetes mellitus comes to the physician because of an oozing, foul-smelling wound on her 

foot for 2 days. Physical examination shows a 4-cm, necrotizing wound with a purplish black discoloration over the heel. 

Crepitant bullae producing profuse amounts of serous drainage are seen. A Gram stain of a tissue biopsy specimen shows gram-

positive rods. The causal organism most likely produces which of the following virulence factors?  

  

(A) Endotoxin  

(B) Fimbriae  

(C) Pneumolysin  

(D) Polysaccharide capsule  

(E) α-Toxin  

  

  

35. A 10-month-old boy is brought to the physician because of a 4-day history of fever and cough. His illness began with lowgrade 

fever and copious, clear nasal discharge. Two days ago he developed a moist, nonproductive cough and rapid breathing. He has 

received all scheduled childhood immunizations. He attends a large day-care center and has three schoolaged siblings. His 

temperature is 38°C (100.4°F), pulse is 101/min, respirations are 38/min, and blood pressure is 85/60 mm Hg. Physical 

examination shows nasal flaring and rhinorrhea. Chest examination shows intercostal retractions along with bilateral, diffuse 

wheezes and expiratory rhonchi. The infectious agent of this patient's condition most likely has which of the following properties?  

  

(A) DNA genome  

(B) Double-stranded nucleic acid genome  

(C) Mature virion lacking viral polymerase  

(D) Mediation of cell entry via a fusion protein (E) Viability on surfaces for several weeks  

  

  

36. A 17-year-old girl is brought to the emergency department 15 minutes after being stung by a bee. She has mild lightheadedness 

but no difficulty swallowing. Her temperature is 37.1°C (98.8°F), pulse is 100/min, respirations are 30/min, and blood pressure 

is 115/70 mm Hg. Physical examination shows no urticaria. Bilateral wheezing is heard on auscultation of the chest. Which of 

the following types of drugs is the most appropriate pharmacotherapy for this patient?  

  

(A) α1-Adrenergic agonist  

(B) α2-Adrenergic agonist  

(C) α1-Adrenergic antagonist (D) β2-Adrenergic agonist  

(E) β2-Adrenergic antagonist  
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37. A 30-year-old woman, gravida 2, para 0, aborta 1, at 28 weeks' gestation comes to the office for a prenatal visit. She has had 

one previous pregnancy resulting in a spontaneous abortion at 12 weeks' gestation. Today, her vital signs are within normal 

limits. Physical examination shows a uterus consistent in size with a 28-week gestation. Fetal ultrasonography shows a male 

fetus with no abnormalities. Her blood group is O, Rh-negative. The father's blood group is B, Rh-positive. The physician 

recommends administration of Rho(D) immune globulin to the patient. This treatment is most likely to prevent which of the 

following in this mother?  

  

(A) Development of natural killer cells  

(B) Development of polycythemia  

(C) Formation of antibodies to RhD  

(D) Generation of IgM antibodies from fixing complement in the fetus  

(E) Immunosuppression caused by RhD on erythrocytes from the fetus  

  

  

38. A 52-year-old woman begins pharmacotherapy after being diagnosed with type 2 diabetes mellitus. Four weeks later, her hepatic 

glucose output is decreased, and target tissue glucose uptake and utilization are increased. Which of the following drugs was 

most likely prescribed for this patient?  

  

(A) Acarbose  

(B) Glyburide  

(C) Metformin  

(D) Nateglinide  

(E) Repaglinide  

  

  

39. A sexually active 23-year-old man with multiple sex partners has dysuria and a yellow urethral exudate. Gram stain of the 

exudate shows numerous neutrophils, many that contain intracellular gram-negative diplococci. He has had three similar 

episodes of urethritis over the past 2 years. Which of the following properties of the infecting organism best explains the 

reinfection?  

  

(A) Antigenic variation  

(B) Catalase  

(C) Inhibition of B-lymphocyte function  

(D) Inhibition of T-lymphocyte function  

(E) Polysaccharide capsule  

  

  

40. A 17-year-old girl is brought to the physician by her mother because she has not had a menstrual period for 6 months. The 

patient is unconcerned about the lack of menses. Menarche occurred at the age of 12 years, and menses had occurred at regular 

28-day intervals until they became irregular 1 year ago. She is a member of her high school gymnastics team. She appears 

emaciated. She is 163 cm (5 ft 4 in) tall and weighs 40 kg (88 lb); BMI is 15 kg/m2. Her pulse is 54/min, and blood pressure is 

80/50 mm Hg. Which of the following is the most likely cause of this patient's amenorrhea?  

  

(A) Hyperthyroidism  

(B) Hypogonadotropic hypogonadism  

(C) Hypothyroidism  

(D) Polycystic ovarian syndrome  

(E) Prolactinoma  
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USMLE STEP 1 SAMPLE TEST QUESTIONS  

  

BLOCK 2, ITEMS 41-80  

  

  

41. A 49-year-old woman comes to the physician for a follow-up examination. She has a strong family history of coronary artery 

disease. Her blood pressure has ranged from 150/95 mm Hg to 130/85 mm Hg during the previous three visits within the past 2 

months. Her blood pressure today is 140/90 mm Hg. Physical examination shows no other abnormalities. Laboratory studies 

show:  

  

 Cholesterol, total  290 mg/dL  

   HDL-cholesterol  40 mg/dL  

   LDL-cholesterol  190 mg/dL  

 Triglycerides  350 mg/dL  

  

Treatment with atorvastatin and losartan is initiated. Which of the following serum findings is most likely to occur in this patient?  

  

   HDL-cholesterol  Triglycerides  

(A) Decreased decreased (B) Decreased increased  

(C) Increased  decreased  

(D) Increased  increased  

(E) No change  no change  

  

  
42. A 15-year-old girl comes to the physician because of a 3-month history of acne. Breast and pubic hair development began at the 

age of 12 years. Menarche occurred at the age of 14 years. Physical examination shows scattered open and closed comedones 

over the cheeks and forehead. Breast and pubic hair development are Tanner stage 5. Which of the following is the most likely 

underlying cause of this patient's acne?  

  

(A) Decreased parasympathetic stimulation to the sebaceous glands  

(B) Increased estrogen stimulation of the sebaceous glands  

(C) Increased responsiveness of the sebaceous glands to follicle-stimulating hormone  

(D) Increased sympathetic stimulation to the sebaceous glands (E) Stimulation of the sebaceous glands by androgens  

  

  

43. A previously healthy 40-year-old man is brought to the emergency department because of constant substernal chest pain for 12 

hours that is exacerbated by coughing and inspiration. The pain is relieved with sitting up and leaning forward. There is no 

family history of heart disease. His temperature is 38°C (100.4°F), pulse is 120/min, and blood pressure is 110/60 mm Hg. The 

lungs are clear to auscultation. Cardiac examination shows distant heart sounds. An ECG shows diffuse ST-segment elevation 

in all leads. An x-ray of the chest shows normal findings. The most likely cause of his condition is injury to which of the 

following tissues?  

  

(A) Aortic intima  

(B) Esophageal sphincter  

(C) Myocardium  

(D) Pericardium  

(E) Pleura  
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44. A 55 old man is brought to the emergency department because of shortness of breath and confusion for 4 hours. He has 

hypertension and chronic kidney disease requiring hemodialysis. An ECG shows low voltage with electrical alternans. Physical 

examination is most likely to show which of the following findings?  

  

   Blood Pressure    Jugular Venous  Pulsus  

   (mm Hg)  Pulse (/min)  Pressure  Paradoxus  

(A) 85/60  120  increased  increased  

(B) 85/60  120  increased  normal  

(C) 85/60  120  normal  normal  

(D) 120/80  80  increased  increased  

(E) 120/80  80  normal   increased  

(F) 120/80  80  normal  normal  

  

  
45. A 54-year-old woman comes to the emergency department because of severe jaw pain since undergoing a painful dental 

procedure 1 day ago. The patient was prescribed codeine after the procedure and instructed to take the medication every 4 hours, 

but she has continued pain despite adherence to this analgesic regimen. Other members of her family also have experienced 

poor pain control with codeine. Which of the following is the most likely explanation for this therapeutic failure?  

  

(A) Decreased absorption of codeine  

(B) Decreased metabolism of codeine to morphine  

(C) Deficiency of κ receptors  

(D) Increased plasma protein-binding of codeine  

(E) Increased renal clearance of codeine  

  

  

46. A 14-year-old girl with a 9-year history of type 1 diabetes mellitus is brought to the physician by her mother for a follow-up 

examination. She has been admitted to the hospital twice in the past 3 months because of diabetic ketoacidosis. She previously 

had been compliant with monitoring her blood glucose concentration and with her diet and insulin regimen. She acknowledges 

that, when she is with her peers, she eats whatever she wants and does not check her blood glucose concentration. She adds, 

"I'm embarrassed to inject myself in front of them." The physician is having a great deal of difficulty with her 15-year-old son 

who has been truant from school and sneaking out of the house. She says to the patient, "You should be ashamed for not taking 

care of yourself. We've all worked so hard to keep you healthy." Which of the following terms best describes the physician's 

reaction to the patient?  

  

(A) Countertransference  

(B) Identification with the aggressor  

(C) Projection  

(D) Splitting  

(E) Sublimation  

  

  

47. A 23-year-old woman with bone marrow failure is treated with a large dose of rabbit antithymocyte globulin. Ten days later, 

she develops fever, lymphadenopathy, arthralgias, and erythema on her hands and feet. Which of the following is the most 

likely cause of these symptoms?  

  

(A) Cytokine secretion by natural killer cells  

(B) Eosinophil degranulation  

(C) Immune complex deposition in tissues  

(D) Polyclonal T-lymphocyte activation  

(E) Widespread apoptosis of B lymphocytes  
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48. A 25 old man is brought to the emergency department because of a 6-day history of fever, severe muscle pain, and diffuse, 

painful swelling of his neck, underarms, and groin area. The symptoms began after returning from a camping trip in New 

Mexico. He appears ill and lethargic and can barely answer questions. His temperature is 39.2°C (102.5°F), pulse is 120/min, 

respirations are 22/min, and blood pressure is 110/70 mm Hg. Physical examination shows generalized scattered black maculae. 

Examination of the right upper extremity shows an erythematous, solid, tender mass on the underside of the upper extremity 

just above the elbow; the mass is draining blood and necrotic material. The most effective antibiotic for this patient’s disorder 

will interfere with which of the following cellular processes or enzymes?  

  

(A) Cell wall synthesis  

(B) DNA helicase  

(C) Glucuronosyltransferase  

(D) Proteasomal degradation  

(E) Ribosomal assembly  

(F) Tetrahydrofolate reductase  

  

  

49. A 42-year-old woman comes to the physician because of anxiety, tremor, and a 5-kg (11-lb) weight loss over the past 4 months 

despite good appetite. Physical examination shows fine thin hair, exophthalmos, goiter, and warm moist skin. Cardiac 

examination shows tachycardia and a widened pulse pressure. Which of the following sets of laboratory values is most likely 

in this patient's serum?  

  

   Thyroid-stimulating   Total Thyroxine   Free   Thyroid-binding   

   Hormone  (T4)  Thyroxine  Globulin  

(A) ↑  ↑  ↑  ↑  

(B) ↑  ↑  normal  ↓  

(C) ↑  normal  ↑  ↓  

(D) ↓  ↑  ↑  normal  

(E) ↓  normal  normal  ↑  

(F) ↓  normal  normal  normal  

  

  
50. A 29-year-old woman is prescribed carbamazepine for trigeminal neuralgia. She has a strong family history of osteoporosis. 

As a result, the physician also advises her to increase her intake of vitamin D. The most likely reason for this recommendation 

is that carbamazepine may affect which of the following pharmacokinetic processes?  

  

(A) Absorption  

(B) Distribution  

(C) Excretion  

(D) Metabolism  

(E) Protein binding  

  

  

51. Over 1 year, a study is conducted to assess the antileukemic activity of a new tyrosine kinase inhibitor in patients with chronic 

myeloid leukemia in blast crisis. All patients enrolled in the study are informed that they would be treated with the tyrosine 

kinase inhibitor. They are assigned to successive dose cohorts of 300 to 1000 mg/day of the drug. Six to eight patients are 

assigned to each dose. Treatment efficacy is determined based on the results of complete blood counts and bone marrow 

assessments conducted regularly throughout the study. This study is best described as which of the following?  

  

(A) Case-control study  

(B) Crossover study  

(C) Open-labeled clinical trial  

(D) Randomized clinical trial  

(E) Single-blind, randomized, controlled trial  
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52. A 64 old man with non-Hodgkin lymphoma comes to the physician because of a 3-week history of progressive numbness in 

his hands and feet and weakness in his legs when he stands. He received his third course of chemotherapy 4 weeks ago. Physical 

examination shows areflexia. Which of the following drugs is the most likely cause of these adverse effects?  

  

(A) Bleomycin  

(B) Cyclophosphamide  

(C) Cytarabine  

(D) Doxorubicin  

(E) Fluorouracil  

(F) Methotrexate  

(G) Vincristine  

  

  

53. During an experiment, drug X is added to a muscle bath containing a strip of guinea pig intestinal smooth muscle. Agonists are 

added to the bath, and the resultant effects on muscle tension are shown in the table.  

  

 Agonist  Muscle Tension Before Drug X (g)  Muscle Tension After Drug X (g)  

 Vehicle  6.0  6.1  

Acetylcholine 11.3  18.5 Norepinephrine 4.1  4.2  

  

Which of the following types of drugs is most likely to produce effects most similar to those of drug X?  

  

(A) α1-Adrenergic antagonist  

(B) β-Adrenergic antagonist  

(C) Cholinesterase inhibitor  

(D) Monoamine oxidase inhibitor  

(E) Muscarinic antagonist  

  

  
54. A 42-year-old man comes to the physician for a follow-up examination. Four months ago, he underwent repair of a Dupuytren 

contracture. Physical examination shows decreased range of motion in the affected hand. The patient is upset that his hand has 

not fully healed, and he files a malpractice suit against the physician. Which of the following is the most likely precipitating 

factor in this patient's decision to file a malpractice suit?  

  

(A) The patient's perception that the physician is incompetent  

(B) The patient's perception that the physician is uncaring  

(C) The patient's socioeconomic status  

(D) The physician's amount of experience in the medical field (E) The physician's inability to screen out problem patients  

  

  

55. A 72-year-old woman comes to the physician because of a 2-month history of painless swelling of both ankles. She also reports 

shortness of breath with exertion and when lying down. She has been awakened from sleep by shortness of breath. She has not 

had chest pain. Her pulse is 96/min and regular, respirations are 24/min, and blood pressure is 128/76 mm Hg. Jugular venous 

pressure is 15 cm H2O. Pulmonary examination shows crackles at both lung bases. Cardiac examination shows a regular rhythm 

and a soft S3. A grade 3/6 holosystolic murmur is heard best at the apex, radiating to the axilla. There is 2+ pitting edema of the 

lower legs and ankles. Which of the following is most likely to confirm the diagnosis?  

  

(A) Measurement of serum troponin I concentration  

(B) ECG  

(C) Exercise stress test  

(D) Echocardiography  

(E) Pulmonary artery catheterization  
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56. A 14 old boy is brought to the physician for a physical examination prior to participating in sports. He appears reluctant to 

remove his shirt for the examination, and says that he is embarrassed because he has grown breasts during the past year. He is 

at the 50th percentile for height and weight. Physical examination shows bilateral 1.5-cm fibroglandular masses located beneath 

the nipple-areolar complex and normal penis and testes. Pubic hair development is Tanner stage 3. Serum concentrations of 

gonadotropic hormones, estrogens, and testosterone are within the reference ranges. Which of the following is the most likely 

cause of this patient's breast enlargement?  

  

(A) Breast adenocarcinoma  

(B) Estradiol-secreting Leydig cell tumor  

(C) Peutz-Jeghers syndrome  

(D) Seminiferous tubule dysgenesis (Klinefelter syndrome)  

(E) Normal development  

  

  

57. A 5-year-old boy is admitted to the hospital because of a 1-week history of fever and increasingly severe abdominal discomfort. 

At the age of 7 months, he was treated for osteomyelitis caused by Aspergillus fumigatus. He has been admitted to the hospital 

three times during the past 4 years for severe pneumonia. He appears moderately ill. His temperature is 39°C (102.2°F). 

Abdominal examination shows an enlarged, tender liver. Ultrasonography of the abdomen shows an intrahepatic abscess. 

Culture of the abscess fluid grows Staphylococcus aureus. Further analysis shows failure of the neutrophils to undergo an 

oxidative burst when exposed to S. aureus. This patient has an increased susceptibility to infection as a result of which of the 

following abnormalities?  

  

(A) Deficient leukocyte production  

(B) Failure of leukocytes to migrate between endothelial cells  

(C) Failure of leukocytes to roll along the endothelial surface  

(D) Inability of leukocytes to ingest microorganisms  

(E) Inability of leukocytes to kill intracellular microorganisms  

  

  

58. A 22-year-old woman contacts a medical student and asks if he would like to join her for dinner. The student met the woman 

when he was assigned to her care during her 2-week hospitalization for treatment of major depressive disorder. He has not 

treated or seen the patient since she was discharged from the hospital. He is attracted to this former patient and would be 

interested in dating her. Which of the following is the most appropriate action by the medical student regarding this patient 's 

invitation?  

  

(A) He can date her because he was a medical student, not a physician, when he contributed to her care  

(B) He can date her because she is no longer his patient  

(C) He can date her, but only after at least 1 year has passed since he treated her  

(D) He cannot date her because she was once his psychiatric patient  

(E) He cannot date her unless she agrees never to seek care at his hospital in the future  

  

  

59. A 73-year-old woman comes to the physician because of a 2-month history of diffuse weakness and tingling of her arms and 

legs. Neurologic examination shows weakness of the extensor and flexor muscles of the lower extremities. Knee and ankle 

deep tendon reflexes are exaggerated. Sensation to vibration and position is decreased in all extremities, but the decrease is 

more prominent in the lower extremities than in the upper extremities. This patient most likely has a deficiency of which of the 

following vitamins?  

  

(A) Niacin  

(B) Vitamin B1 (thiamine)  

(C) Vitamin B2 (riboflavin)  

(D) Vitamin B6 (pyridoxine)  

(E) Vitamin B12 (cyanocobalamin)  
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60. A 45 old man comes to the physician because of right shoulder pain that began after he chopped wood 2 days ago. Examination 

of the right upper extremity shows no obvious bone deformities or point tenderness. The pain is reproduced when the patient 

is asked to externally rotate the shoulder against resistance; there is no weakness. In addition to the teres minor, inflammation 

of which of the following tendons is most likely in this patient?  

  

(A) Infraspinatus  

(B) Pectoralis  

(C) Subscapularis  

(D) Supraspinatus  

(E) Trapezius  

  

  

61. A 54-year-old man comes to the physician for a follow-up examination 10 days after undergoing a stereotactic brain operation 

to remove a small tumor. The operation was successful. During the procedure, he was under conscious sedation.  

The patient recalls that at one point during the operation he experienced a sudden, intense feeling of overwhelming fear. Which 

of the following areas of the brain was most likely stimulated at that time?  

  

(A) Amygdala  

(B) Hippocampus  

(C) Mammillary body  

(D) Prefrontal cortex  

(E) Thalamus  

  

  

62. A placebo-controlled clinical trial is conducted to assess whether a new antihypertensive drug is more effective than standard 

therapy. A total of 5000 patients with essential hypertension are enrolled and randomly assigned to one of two groups: 2500 

patients receive the new drug and 2500 patients receive placebo. If the alpha is set at 0.01 instead of 0.05, which of the following 

is the most likely result?  

  

(A) Significant findings can be reported with greater confidence  

(B) The study will have more power  

(C) There is a decreased likelihood of a Type II error  

(D) There is an increased likelihood of statistically significant findings (E) There is an increased likelihood of a Type I 

error  

  

  

63. A male stillborn is delivered at 32 weeks' gestation to a 30-year-old woman. The pregnancy was complicated by 

oligohydramnios. Examination of the stillborn shows the absence of a urethral opening. Which of the following additional 

findings is most likely in this stillborn?  

  

(A) Congenital diaphragmatic hernia  

(B) Intralobar sequestration  

(C) Pulmonary hypoplasia  

(D) Situs inversus  

(E) Tracheoesophageal fistula  

  

  

64. A 33-year-old man undergoes a radical thyroidectomy for thyroid cancer. During the operation, moderate hemorrhaging 

requires ligation of several vessels in the left side of the neck. Postoperatively, serum studies show a calcium concentration of 

7.5 mg/dL, albumin concentration of 4 g/dL, and parathyroid hormone concentration of 200 pg/mL. Damage to which of the 

following vessels caused the findings in this patient?  
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(A) Branch of the costocervical trunk  

(B) Branch of the external carotid artery  

(C) Branch of the thyrocervical trunk  

(D) Tributary of the internal jugular vein  

(E) Tributary of the left brachiocephalic vein  

(F) Tributary of the right brachiocephalic vein  
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65. A 42-year-old man comes to the physician for a follow-up examination 1 week after he passed a renal calculus. X-ray 

crystallographic analysis of the calculus showed calcium as the primary cation. Physical examination today shows no 

abnormalities. A 24-hour collection of urine shows increased calcium excretion. Which of the following is the most appropriate 

pharmacotherapy?  

  

(A) Carbonic anhydrase inhibitor  

(B) Na+–Cl− symport inhibitor  

(C) Na+–K+–2Cl− symport inhibitor  

(D) Osmotic diuretic  

(E) Renal epithelial sodium channel inhibitor  

  

  

66. A 55-year-old man comes to the physician because of a 2-week history of recurrent, widespread blister formation. Physical 

examination shows lesions that are most numerous in the flexural areas including the axillae and groin. The blisters do not 

break easily, and there are no oral lesions. These blisters are most likely the result of adhesion failure involving which of the 

following?  

  

(A) Basement membrane  

(B) Dermal papillae  

(C) Langerhans cells  

(D) Melanocytes  

(E) Merkel cells  

  

  

67. A 24-year-old man is brought to the emergency department 40 minutes after he was involved in a motor vehicle collision. He 

was the unrestrained driver. He is conscious. Physical examination shows numerous lacerations and ecchymoses over the face. 

His vision is normal. Ocular, facial, and lingual movements are intact. The gag reflex is present. Sensation to pinprick is absent 

over the right side of the face anterior to the right ear, extending down along the full extent of the mandible to the chin. Sensation 

also is absent over the right side of the tongue. X-rays of the skull show fractures of the orbit, zygomatic arch, and infratemporal 

fossa. The most likely cause of these findings is a fracture affecting which of the following locations?  

  

(A) Foramen lacerum  

(B) Foramen ovale  

(C) Foramen rotundum  

(D) Foramen spinosum  

(E) Jugular foramen  

  

  

68. A 55-year-old man who is a business executive is admitted to the hospital for evaluation of abdominal pain. He is polite to the 

physician but berates the nurses and other staff. The patient's wife and two of his three adult children arrive for a visit. The 

patient says with disgust that the missing child is and always has been worthless. Which of the following is the most likely 

explanation for this patient's behavior?  

  

(A) Countertransference  

(B) Projection  

(C) Projective identification  

(D) Reaction formation  

(E) Splitting  
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69. A 2-year-old boy with a history of recurrent skin abscesses develops posterior cervical lymphadenitis. Results of a flow 

cytometry assay measuring reduction of dihydrorhodamine to the fluorescent compound rhodamine (DHR) by resting or 

phorbol myristate acetate (PMA)-stimulated neutrophils are shown. Which of the following is the most likely causal organism?  

  

(A) Bacteroides fragilis  

(B) Mycobacterium tuberculosis  

(C) Pseudomonas aeruginosa  

(D) Staphylococcus aureus  

(E) Treponema pallidum  

  

  

  

  

70. An otherwise healthy 45-year-old man comes to the physician because of a 3-week history of progressive epigastric heartburn 

and a 4.5-kg (10-lb) weight loss. The pain tends to be more severe at night and occurs 1 to 3 hours after meals during the day. 

He has had similar episodes with lesser intensity during the past year. Abdominal examination shows tenderness to deep 

palpation. Test of the stool for occult blood is positive. Endoscopy shows a bleeding 3-cm ulcer in the antrum of the stomach. 

A photomicrograph of Steiner silver-stained tissue (400x) from a biopsy of the gastric mucosa adjacent to the ulcer is shown. 

Which of the following processes is most likely to be involved?  

  

(A) Elaboration of proteases and urease with local tissue destruction  

(B) Hyperacidity and gastric ulcer development  

(C) Ingestion of preformed toxins in contaminated well water  

(D) Spirochete invasion of gastric cells  

  

 
  

71. A 10-year-old girl is brought to the office by her mother because her school nurse thinks that she may have Marfan syndrome. 

She is at the 95th percentile for height and 25th percentile for weight. Physical examination shows a narrow palate with dental 

crowding, long slender extremities, and joint laxity. Molecular testing for FBN1 shows a single nucleotide difference that does 

not change the amino acid at that locus. Her mother is 163 cm (5 ft 4 in) tall. There is no clinical evidence of Marfan syndrome 

in the mother, but she has the same single nucleotide change as the patient. The same nucleotide change is found in 15 of 200 

individuals without Marfan syndrome. Which of the following best describes the single nucleotide change in the patient and 

her mother?  

  

(A) It is a disease-causing mutation in the patient and her mother  

(B) It is a polymorphism  

(C) It is a sequence variant of unknown significance  

(D) It will change the folding of the protein (E) It will result in a truncated protein  

  

  

72. A previously healthy 40-year-old woman is brought to the emergency department by her husband because of a 2-day history of 

fever, lethargy, and confusion. Her temperature is 38°C (100.4°F), pulse is 80/min, respirations are 18/min, and blood pressure 

is 140/90 mm Hg. Physical examination shows scattered petechiae and ecchymoses over the lower extremities. Neurologic 

examination shows moderate generalized motor weakness. She is oriented to person but not to place or time. Laboratory studies 

show:   

  

 Hemoglobin  9 g/dL  

 Hematocrit  27%  

 Leukocyte count   8000/mm3 with a normal differential  

 Platelet count  15,000/mm3  

 Prothrombin time  12 sec (INR=1.1)  

 Partial thromboplastin time  30 sec  

 Serum    

   Urea nitrogen  25 mg/dL  
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   Lactate dehydrogenase  1000 U/L  

  

(A) peripheral blood smear shows 3+ polychromasia and 3+ schistocytes. Urine and blood cultures grow 

no organisms. A chest x-ray shows no abnormalities. Which of the following is the most likely 

diagnosis?  

  

(A) Acute myeloid leukemia  

(B) Autoimmune hemolytic anemia  

(C) Thrombotic thrombocytopenic purpura  

(D) Toxic shock syndrome  

(E) von Willebrand disease  

  

  
73. A 17-year-old girl has never had a menstrual period. Physical examination shows a normal female body habitus, normal breast 

development, and normal appearing external genitalia. She has no axillary or pubic hair. The patient refuses to have a pelvic or 

rectal examination. Which of the following is the most likely explanation for the clinical presentation?  

  

(A) Androgen insensitivity  

(B) Congenital adrenal hyperplasia  

(C) Ectodermal dysplasia  

(D) A psychiatric disorder  

(E) A sex chromosome mosaicism  

  

  

74. A 12-year-old girl is brought to the physician because of a 2-month history of intermittent yellowing of the eyes and skin. 

Physical examination shows no abnormalities except for jaundice. Her serum total bilirubin concentration is 3 mg/dL, with a 

direct component of 1 mg/dL. Serum studies show a haptoglobin concentration and AST and ALT activities that are within the 

reference ranges. There is no evidence of injury or exposure to toxins. Which of the following additional findings is most likely 

in this patient?  

  

(A) Decreased activity of UDP glucuronosyltransferase  

(B) Gallstones  

(C) Increased hemolysis  

(D) Increased serum alkaline phosphatase activity  

(E) Ineffective erythropoiesis  

  

  

  

  

75. A 47-year-old woman comes to the emergency department because of a 2-week history of intermittent abdominal pain, nausea, 

and vomiting. She has had similar episodes sporadically during the past 4 years. Physical examination shows dehydration, 

jaundice, and upper abdominal distention. Laboratory studies show hyperbilirubinemia. A CT scan and upper gastrointestinal 

series of the abdomen with oral contrast are shown; the arrows indicate the abnormality. Which of the following is the most 

likely cause of these findings?  

  

(A) Annular pancreas  

(B) Cirrhosis of the liver  

(C) Duodenal constriction by the portal vein  

(D) Duodenal constriction by the superior mesenteric artery  

(E) Pyloric stenosis  

  

  
76. An 8-year-old boy is brought to the office by his mother because of a 3-day history of fever, sore throat, and itchy eyes. He just 

returned from a weeklong summer camp that included hiking trips and swimming lessons in the camp-owned swimming pool. 
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He has no history of major medical illness and receives no medications. He appears tired. His temperature is 39.4°C (102.9°F); 

other vital signs are within normal limits. Physical examination shows conjunctival injection and discharge and oropharyngeal 

erythema. The public health department reports an outbreak of similar symptoms among the other campers and camp volunteers. 

Which of the following is the most likely cause of this patient’s symptoms?  

  

(A) Adenovirus  

(B) Cytomegalovirus  

(C) Epstein-Barr virus  

(D) Influenza virus  

(E) West Nile virus  

  

  

  

  

  

  

  

77. A 36-year-old man with profound intellectual disability is brought to the physician by staff at his facility because of increasing 

abdominal girth during the past 2 weeks. He is unable to speak, and no medical history is currently available. Physical 

examination shows a protuberant abdomen with a fluid wave and shifting dullness. There are no signs of trauma to the area. 

Laboratory studies show no abnormalities. A CT scan of the abdomen is shown. Fluid is present in which of the following areas 

as indicated by the arrow?  

  

(A) Epiploic foramen  

(B) Gastrosplenic ligament  

(C) Hepatorenal pouch (of Morison)  

(D) Omental bursa (lesser sac)  

(E) Sulcus pericolicus  

  

 
  

78. A study is designed to evaluate the feasibility of acupuncture in children with chronic headaches. Sixty children with chronic 

headaches are recruited for the study. In addition to their usual therapy, all children are treated with acupuncture three times a 

week for 2 months. Which of the following best describes this study design?  

  

(A) Case-control  

(B) Case series  

(C) Crossover  

(D) Cross-sectional  

(E) Historical cohort  

(F) Randomized clinical trial  

  

  

79. A 56-year-old man comes to the emergency department because of a 4-day history of colicky right flank pain that radiates to 

the groin and hematuria. Ultrasound examination of the kidneys shows right-sided hydronephrosis and a dilated ureter. Which 

of the following is most likely to be found on urinalysis?  

  

(A) Erythrocyte casts  

(B) Glucose  

(C) Leukocyte casts  

(D) Oval fat bodies  

(E) Uric acid crystals  
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80. A 62-year-old man comes to the physician for a follow-up examination after he was diagnosed with chronic inflammatory 

interstitial pneumonitis. Following pulmonary function testing, a biopsy specimen of the affected area of the lungs is obtained. 

Compared with a healthy man, analysis of this patient's biopsy specimen is most likely to show which of the following patterns 

of changes in the cell populations of alveoli?  

  

   Type I Pneumocytes  Type II Pneumocytes  Fibroblasts  

(A) ↑  ↑  ↑  

(B) ↑  ↑  ↓  

(C) ↑  ↓  ↑  

(D) ↑  ↓  ↓  

(E) ↓  ↑  ↑  

(F) ↓  ↑  ↓  

(G) ↓  ↓  ↑  

(H) ↓  ↓  ↓  
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USMLE STEP 1 SAMPLE TEST QUESTIONS  

  

BLOCK 3, ITEMS 81-117  

  

  

81. Six healthy subjects participate in a study of muscle metabolism during which hyperglycemia and hyperinsulinemia is induced. 

Muscle biopsy specimens obtained from the subjects during the resting state show significantly increased concentrations of 

malonyl-CoA. The increased malonyl-CoA concentration most likely directly inhibits which of the following processes in these 

subjects?  

  

(A) Fatty acid oxidation  

(B) Fatty acid synthesis  

(C) Gluconeogenesis  

(D) Glycogenolysis  

(E) Glycolysis  

(F) Oxidative phosphorylation  

  

  

82. A 72-year-old woman who has smoked 20 cigarettes daily for the past 38 years begins using eyedrops for glaucoma. Three 

days later, she has a marked increase in shortness of breath while walking up a flight of stairs. Which of the following drugs is 

the most likely cause of the development of shortness of breath in this patient?  

  

(A) Acetazolamide  

(B) Apraclonidine  

(C) Epinephrine  

(D) Latanoprost  

(E) Timolol  

  

  

83. A 54-year-old man comes to the physician because of episodes of fainting for 3 months. He also has had difficulty performing 

daily tasks because he is easily fatigued. He had a myocardial infarction 12 years ago. His pulse is 40/min, respirations are 

18/min, and blood pressure is 138/85 mm Hg. Physical examination shows evidence of cannon a waves. An ECG shows a P-

wave rate of 90/min, and an R-wave rate of 40/min, with no apparent relation between the two. Which of the following is the 

most likely diagnosis?  

  

(A) First-degree atrioventricular block  

(B) Right bundle branch block  

(C) Second-degree atrioventricular block, type I  

(D) Second-degree atrioventricular block, type II  

(E) Third-degree atrioventricular block  

  

  

84. A 15-year-old boy is brought to the emergency department by his parents because of a 2-hour history of confusion and agitation. 

He also has had fever, headache, stiff neck, and vomiting since he returned from summer camp 2 days ago. His parents say he 

does not use illicit drugs. On arrival, he is combative and there is evidence of hallucinations. His temperature is 40°C (104°F), 

pulse is 80/min, respirations are 17/min, and blood pressure is 100/70 mm Hg. A lumbar puncture is performed. Results of 

cerebrospinal fluid analysis show cysts and trophozoites. The most likely portal of pathogen entry into this patient's central 

nervous system is which of the following?  

  

(A) Cavernous sinus  

(B) Facial nerve  

(C) Frontal sinus  

(D) Mastoid sinus  

(E) Olfactory nerve  
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(F) Trigeminal nerve  

  

  

85. A 42-year-old woman comes to the physician for a routine examination. She says that she has felt well except for occasional 

episodes of constipation, abdominal discomfort, and mild fatigue. She was treated for a renal calculus 10 years ago and was 

told she had a "lazy gallbladder." Her pulse is 82/min, and blood pressure is 150/80 mm Hg. Physical examination shows no 

other abnormalities. Laboratory studies show:  

  

 Erythrocyte count  3 million/mm3  

 Serum    

   K+  4.5 mEq/L  

   Cl–  107 mEq/L  

   Ca2+  12 mg/dL  

   Phosphorus  2.2 mg/dL  

   Alkaline phosphatase  95 U/L  

  

The most likely cause of this patient's condition is a small, well-defined nodule in which of the following locations?  

  

(A) Adrenal gland  

(B) Anterior pituitary gland  

(C) Gallbladder  

(D) Kidney  

(E) Parathyroid gland  

(F) Thymus  

  

 
  

86. A new severe respiratory illness caused by a newly identified virus is discovered. Which of the following properties of a killed 

vaccine relative to a live vaccine is the most appropriate rationale for developing a killed vaccine for this illness?  

  

(A) Avoids the concern for reversion to virulence  

(B) Develops more rapid protective immunity  

(C) Is less likely to require subsequent boosters for lifelong immunity  

(D) Is most likely to generate mucosal immunity  

(E) Requires little safety monitoring to ensure inactivation  

  

  

87. A 72-year-old woman comes to the physician because of a 3-day history of fever, shortness of breath, difficulty swallowing, 

chest pain, and cough. She is frail. Physical examination shows tachypnea and equal pulses bilaterally. Percussion of the chest 

shows dullness over the right lower lung field. Laboratory studies show arterial hypoxemia and decreased PCO2. A chest x-ray 

shows an area of opacification in the lower region of the right lung. Which of the following is the most likely cause of this 

patient's condition?  

  

(A) Alveolar proteinosis  

(B) Aspiration  

(C) Cigarette smoking  

(D) Emphysema  

(E) Vasculitis  

  

  

88. A 25-year-old woman comes to the office because of a 6-month history of increasingly severe low back pain and heavy menses. 

Her temperature is 37.1°C (98.8°F), pulse is 75/min, respirations are 13/min, and blood pressure is 115/79 mm Hg. Physical 

examination shows no abnormalities. An endometrial biopsy specimen shows regular tubular endometrial glands with abundant 
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mitotic figures in the endometrial glands and stroma. Which of the following proteins or enzymes regulate the progression of 

cells into this phase of this patient's menstrual cycle?  

  

(A) AMP-dependent kinases  

(B) Cyclin-dependent kinases  

(C) Hexokinases  

(D) Lipid kinases  

(E) Urokinases  

  

  

89. A 72-year-old woman is brought to the emergency department by her husband because of a 1-hour history of difficulty walking 

and speaking. The husband says that she was well last night but when she awoke this morning, she had difficulty getting out of 

bed and her speech was slurred. She has a 20-year history of type 2 diabetes mellitus well controlled with medication and diet. 

She is alert and oriented and is able to follow commands and respond verbally, but she has impaired speech. Her pulse is 80/min, 

respirations are 16/min, and blood pressure is 142/88 mm Hg. Physical examination shows leftsided hemiparesis. The tongue 

deviates to the right when protruded. Sensation to pinprick and temperature is normal, and proprioception and sensation to light 

touch are absent over the left upper and lower extremities. Which of the following labeled sites in the photograph of a cross 

section of a normal brain stem is most likely damaged in this patient?  

 

90. A 4-year-old boy is brought to the physician because of slow growth during the past year. He has had recurrent urinary tract 

infections since the age of 1 year. He is at the 10th percentile for height and 25th percentile for weight. Physical examination 

shows pallor. Laboratory studies show a normochromic, normocytic anemia and increased serum concentrations of urea 

nitrogen and creatinine. Urinalysis shows a low specific gravity. Which of the following sets of additional serum findings is 

most likely in this patient?  

  

   Calcium  Inorganic Phosphorus  1,25-Dihydroxycholecalciferol  Erythropoietin  

(A) ↑  ↑  ↑  ↓  

(B) ↑  ↑  ↓  ↓  

(C) ↑  ↓  ↓  ↑  

(D) ↓  ↑  ↑  ↓  

(E) ↓  ↑  ↓  ↓  

(F) ↓  ↓  ↑  ↑  

  

  

  

91. A 42-year-old woman is brought to the emergency department because of double vision that began 20 minutes after she fell 

from her horse and landed on the left side of her face. Examination of the face shows ecchymoses over the left zygomatic arch. 

A CT scan of the head is shown. Which of the following arteries is at greatest risk for injury in this patient?  

  

(A) Facial  

(B) Frontal  

(C) Infraorbital  

(D) Lacrimal  

(E) Ophthalmic  

  

  
92. A previously healthy 24-year-old woman who is a college student comes to the office because of a 6-month history of abdominal 

bloating, upper abdominal discomfort, and constipation. The symptoms are more severe when she is preparing for examinations 

but improve after bowel movements. She takes no medications. She does not smoke or use illicit drugs. She drinks alcoholic 

beverages occasionally. She is 160 cm (5 ft 3 in) tall and weighs 57 kg (125 lb); BMI is 22 kg/m2. Her pulse is 72/min, and 

blood pressure is 100/72 mm Hg. Physical examination, including digital rectal examination, shows no other abnormalities. A 

complete blood count and serum electrolyte concentrations are within the reference ranges. A urease breath test result is negative. 

Upper and lower endoscopies show no abnormalities. Which of the following is the most appropriate pharmacotherapy for this 

patient?  
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(A) Azathioprine  

(B) Infliximab  

(C) Lubiprostone  

(D) Mesalamine  

(E) Sulfasalazine  

  

  

93. A 32-year-old man is brought to the emergency department 30 minutes after being struck by a car while driving his motorcycle. 

He reports severe pelvic pain. On examination, there is bruising of the perineum and pain is elicited with motion of his pelvis. 

Blood is noted at the urethral meatus. There is no other penile trauma. A plain x-ray shows a fracture of the superior pubic 

ramus and retrograde urethrography is done to evaluate for a urethral disruption. Which of the following portions of the urethra 

would be at greatest risk for injury in this patient?  

  

(A) Intramural (pre-prostatic)  

(B) Membranous  

(C) Prostatic  

(D) Spongy  

  

  

  

94. A 2-year-old boy is brought to the office by his mother because of a 1-day history of severe pain, swelling, and redness of his 

left thumb. The mother does not recall any trauma to the area. She says he has been eating poorly during this period, but 

otherwise he has been behaving normally. He has no history of major medical illness and receives no medications. He appears 

tearful. He is at the 90th percentile for length and 80th percentile for weight. His temperature is 37.7°C (99.8°F), pulse is 

100/min, respirations are 20/min, and blood pressure is 100/50 mm Hg. Physical examination shows an oral vesicle, cervical 

lymphadenopathy, and the findings in the photograph. Which of the following types of infectious agents is the most likely cause 

of the findings in this patient’s finger?  

  

(A) DNA virus  

(B) Gram-negative bacterium  

(C) Gram-positive bacterium  

(D) RNA virus  

(E) Yeast  

  

 
  

95. A 46-year-old woman with active ankylosing spondylitis comes to the office for a follow-up examination. The use of various 

conventional nonsteroidal anti-inflammatory drugs has been ineffective. Sulfasalazine treatment also has not resulted in 

improvement. The most appropriate next step in treatment is administration of a drug that inhibits which of the following?  

  

(A) CD20  

(B) Cyclooxygenase-2  

(C) Cytotoxic T-lymphocyte antigen 4  

(D) Epidermal growth factor (E) Interleukin-1 (IL-1)  

(F) Tumor necrosis factor α  

  

  

96. During a study of renal glomeruli, a healthy animal kidney is kept in a vascular bath preparation at a constant afferent arterial 

pressure of 100 mm Hg. If the efferent arteriole is constricted with a vascular clamp, which of the following Starling forces is 

most likely to change in the glomeruli?  

  

(A) Decreased filtration coefficient (Kf)  

(B) Decreased hydrostatic pressure  

(C) Decreased oncotic pressure  

(D) Increased hydrostatic pressure  
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(E) Increased oncotic pressure  

  

97. A 67-year-old woman is brought to the emergency department 30 minutes after she had a generalized tonic-clonic seizure. Her 

family says that she seemed mildly confused before her eyes rolled backward and she had the onset of uncontrollable jerking 

movements of her arms and legs and loss of consciousness. During the seizure, she passed urine and bit her tongue. At the 

scene, her vital signs were within normal limits. She has a 6-month history of a 7-kg (15-lb) weight loss despite no changes in 

appetite. She received the diagnosis of small cell carcinoma of the lung last week and has not begun treatment. She has 

hypertension well controlled with lisinopril. On arrival, she is awake but does not respond to verbal stimuli. She is not in 

distress. Her temperature is 37°C (98.6°F), pulse is 70/min, and blood pressure is 130/88 mm Hg while supine. Examination 

shows no abnormalities. Laboratory studies show:  

  

 Serum    

   Na+  115 mEq/L  

   K+  4 mEq/L  

   Cl−  81 mEq/L  

   HCO3
−  25 mEq/L  

   Urea nitrogen  9 mg/dL  

   Glucose  102 mg/dL  

   Creatinine  0.6 mg/dL  

 Urine    

   Sodium  60 mEq/L  

   Potassium  20 mEq/L  

   Osmolality  900 mOsmol/kg H2O  

  

Which of the following is the most likely diagnosis?  

  

(A) Adrenal insufficiency  

(B) Diuretic abuse  

(C) Heart failure  

(D) Syndrome of inappropriate secretion of ADH (vasopressin) (E) Water intoxication  

  

  
98. A 23-year-old woman comes to the physician for genetic counseling prior to conception. Her brother and maternal uncle had 

Duchenne muscular dystrophy (DMD) and died at the ages of 28 and 17 years, respectively. Genetic analysis was not performed 

on either relative prior to death. Serum studies show a muscle creatine kinase concentration of 120 U/L (N=22– 198). The 

patient's 50-year-old mother has a serum muscle creatine kinase concentration of 300 U/L. Which of the following is the most 

appropriate assessment of this patient's carrier status for this disease?  

  

(A) The patient has a 50% risk for developing DMD  

(B) The patient has a 50% risk of having a child with DMD  

(C) The patient is a carrier of the disease based on her family history of DMD  

(D) The patient is not a carrier of the DMD based on her normal creatine kinase concentration  

(E) The patient's DMD carrier status is uncertain because of random X inactivation  

  

  

99. A randomized controlled trial is conducted to assess the risk for development of gastrointestinal adverse effects using 

azithromycin compared with erythromycin in the treatment of pertussis in children. Of the 100 children with pertussis enrolled, 

50 receive azithromycin, and 50 receive erythromycin. Results show vomiting among 5 patients in the azithromycin group, 

compared with 15 patients in the erythromycin group. Which of the following best represents the absolute risk reduction for 

vomiting among patients in the azithromycin group?  

  

(A) 0.1  

(B) 0.2  

(C) 0.33  

(D) 0.67  
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(E) 0.8  

  

  

100. A 35-year-old woman comes to the office because of a 3-day history of severe right back pain. She has not had any fever, chills, 

or weight loss. She has no history of major medical illness. Musculoskeletal and neurologic examinations show no 

abnormalities. When told that her examination is normal, the patient becomes tearful and demands an MRI of her back because 

her mother just died from breast cancer metastatic to bone and she fears that she may also have cancer. The patient already 

contacted her insurance company, who told her that if she has neurologic abnormalities an MRI may be covered by her plan. 

The patient asks the physician to order the MRI indicating that she has neurologic findings. Which of the following is the most 

appropriate initial action by the physician?  

  

(A) Advise the patient to change insurance companies as soon as she is able so that she can receive more comprehensive 

medical care  

(B) Explain that the patient does not need the MRI and that it is not appropriate to misrepresent her examination findings 

(C) Immediately inform the patient's insurance company about what the patient has asked the physician to do (D) 

Order the MRI as the patient requests  

(E) Recommend that the patient pay for the MRI out-of-pocket in order to ease her worry  

  

  

101. A 6-day-old breast-fed boy is brought to the emergency department by his mother because of poor weight gain and irritability 

since delivery, and a 2-hour history of vomiting. Physical examination shows jaundice and hepatomegaly. A reducing substance 

test result of the urine is positive, and a glucose oxidase test result is negative. The concentration of which of the following 

metabolites in liver is most likely increased in this patient?  

  

(A) Fructose 1,6-bisphosphate  

(B) Galactose 1-phosphate  

(C) Glucose 1-phosphate  

(D) Glucose 6-phosphate  

  

  

102. A 14-year-old boy is brought to the physician because of a 2-day history of a sore throat and fever that peaks in the late afternoon. 

He also has a 1-week history of progressive fatigue. He recently began having unprotected sexual intercourse with one partner. 

He appears ill. His temperature is 39°C (102.2°F). Physical examination shows cervical lymphadenopathy and pharyngeal 

erythema with a creamy exudate. Which of the following is the most likely diagnosis?  

  

(A) Candidiasis  

(B) Herpangina  

(C) Infectious mononucleosis  

(D) Mumps  

(E) Syphilis  

  

  

103. In a cohort study of elderly women, the relative risk ratio for hip fractures among those who exercise regularly is 1.2 (95% 

confidence interval of 1.1 to 1.8). Which of the following is the most appropriate conclusion about the effect of regular exercise 

on the risk for hip fracture?  

  

(A) Statistically nonsignificant increase in risk  

(B) Statistically nonsignificant overall decrease in risk  

(C) Statistically significant overall decrease in risk (D) Statistically significant overall increase in risk  

  

  

  

104. A 12-year-old boy is brought to the physician by his mother because of a 1-month history of pain below the left knee. His 

mother says, "He can usually walk around, but he hasn't been able to play in any of his soccer games since this all began." 
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Examination of the left knee shows warmth, swelling, and tenderness. An x-ray of the knee is shown. Which of the following 

structures is attached to the abnormal anterior tibial area?  

  

(A) Anterior cruciate ligament  

(B) Gastrocnemius muscle  

(C) Patellar ligament  

(D) Popliteus muscle  

(E) Posterior cruciate ligament  

(F) Soleus muscle  

  

  
105. A 22-year-old woman comes to the office because of a 3-day history of cold symptoms and a 1-week history of progressive 

fatigue. Six weeks ago, she received a kidney transplant from a living, related donor. Immediately after the operation, she 

received monoclonal anti-CD3 therapy. Current medications are azathioprine, cyclosporine, and prednisone. Her temperature 

is 39°C (102.2°F). Physical examination shows a well-healed surgical scar. Serum studies show that her urea nitrogen and 

creatinine concentrations have tripled. A diagnosis of allograft rejection is suspected. In addition, this patient's clinical 

presentation is best explained by an infection with which of the following agents?  

  

(A) Adenovirus  

(B) BK virus  

(C) Epstein-Barr virus  

(D) Herpes simplex virus  

(E) Varicella-zoster virus  

  

  

106. A new test to detect the presence of malarial antibodies by ELISA is evaluated in 100 patients with active untreated malaria 

proven by demonstration of blood-borne parasites and in 100 patients with no history of infection. Results of testing are shown:  

  

     Malaria    

     Present  Absent    

Positive 80  

ELISA Test Results  

Negative 120  

     100  100  200  

  

Which of the following is the specificity of this test?  

  

(A) 65%  

(B) 71%  

(C) 75%  

(D) 94%  

(E) 95%  

  

  
107. A 30-year-old woman comes to the physician because of a 2-day history of abdominal pain. She has a history of recurrent upper 

respiratory tract infections, sinusitis, and pancreatitis. She has thick nasal secretions. She says that her sweat is salty and 

crystallizes on her skin. Her vital signs are within normal limits. Physical examination shows epigastric tenderness.  

Genetic testing for the 36 most common mutations shows a detectable mutation (G551D) in one allele of the CFTR gene. 

Which of the following best explains this patient's clinical phenotype?  

  

(A) Loss of heterozygosity of the CFTR gene has occurred in the pancreas  

(B) Only one G551D allele is needed in CFTR  

(C) The patient is a CFTR obligate carrier  

(D) The patient's CFTR mutation is unrelated to her clinical phenotype  

75  5  

25  95  
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(E) The second CFTR mutation was not detected by the testing obtained  

  

  

108. A 52-year-old man is brought to the emergency department 30 minutes after he had an episode of chest pain radiating to his 

jaw while shoveling snow. His pulse is 80/min, and blood pressure is 130/70 mm Hg. The lungs are clear to auscultation. 

Cardiac examination shows an S4. While undergoing an ECG, the patient says that he feels the chest pain returning. The most 

appropriate immediate treatment is a drug with which of the following mechanisms of action?  

  

(A) Increases cAMP concentration  

(B) Increases nitric oxide concentration  

(C) Inhibits potassium flux  

(D) Inhibits sodium flux  

  

  

109. A technician wants to determine whether cytomegalovirus (CMV) DNA is present in the blood of a bone marrow transplant 

recipient. DNA purified from the leukocytes of the patient is reacted in a mixture containing oligonucleotides specific for CMV 

DNA, thermostable DNA polymerase, and nucleotides. Repetitive cycles of heating and cooling are performed, and the reaction 

product is detected by gel electrophoresis. The technician most likely used which of the following laboratory procedures on 

this patient's blood?  

  

(A) Northern blotting  

(B) Polymerase chain reaction  

(C) Reverse transcription  

(D) Southern blotting  

(E) Western blotting  

  

  

  

  

110. A 16-year-old boy comes to the physician because of a rash on his left inner thigh that first appeared 2 days after he returned 

from a hunting trip with friends in Minnesota. A photograph of the rash is shown. Without treatment, this patient is at increased 

risk for which of the following?  

  

(A) Carditis  

(B) Glomerulonephritis  

(C) Hepatitis  

(D) Pancreatitis  

(E) Thrombocytopenia  

  

  
111. After being severely beaten and sustaining a gunshot wound to the abdomen, a 42-year-old woman undergoes resection of a 

perforated small bowel. During the operation, plastic reconstruction of facial fractures, and open reduction and internal fixation 

of the left femur are also done. Thirty-six hours postoperatively, she is awake but not completely alert. She is receiving 

intravenous morphine via a patient-controlled pump. She says that she needs the morphine to treat her pain, but she is worried 

that she is becoming addicted. She has no history of substance use disorder. She drinks one to two glasses of wine weekly. 

Which of the following initial actions by the physician is most appropriate?  

  

(A) Reassure the patient that her chance of becoming addicted to narcotics is minuscule  

(B) Maintain the morphine, but periodically administer intravenous naloxone  

(C) Switch the patient to oral acetaminophen as soon as she can take medication orally  

(D) Switch the patient to intramuscular lorazepam  

(E) Switch the patient to intravenous phenobarbital  
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112. A 51-year-old man comes to the office because of a 6-month history of a lump on his tongue that is interfering with his speech 

and eating; he also has had a 6.8-kg (15-lb) weight loss during this period. He has smoked 1 pack of cigarettes daily and has 

consumed six 12-oz bottles of beer on weekend nights during the past 30 years. His vital signs are within normal limits. Physical 

examination shows a 1.5-cm mass on the apex of the tongue. Further evaluation of the mass confirms squamous cell carcinoma. 

It is most appropriate to evaluate which of the following lymph nodes first for evidence of metastasis in this patient?  

  

(A) Inferior deep cervical  

(B) Parotid  

(C) Retropharyngeal  

(D) Submental  

(E) Superior deep cervical  

  

  

113. A 31-year-old woman comes to the physician because of a 2-week history of malaise, nausea, vomiting, and decreased appetite. 

She is a known user of intravenous heroin. She appears chronically ill. She is 165 cm (5 ft 5 in) tall and weighs 47 kg (103 lb); 

BMI is 17 kg/m2. Her temperature is 36.7°C (98.1°F), pulse is 90/min, respirations are 18/min, and blood pressure is 114/68 

mm Hg. Physical examination shows scleral icterus and a liver span of 16 cm. The spleen is not palpable. Serum studies show:  

  

 Total bilirubin  3.2 mg/dL  

 AST  774 U/L  

 ALT  820 U/L  

 HIV antibody  negative  

 Hepatitis B surface antigen  negative  

 Hepatitis B surface antibody  positive  

 Anti-hepatitis B core antibody  positive  

 Hepatitis B DNA  negative  

 Anti-hepatitis C virus  positive  

 Hepatitis C RNA  positive  

  

Which of the following is the most likely outcome of this patient's infection?  

  

(A) Complete resolution of infection  

(B) Latent infection with intermittent viremia  

(C) Lifelong persistent infection  

(D) Patient death from acute infection  

  
  

114. A 57-year-old man receives radiation therapy for a squamous cell carcinoma of the lung. Despite therapy, the tumor 

progressively increases in size, and he dies 6 months later. His tumor cells contain a point mutation in the p53 gene (TP53), 

leading to an inactive gene product. Based on this finding, the progressive tumor growth despite irradiation therapy is most 

likely to be related to a defect in cell cycle arrest in which of the following phases of the cell cycle?  

  

(A) G0  

(B) G1  

(C) G2  

(D) M  

(E) S  

  

  

115. A 55-year-old man comes to the physician for a routine physical examination. He is currently taking no medications. His pulse 

is 80/min, and blood pressure is 165/95 mm Hg. Physical examination shows no other abnormalities. The presence of which of 

the following mechanisms is most likely to increase this patient's blood pressure further?  

  

(A) Decreased cardiac output  
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(B) Decreased pulse  

(C) Decreased stroke volume  

(D) Increased peripheral vascular resistance  

(E) Increased pulmonary artery pressure  

  

  

116. A 53-year-old man comes to the physician because of a 6-month history of intermittent blood in his stool. He has had no pain 

with defecation. Physical examination shows a 1-cm, visible anal mass located below the dentate line. A biopsy of the mass is 

scheduled. If the mass if found to be malignant, it is most appropriate to evaluate which of the following lymph nodes for 

possible metastasis?  

  

(A) Internal iliac  

(B) Popliteal  

(C) Sacral  

(D) Superficial inguinal  

(E) Superior rectal  

  

  

117. A 59-year-old man is brought to the emergency department because of a 4-day history of nausea, vomiting, and diarrhea. He 

also has been confused and agitated during this period. He has a history of mild hypertension. His current medication is a 

diuretic. His temperature is 37°C (98.6°F), pulse is 108/min, respirations are 26/min, and blood pressure is 70/47 mm Hg. 

Physical examination shows delayed capillary refill of the lips and nail beds and cool extremities. His oxyhemoglobin saturation 

in a central vein is 60% (N=70–75). These findings are most consistent with which of the following types of shock?  

  

(A) Cardiogenic  

(B) Distributive  

(C) Hypovolemic  

(D) Obstructive  

(E) Septic  
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Answer Form for USMLE Step 1 Sample Test Questions  
  

Block 1 (Questions 1-40)  

                    

  1.  ___  11.  ___  21.  ___  31.  ___     2.  ___  12.  ___  22.  ___  32. 

 ___     3.  ___  13.  ___  23.  ___  33.  ___     4.  ___  14.  ___  24.  ___ 

 34.  ___     5.  ___  15.  ___  25.  ___  35.  ___     6.  ___  16.  ___  26. 

 ___  36.  ___     7.  ___  17.  ___  27.  ___  37.  ___     8.  ___  18.  ___ 

 28.  ___  38.  ___     9.  ___  19.  ___  29.  ___  39.  ___    

  10.  ___  20.   ___  30.   ___  40.  ___    

  

  

Block 2 (Questions 41-80)  

  

  
  41.  ___  51.  ___  61.  ___  71.  ___   42.  ___  52.  ___  62.  ___ 

 72.  ___   43.  ___  53.  ___  63.  ___  73.  ___   44.  ___  54.  ___  64. 

 ___  74.  ___   45.  ___  55.  ___  65.  ___  75.  ___   46.  ___  56.  ___ 

 66.  ___  76.  ___   47.  ___  57.  ___  67.  ___  77.  ___   48.  ___  58. 

 ___  68.  ___  78.  ___  

49. ___  59.  ___  69.  ___  79.  ___  

50. ___  60.  ___  70.  ___  80.  ___ 

  

 

  

Block 3 (Questions 81-117)  

  

  

  81.  ___  91.  ___  101.  ___  111.  ___     82.  ___  92.  ___  102.  ___  112. 

 ___     83.  ___  93.  ___  103.  ___  113.  ___     84.  ___  94.  ___  104.  ___ 

 114.  ___     85.  ___  95.  ___  105.  ___  115.  ___     86.  ___  96.  ___  106. 

 ___  116.  ___    

87. ___  97.  ___  107.  ___  117.  ___    

88. ___  98.  ___  108.  ___    

89. ___  99.  ___  109.  ___    

90. ___  100.  ___  110.  ___      

  

  

  

Block 1 (Questions 1-40)  
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1. D  11. D  21. B  31. A  

2. A  12. E  22. E  32. E 3. D  13. C  23. A  33. E  

4. A  14. D  24. A  34. E  

5. E  15. C  25. A  35. D  

6. C  16. A  26. B  36. D  

7. C  17. D  27. C  37. C  

8. B  18. B  28. C  38. C  

9. C  19. B  29. B  39. A  

10. F  20. B  30. C  40. B  

  

  

Block 2 (Questions 41-80)  

  

  

41. C  51. C  61. A  71. B  

42. E  52. G  62. A  72. C  

43. D  53. C  63. C  73. A 44. A  54. B  64. C  74. A 45. B  55. D  65. B  75. A  

46. A  56. E  66. A  76. A  

47. C  57. E  67. B  77. D  

48. E  58. D  68. E  78. B  

49. D  59. E  69. D  79. E  

50. D  60. A  70. A  80. E  

  

Block 3 (Questions 81-117)  

  

  

81. A  91. C  101. B  111. A  

82. E  92. C  102. C  112. D  

83. E  93. B  103. D  113. C  

84. E  94. A  104. C  114. B  

85. E  95. F  105. B  115. D  

86. A  96. D  106. E  116. D  

87. B  97. D  107. E  117. C  

88. B  98. E  108. B    

89. C  99. B  109. B  

90. E  100. B  110. A  
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USMLE Step 1 Test Question Formats  
  

Single-Item Questions  

A single patient-centered vignette is associated with one question followed by four or more response options. The response 

options are lettered (A, B, C, D, E).  A portion of the questions require interpretation of graphic or pictorial materials. You 

are required to select the best answer to the question. Other options may be partially correct, but there is only ONE BEST 

answer. This is the traditional, most frequently used multiple-choice question format on the examination.  
  

Strategies for Answering Single One-Best-Answer Test Questions  

  

The following are strategies for answering one-best-answer items:   
  

• Read each patient vignette and question carefully. It is important to understand what is being asked.  
  

• Try to generate an answer and then look for it in the response option list.  
  

• Alternatively, read each response option carefully, eliminating those that are clearly incorrect.  
  

• Of the remaining options, select the one that is most correct.  
  

• If unsure about an answer, it is better to guess since unanswered questions are automatically counted as wrong answers.  
  

Example Item  

  

A 32-year-old woman with type 1 diabetes mellitus has had progressive renal failure over the past 2 years. She has not yet 

started dialysis. Examination shows no abnormalities. Her hemoglobin concentration is 9 g/dL, hematocrit is 28%, and mean 

corpuscular volume is 94 μm3. A blood smear shows normochromic, normocytic cells. Which of the following is the most 

likely cause?  
  

(A) Acute blood loss  (F)  Microangiopathic hemolysis  

(B) Chronic lymphocytic leukemia  (G)  Polycythemia vera  

(C) Erythrocyte enzyme deficiency  (H)  Sickle cell disease  

(D) Erythropoietin deficiency  (I)   Sideroblastic anemia  

(E) Immunohemolysis  (J)   β-Thalassemia trait  
  
  

(Answer: D)  
  

NOTE: Some item types that appear on the Step 1 examination are NOT depicted in the sample items provided in this 

booklet, eg, items with multimedia features, such as audio. Also, when additional item formats are added to the exam, notice 

will be provided at the USMLE website: http://www.usmle.org. You must monitor the website to stay informed about the 

types of items that occur in the exam, and you must practice with the downloadable sample test items available on the 

USMLE website to be fully prepared for the examination.  

Introduction to USMLE Step 1 Sample Test Questions  
  
The following pages include 117 sample test questions. Most of these questions are the same as those you can install on 

your computer from the USMLE website. Please note that reviewing the sample questions as they appear on pages 7-45 is 

not a substitute for practicing with the test software. You should download and run the Step 1 tutorial and practice test items 

that are provided on the USMLE website well before your test date. The sample materials available on the USMLE website 

include additional items and item formats that do not appear in this booklet, such as items with associated audio or video 

findings. You should become familiar with all item formats that will be used in the actual examination.  

http://www.usmle.org/
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Although the sample questions exemplify content on the Step 1 examination overall, they may not reflect the content 

coverage on individual examinations. In the actual examination, questions will be presented in random order; they will not 

be grouped according to specific content. The questions will be presented one at a time in a format designed for easy onscreen 

reading, including use of the Normal Laboratory Values table (included here on pages 5 and 6) and some pictorials. 

Photographs, charts, and x-rays in this booklet are not of the same quality as the pictorials used in the actual examination. 

In addition, you will be able to adjust the brightness and contrast of pictorials on the computer screen.  
  

To take the following sample test questions as they would be timed in the actual examination, you should allow a maximum 

of 1 hour for each 40-item block, and a maximum of 55 minutes, 30 seconds, for the 37-item block, for a total of 2 hours, 

55 minutes, 30 seconds. Please note that the third block has 37 items instead of 40 because the multimedia items have been 

removed, and the recommended time to complete the block has been adjusted accordingly. Please be aware that most 

examinees perceive the time pressure to be greater during an actual examination. All examinees are strongly encouraged to 

practice with the downloadable version to become familiar with all item formats and exam timing. An answer form for 

recording answers is provided on page 46. An answer key is provided on page 47. In the actual examination, answers will 

be selected on the screen; no answer form will be provided.  
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LABORATORY VALUES  
* Included in the Biochemical Profile (SMA-12)   

  

REFERENCE RANGE                               SI REFERENCE INTERVALS   

BLOOD, PLASMA, SERUM  

* Alanine aminotransferase (ALT), serum ................. 8-20 U/L  .................................................... 8-20 U/L  

   Amylase, serum ...................................................... 25-125 U/L ................................................. 25-125 U/L  

* Aspartate aminotransferase (AST), serum .............. 8-20 U/L ..................................................... 8-20 U/L  

   Bilirubin, serum (adult) Total // Direct ................... 0.1-1.0 mg/dL // 0.0-0.3 mg/dL  ................ 2-17 μmol/L // 0-5 μmol/L  

* Calcium, serum (Ca2+) ............................................ 8.4-10.2 mg/dL .......................................... 2.1-2.8 mmol/L  

* Cholesterol, serum .................................................. Rec:<200 mg/dL  ....................................... <5.2 mmol/L  

   Cortisol, serum ........................................................ 0800 h: 5-23 μg/dL // 1600 h: 3-15 μg/dL  138-635 nmol/L // 82-413 nmol/L  

2000 h: < 50% of 0800 h ............................ Fraction of 0800 h: < 0.50    

Creatine kinase, serum ............................................ Male: 25-90 U/L  ....................................... 25-90 U/L  

Female: 10-70 U/L  .................................... 10-70 U/L  

* Creatinine, serum .................................................... 0.6-1.2 mg/dL  ........................................... 53-106 μmol/L  

   Electrolytes, serum  

     Sodium (Na+) ........................................................ 136-145 mEq/L .......................................... 136-145 mmol/L  

* Potassium (K+) ...................................................... 3.5-5.0 mEq/L ............................................ 3.5-5.0 mmol/L       

     Chloride (Cl–) ........................................................ 95-105 mEq/L  ........................................... 95-105 mmol/L  

     Bicarbonate (HCO3
–)............................................. 22-28 mEq/L  ............................................. 22-28 mmol/L  

     Magnesium (Mg2+) ................................................ 1.5-2.0 mEq/L ............................................ 0.75-1.0 mmol/L   

   Estriol, total, serum (in pregnancy)  

     24-28 wks // 32-36 wks ......................................... 30-170 ng/mL // 60-280 ng/mL  ................ 104-590 nmol/L // 208-970 nmol/L  

     28-32 wks // 36-40 wks ......................................... 40-220 ng/mL // 80-350 ng/mL  ................ 140-760 nmol/L // 280-1210 nmol/L    

Ferritin, serum ......................................................... Male: 15-200 ng/mL  ................................. 15-200 μg/L  

Female: 12-150 ng/mL  .............................. 12-150 μg/L    Follicle-

stimulating hormone, serum/plasma  ......... Male: 4-25 mIU/mL  .................................. 4-25 U/L  

Female: premenopause 4-30 mIU/mL  ...... 4-30 U/L  

midcycle peak 10-90 mIU/mL  ............... 10-90 U/L  

postmenopause 40-250 mIU/mL  ............ 40-250 U/L  

   Gases, arterial blood (room air)  

     pH  ........................................................................ 7.35-7.45  ................................................... [H+] 36-44 nmol/L  

     PCO2  ..................................................................... 33-45 mm Hg ............................................. 4.4-5.9 kPa  

     PO2  ....................................................................... 75-105 mm Hg ........................................... 10.0-14.0 kPa  

* Glucose, serum ........................................................ Fasting: 70-110 mg/dL  .............................. 3.8-6.1 mmol/L  

2-h postprandial: < 120 mg/dL  ................. < 6.6 mmol/L  

   Growth hormone - arginine stimulation .................. Fasting: < 5 ng/mL  .................................... < 5 
μg/L  provocative stimuli: > 7 ng/mL  .............. > 7 μg/L  

   Immunoglobulins, serum  

     IgA  ....................................................................... 76-390 mg/dL ............................................ 0.76-3.90 g/L  

     IgE  ........................................................................ 0-380 IU/mL  ............................................. 0-380 kIU/L  

     IgG  ....................................................................... 650-1500 mg/dL ........................................ 6.5-15 g/L  

     IgM  ...................................................................... 40-345 mg/dL  ........................................... 0.4-3.45 g/L  

   Iron  ......................................................................... 50-170 μg/dL  ............................................ 9-30 μmol/L  

   Lactate dehydrogenase, serum ................................ 45-90 U/L ................................................... 45-90 U/L    

Luteinizing hormone, serum/plasma  ...................... Male: 6-23 mIU/mL  .................................. 6-23 U/L  

Female: follicular phase 5-30 mIU/mL  ..... 5-30 U/L  

midcycle 75-150 mIU/mL ....................... 75-150 U/L  

postmenopause 30-200 mIU/mL  ............ 30-200 U/L  

   Osmolality, serum ................................................... 275-295 mOsmol/kg H2O .......................... 275-295 mOsmol/kg H2O  

   Parathyroid hormone, serum, N-terminal  ............... 230-630 pg/mL  ......................................... 230-630 ng/L  

* Phosphatase (alkaline), serum (p-NPP at 30°C) ..... 20-70 U/L  .................................................. 20-70 U/L  

* Phosphorus (inorganic), serum ............................... 3.0-4.5 mg/dL  ........................................... 1.0-1.5 mmol/L  
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   Prolactin, serum (hPRL)  ........................................ < 20 ng/mL ................................................ < 20 μg/L * 

Proteins, serum  

     Total (recumbent) ................................................. 6.0-7.8 g/dL  ............................................... 60-78 g/L      

Albumin ................................................................ 3.5-5.5 g/dL ................................................ 35-55 g/L      

Globulin  ............................................................... 2.3-3.5 g/dL ................................................ 23-35 g/L  

   Thyroid-stimulating hormone, serum or plasma ..... 0.5-5.0 μU/mL  .......................................... 0.5-5.0 mU/L  

   Thyroidal iodine (123I) uptake .................................. 8%-30% of administered dose/24 h ........... 0.08-0.30/24 h  

   Thyroxine (T4), serum ............................................. 5-12 μg/dL  ................................................ 64-155 nmol/L  

   Triglycerides, serum ............................................... 35-160 mg/dL ............................................ 0.4-1.81 mmol/L  

   Triiodothyronine (T3), serum (RIA)  ....................... 115-190 ng/dL  ........................................... 1.8-2.9 nmol/L  

   Triiodothyronine (T3) resin uptake.......................... 25%-35%  .................................................. 0.25-0.35  

* Urea nitrogen, serum  .............................................. 7-18 mg/dL  ............................................... 1.2-3.0 mmol/L  

* Uric acid, serum ...................................................... 3.0-8.2 mg/dL  ........................................... 0.18-0.48 mmol/L  

LABORATORY VALUES (continued from previous page)  

  

REFERENCE RANGE                                     SI REFERENCE INTERVALS   

BODY MASS INDEX (BMI)  

   Body mass index .......................................................Adult: 19-25 kg/m2  

CEREBROSPINAL FLUID  

   Cell count ..................................................................0-5/mm3 .............................................................0-5 x 106/L  

   Chloride  ...................................................................118-132 mEq/L .................................................118-132 mmol/L  

   Gamma globulin .......................................................3%-12% total proteins .......................................0.03-0.12  

   Glucose  ....................................................................40-70 mg/dL  .....................................................2.2-3.9 mmol/L  

   Pressure  ....................................................................70-180 mm H2O  ...............................................70-180 mm H2O  

   Proteins, total  ...........................................................<40 mg/dL   .................... ...................................<0.40 g/L   

HEMATOLOGIC   

   Bleeding time (template)  ..........................................2-7 minutes ........................................................2-7 minutes  

   Erythrocyte count ......................................................Male: 4.3-5.9 million/mm3 ................................4.3-5.9 x 1012/L  

Female: 3.5-5.5 million/mm3 ............................3.5-5.5 x 1012/L    

Erythrocyte sedimentation rate (Westergren) ...........Male: 0-15 mm/h  ..............................................0-15 mm/h  

Female: 0-20 mm/h ...........................................0-20 mm/h    

Hematocrit  ...............................................................Male: 41%-53%  ...............................................0.41-0.53  

Female: 36%-46% .............................................0.36-0.46  

   Hemoglobin A1c ........................................................< 6% ..................................................................< 0.06  

   Hemoglobin, blood ...................................................Male: 13.5-17.5 g/dL  ........................................2.09-2.71 mmol/L  

Female: 12.0-16.0 g/dL .....................................1.86-2.48 mmol/L    Hemoglobin, 

plasma .................................................1-4 mg/dL ..........................................................0.16-0.62 mmol/L  

   Leukocyte count and differential  

     Leukocyte count ......................................................4500-11,000/mm3 ..............................................4.5-11.0 x 109/L  

       Segmented neutrophils ..........................................54%-62%  ..........................................................0.54-0.62        

Bands ....................................................................3%-5%  ..............................................................0.03-0.05        

Eosinophils  ...........................................................1%-3%  ..............................................................0.01-0.03  

       Basophils ...............................................................0%-0.75% ..........................................................0-0.0075  

       Lymphocytes  ........................................................25%-33% ...........................................................0.25-0.33        

Monocytes  ............................................................3%-7%  ..............................................................0.03-0.07  

   Mean corpuscular hemoglobin ..................................25.4-34.6 pg/cell ...............................................0.39-0.54 fmol/cell  

   Mean corpuscular hemoglobin concentration  ..........31%-36% Hb/cell  .............................................4.81-5.58 mmol Hb/L  

   Mean corpuscular volume  ........................................80-100 μm3 ........................................................80-100 fL  

   Partial thromboplastin time (activated)  ....................25-40 seconds ....................................................25-40 seconds  

   Platelet count .............................................................150,000-400,000/mm3 .......................................150-400 x 109/L  

   Prothrombin time ......................................................11-15 seconds ....................................................11-15 seconds  

   Reticulocyte count ....................................................0.5%-1.5% .........................................................0.005-0.015  

   Thrombin time ..........................................................<2 seconds deviation from control  .................. .<2 seconds deviation from            

…………………………………………………………………………………………………………...control  

   Volume  
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     Plasma  ....................................................................Male: 25-43 mL/kg ...........................................0.025-0.043 L/kg  

Female: 28-45 mL/kg ........................................0.028-0.045 L/kg  

     Red cell ...................................................................Male: 20-36 mL/kg  ..........................................0.020-0.036 L/kg  

Female: 19-31 mL/kg  .......................................0.019-0.031 L/kg   

SWEAT   

   Chloride ....................................................................0-35 mmol/L  ....................................................0-35 mmol/L   

URINE   

   Calcium  ....................................................................100-300 mg/24 h ...............................................2.5-7.5 mmol/24 h  

   Chloride ....................................................................Varies with intake ............................. ................Varies with intake    Creatinine 

clearance ..................................................Male: 97-137 mL/min  

Female: 88-128 mL/min  

   Estriol, total (in pregnancy)  

     30 wks .....................................................................6-18 mg/24 h .....................................................21-62 μmol/24 h  

     35 wks .....................................................................9-28 mg/24 h .....................................................31-97 μmol/24 h  

     40 wks .....................................................................13-42 mg/24 h ...................................................45-146 μmol/24 h  

   17-Hydroxycorticosteroids .......................................Male: 3.0-10.0 mg/24 h .....................................8.2-27.6 μmol/24 h  

Female: 2.0-8.0 mg/24 h ...................................5.5-22.0 μmol/24 h    17-

Ketosteroids, total ................................................Male: 8-20 mg/24 h ...........................................28-70 μmol/24 h  

Female: 6-15 mg/24 h .......................................21-52 μmol/24 h  

   Osmolality  ................................................................50-1400 mOsmol/kg H2O  

   Oxalate ......................................................................8-40 μg/mL .......................................................90-445 μmol/L  

   Potassium  .................................................................Varies with diet ............... ..................................Varies with diet  

   Proteins, total  ...........................................................<150 mg/24 h  ................................... ................<0.15 g/24 h  

   Sodium  .....................................................................Varies with diet .................................................Varies with diet    Uric 

acid ....................................................................Varies with diet ................................... ..............Varies with diet  

USMLE STEP 1 SAMPLE TEST QUESTIONS  
  

BLOCK 1, ITEMS 1-40  

  

1. A 28-year-old man comes to the physician because of a 1-year history of pain with urination that has increased in severity during the 

past month. He also has had episodes of blood in his urine during the past 5 years. He lived in sub-Saharan Africa until he came 

to the USA 6 months ago for graduate school. His temperature is 38°C (100.4°F), pulse is 80/min, respirations are 16/min, and 

blood pressure is 110/84 mm Hg. Physical examination shows suprapubic tenderness. Laboratory studies show:  

  

 Hemoglobin  12.3 g/dL  

 Hematocrit  37%  

 Leukocyte count  13,400/mm3  

   Segmented neutrophils  65%  

   Bands  5%  

   Eosinophils  5%  

   Lymphocytes  22%  

   Monocytes  3%  

 Serum    

   Urea nitrogen  75 mg/dL  

   Creatinine  3.8 mg/dL  

 Urine    

   Blood  3+  

   RBC  200/hpf  

   WBC  100/hpf  

   RBC casts  absent  

   WBC casts  absent  
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Imaging studies show bilateral hydroureter and hydronephrosis and foci of calcification in the region of the bladder. A biopsy 

specimen of the bladder shows marked chronic inflammation with fibrosis and scattered granulomas. Which of the following 

best explains the biopsy findings?  

  

(A) Exposure to a chemical toxin  

(B) Interstitial cystitis  

(C) Malacoplakia  

(D) Schistosomiasis  

(E) Vesicoureteral reflux  

  

  
2. A 14-year-old boy is brought to the emergency department after being hit with a baseball bat on the lateral side of his leg 

immediately below the knee. He is unable to dorsiflex his foot. Which of the following nerves is most likely injured?  

  

(A) Common fibular (peroneal)  

(B) Femoral  

(C) Obturator  

(D) Sural  

(E) Tibial  

  

  

  

  

3. A 24-year-old man comes to the office because of a 2-day history of a red, itchy rash on his buttocks and legs. Four days ago, 

he returned from a cruise to the Caribbean, during which he swam in the ship’s pool and used the hot tub. He appears well. His 

vital signs are within normal limits. Physical examination shows the findings in the photograph. The infectious agent causing 

these findings most likely began to proliferate in which of the following locations?  

  

(A) Apocrine gland  

(B) Dermis  

(C) Eccrine gland  

(D) Hair follicle  

(E) Sebaceous gland  

  

  
4. A 14-year-old girl is brought to the physician after her mother learned that she began having sexual intercourse with various 

partners 1 month ago. She does not use condoms or other contraception. The mother is concerned about her behavior. The 

patient's parents separated 3 months ago. She had been an honor student and excelled in sports and leadership positions at school 

before the separation. Since the separation, however, she has become sullen, defiant, and rebellious. She has begun smoking 

cigarettes, disobeying her curfew, and being truant from school. This patient is most likely using which of the following defense 

mechanisms?  

  

(A) Acting out  

(B) Displacement  

(C) Projection  

(D) Reaction formation  

(E) Sublimation  
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5. A 24 old woman comes to the physician for a follow-up examination. One week ago, she was treated in the emergency 

department after she accidentally spilled hot grease on her left leg while working at a fast-food restaurant. Examination of the 

left lower extremity shows a 7-cm, pink, soft, granular, edematous wound. The formation of this tissue was most likely caused 

by increased activity of which of the following?  

  

(A) Complement C3b  

(B) Glycosylation-dependent cell adhesion molecule-1  

(C) P-selectin  

(D) Stromelysin  

(E) Vascular endothelial growth factor  

  

  

6. A 63-year-old woman comes to the physician 1 day after the sudden onset of pain and swelling of her right knee. She has had 

no injury. Her medications include occasional ibuprofen for mild osteoarthritis of both knees. Her temperature is 37°C (98.6°F), 

pulse is 97/min, respirations are 19/min, and blood pressure is 129/79 mm Hg. Examination of the right knee shows warmth, 

erythema, and effusion. Exquisite tenderness is produced with minimal range-of-motion testing. Examination of synovial fluid 

obtained via joint aspiration shows that it is clear, with positively birefringent rhomboids observed under polarized light 

microscopy. Deposition of which of the following substances is the most likely cause of these findings?  

  

(A) Ammonium urate  

(B) Calcium oxalate  

(C) Calcium pyrophosphate  

(D) Calcium urate  

(E) Sodium urate  

  

  

7. A 55-year-old woman with small cell carcinoma of the lung is admitted to the hospital to undergo chemotherapy. Six days after 

treatment is started, she develops a temperature of 38°C (100.4°F). Physical examination shows no other abnormalities. 

Laboratory studies show a leukocyte count of 100/mm3 (5% segmented neutrophils and 95% lymphocytes). Which of the 

following is the most appropriate pharmacotherapy to increase this patient's leukocyte count?  

  

(A) Darbepoetin  

(B) Dexamethasone  

(C) Filgrastim  

(D) Interferon alfa  

(E) Interleukin-2 (IL-2)  

(F) Leucovorin  

  

  

8. A 37-year-old woman with right lower extremity edema is evaluated because of the sudden onset of shortness of breath and 

pleuritic chest pain. A diagnosis of pulmonary embolism is made. Which of the following signs, if present on physical 

examination, would be the most specific indicator of pulmonary arterial hypertension in this patient?  

  

(A) Increased jugular venous pressure  

(B) P2 louder than A2 (C) Peripheral edema (D) Presence of an S3  

(E) Pulmonary crackles  



  

   -year- 
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9. During an experiment, a Southern blot analysis is done by digesting DNA samples with a single restriction endonuclease, 

separating the digestion products by gel electrophoresis, and transferring them to a filter. The investigator probes the filter by 

exposing it to a cDNA clone that encodes a single immunoglobulin-constant region. The figure shows the resulting pattern with 

DNA samples isolated from different organs. Assuming there were no technical errors, the Southern blot analysis results 

demonstrate which of the following processes?  

  

(A) Affinity maturation  

(B) Apoptosis  

(C) Gene rearrangement  

(D) RNA splicing  

(E) Somatic hypermutation  

  

  
10. During a clinical study examining the effects of exercise, men between the ages of 20 and 30 years are evaluated during a 

15minute session on a treadmill. The average pulse for the last 2 minutes of the session is 175/min. During the last minute of 

exercise, various measurements are taken. Compared with the measurement before the session, which of the following is most 

likely to be decreased?  

  

(A) Cardiac output  

(B) Oxygen consumption  

(C) Pulse pressure  

(D) Stroke volume  

(E) Systolic blood pressure  

(F) Total peripheral resistance  

  

  

  

  

11. A 26 old man is brought to the emergency department by ambulance 30 minutes after being shot in the leg. He is unconscious 

and appears markedly pale. His pulse is 120/min, respirations are 16/min, and blood pressure is 80/60 mm Hg. Compared with 

a healthy adult, which of the following findings is most likely in this patient?  

  

   Arterial Baroreceptor  Systemic Vascular   Pulmonary Vascular  Systemic Capillary  

    Firing Rate  Resistance   Resistance   Fluid Transfer  

(A) ↑  ↑  ↑  filtration  

(B) ↑  ↓  ↑  absorption  

(C) ↑  ↓  ↓  filtration  

(D) ↓  ↑  ↑  absorption  

(E) ↓  ↑  ↓  filtration  

(F) ↓  ↓  ↓  absorption  
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12. A 17-year-old boy is brought to the emergency department 30 minutes after being found with a "blank stare" and flat facial 

expression at a party. His pulse is 72/min, and blood pressure is 104/68 mm Hg. He is sitting upright and appears catatonic. 

Physical examination shows rigidity. During the examination, he becomes hostile and attempts to assault the physician. This 

patient most likely ingested which of the following drugs?  

  

(A) Cocaine  

(B) Diazepam  

(C) Methamphetamine  

(D) Oxycodone  

(E) PCP (phencyclidine)  

  

  

13. A 26-year-old woman is brought to the emergency department because of an 8-hour history of severe back and abdominal pain 

and mild but persistent vaginal bleeding. Ultrasonography of the abdomen shows a 2-cm ectopic pregnancy in the ampulla. The 

ampulla has ruptured into the surrounding tissue. Fluid from this rupture will most likely be found in which of the following 

locations?  

  

(A) Lesser peritoneal cavity  

(B) Mesometrium  

(C) Pouch of Douglas  

(D) Uterine cavity  

(E) Vagina  

  

  

14. A 14-year-old girl has had nausea, intermittent diarrhea, and a 2.2-kg (5-lb) weight loss over the past 4 weeks. Examination 

shows a migrating serpiginous pruritic perianal rash. Her leukocyte count is 8000/mm3 with 20% eosinophils. Which of the 

following tests is most likely to yield an accurate diagnosis?  

  

(A) Blood smear  

(B) Bone marrow biopsy  

(C) KOH preparation  

(D) Microscopic examination of the stool  

(E) Skin snip  
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15. A 40 old woman comes to the physician because of a 6-month history of increased facial hair growth. Her last menstrual period 

was 4 months ago. She is 165 cm (5 ft 5 in) tall and weighs 70 kg (154 lb); BMI is 26 kg/m2. Her pulse is 80/min, and blood 

pressure is 130/82 mm Hg. Physical examination shows temporal balding and coarse dark hair on the upper lip and chin. Pelvic 

examination shows clitoral enlargement. Her serum testosterone concentration is increased. Serum concentrations of 

androstenedione, dehydroepiandrosterone, and urinary 17-ketosteroids are within the reference ranges. Ultrasonography of the 

pelvis shows a 12-cm ovarian mass. Which of the following best describes this mass?  

  

(A) Granulosa tumor  

(B) Ovarian carcinoid  

(C) Sertoli-Leydig tumor  

(D) Teratoma  

(E) Thecoma  

  

  

16. A 45-year-old woman with systemic sclerosis (scleroderma) comes to the physician because of a 3-week history of progressive 

shortness of breath and nonproductive cough. Her temperature is 36.9°C (98.4°F), pulse is 82/min, respirations are 20/min, and 

blood pressure is 136/85 mm Hg. Crackles are heard in both lower lung fields. Pulmonary function tests show total lung capacity 

is 80% of predicted, and diffusing capacity for carbon monoxide, corrected for alveolar volume, is 65% of predicted. Histologic 

examination of a lung biopsy specimen is most likely to show which of the following findings?  

  

(A) Diffuse interstitial fibrosis  

(B) Intra-alveolar exudates  

(C) Multiple thromboemboli  

(D) Necrotizing vasculitis  

(E) Non-necrotizing interstitial granulomas  

  

  

17. A new blood test to detect prostate cancer is evaluated in 300 male volunteers. A needle biopsy of the prostate gland is done on 

all men with serum prostate-specific antigen concentrations greater than 5 ng/mL (N<4). One hundred men undergo biopsy 

procedures; 90 are found to have prostate cancer, and five are found to have chronic prostatitis. Which of the following is 

necessary to calculate the sensitivity of this test?  

  

(A) Incidence of chronic prostatitis in the general population  

(B) Number of men with test results greater than 5 ng/mL and a normal biopsy specimen  

(C) Prevalence of chronic prostatitis in the general population  

(D) Prostate biopsies of men with test results equal to or below 5 ng/mL  

  

  

18. A 62-year-old woman comes to the physician because of low back pain for 1 week. Menopause occurred 10 years ago. Physical 

examination shows localized tenderness over the lumbar spine after movement. X-rays of the spine show a compression fracture 

of L1-2. A DEXA scan shows decreased bone mineral density. Serum calcium and phosphorus concentrations and serum 

alkaline phosphatase activity are within the reference ranges. A bisphosphonate drug is prescribed. The expected beneficial 

effect of this drug is most likely due to which of the following actions?  

  

(A) Decreased insulin-like growth factor-1 concentration  

(B) Decreased osteoclast activity  

(C) Decreased osteoprotegerin production  

(D) Increased 1,25-dihydroxycholecalciferol concentration  

(E) Increased osteoblast activity  

(F) Increased receptor activator of NF-κB ligand (RANKL) production  
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19. A 26 old woman is brought to the emergency department 3 hours after ingesting approximately 50 tablets of aspirin in a suicide 

attempt. She is nauseated, confused, and sleepy. Her pulse is 130/min, respirations are 30/min, and blood pressure is 100/60 

mm Hg. Which of the following sets of laboratory values is most likely on evaluation of blood obtained before treatment?  

  

   Serum  Arterial Blood  

   HCO3
−  pH  PCO2  

(A) ↑  ↓  ↑  

(B) ↓  ↓  ↓  

(C) ↑  ↑  ↓  

(D) ↓  ↓  ↑  

(E) ↑  ↑  ↑  

  

 
  

20. An investigator is studying the incidence of the common cold among medical students at various time points during the school 

year. Results show an increased incidence of upper respiratory tract infections among these students during finals week. It is 

hypothesized that the stress of studying for examinations adversely affects the immune system, making the students more 

susceptible to infection. Which of the following laboratory findings in these students during examination week is most likely 

to support this hypothesis?  

  

(A) Decreased AM serum cortisol concentration  

(B) Decreased macrophage activity  

(C) Increased basophil count  

(D) Increased lymphocyte count  

(E) Increased natural killer cell activity  

  

  

21. A 63-year-old man is brought to the emergency department because of a 4-day history of increasingly severe left leg pain and 

swelling of his left calf. He also has a 1-month history of increasingly severe upper midthoracic back pain. During this time, 

he has had a 9-kg (20-lb) weight loss despite no change in appetite. He has no history of major medical illness. His only 

medication is ibuprofen. He is 180 cm (5 ft 11 in) tall and weighs 82 kg (180 lb); BMI is 25 kg/m2. His vital signs are within 

normal limits. On examination, lower extremity pulses are palpable bilaterally. The remainder of the physical examination 

shows no abnormalities. An x-ray of the thoracic spine shows no abnormalities. A CT scan of the abdomen shows a 3-cm mass 

in the body of the pancreas; there are liver metastases and encasement of the superior mesenteric artery. Ultrasonography of 

the left lower extremity shows a femoropopliteal venous clot. Which of the following is the most likely cause of this patient’s 

symptoms?  

  

(A) Carcinoid syndrome  

(B) Hypercoagulability from advanced malignancy  

(C) Multiple endocrine neoplasia  

(D) Splenic artery aneurysm and embolic disease of the left lower extremity  

(E) Superior mesenteric artery syndrome  

  

  

22. A 35-year-old man comes to the physician because of pain and swelling of his right arm where he scraped it on a tree branch 2 

days ago. His temperature is 38.3°C (101°F). Examination of the right forearm shows edema around a fluctuant erythematous 

lesion at the site of trauma. The area is extremely tender to palpation. Which of the following is most likely the primary 

mechanism of the development of edema in this patient?  

  

(A) Degranulation of eosinophils  

(B) Disruption of vascular basement membranes  

(C) Increased hydrostatic pressure  
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(D) Release of thromboxane  

(E) Separation of endothelial junctions  

  

  

  

  

23. A 4-year-old boy from Brazil is brought to the physician because of a 1-week history of painless swelling of his jaw and pressure 

around his eyes. He is at the 80th percentile for height and weight. Physical examination shows a single 12 × 10-cm lesion in 

the right side of the jaw with diffuse limits and irregular edges. Photomicrographs of an incisional biopsy specimen of the 

lesion are shown. Based on these findings, which of the following processes is most likely occurring in the region indicated by 

the arrows?  

  

(A) Apoptosis  

(B) Necrosis  

(C) Oncosis  

(D) Ostosis  

(E) Symptosis  

  
  

24. A 33-year-old woman comes to the physician because of a 2-day history of mild nausea, increased urinary urgency and 

frequency, and constipation. She also has had a 4.5-kg (10-lb) weight loss during the past 2 weeks and a 3-week history of 

vaginal bleeding. Pelvic examination shows a nodular cervix with an irregular, friable posterior lip, and a rock-hard, irregular, 

immobile pelvic mass that extends across the pelvis. Examination of biopsy specimens from the cervix and anterior wall of the 

vagina show well-differentiated keratinizing squamous cell carcinoma. Which of the following best describes the pathogenesis 

of this patient's disease?  

  

(A) Inactivation of cellular p53  

(B) Insertion of viral promotors adjacent to cellular growth factor genes  

(C) Specialized transduction  

(D) Transactivation of cellular growth factor genes by TAX  

(E) Translocation of CMYC to an Ig gene promoter  

  

  

25. A 27-year-old man is admitted to the hospital 45 minutes after being involved in a motor vehicle collision. Physical examination 

shows a sluggish response to stimuli. Neurologic examination shows no other abnormalities. A skull x-ray shows a linear, 

nondepressed basal skull fracture. Two weeks later, the patient develops polyuria and polydipsia. Laboratory studies show a 

serum glucose concentration within the reference range, increased serum osmolality, and decreased urine osmolality. Following 

the administration of desmopressin, urine osmolality increases. The beneficial effect of this drug is most likely due to activation 

of which of the following?  

  

(A) Adenylyl cyclase  

(B) Ca2+ channels  

(C) Janus kinase  

(D) Serine kinase  

(E) Tyrosine kinase  
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26. A 30-year-old man is admitted to the hospital for evaluation. He has a 6-week history of colicky abdominal pain and diarrhea 

with occasional blood. Three days after admission, he suddenly develops peritonitis and sepsis. Despite appropriate care, he 

dies. At autopsy, examination shows a fibrinous exudate over the peritoneal and serosal surfaces, and a punctate opening is seen 

in the wall of a thickened loop of small intestine. Several lengths of the small and large intestines are also thickened and adherent 

to one another, with marked areas of narrowing. Photomicrographs of a section of the colon are shown. Which of the following 

is the most likely diagnosis?  

  

(A) Colon cancer  

(B) Crohn disease  

(C) Diverticulitis  

(D) Ischemic necrosis  

(E) Ulcerative colitis  

  
  

27. A couple comes for preconceptional genetic counseling because they both have a family history of α-thalassemia. The woman 

has a minimally decreased hemoglobin concentration. Genetic studies show a single gene deletion. The man has microcytic 

anemia and a two-gene deletion. If the two-gene deletion is in trans (one deletion on the maternal gene and one deletion on the 

paternal gene), which of the following percentages of their offspring will have a two-gene deletion?  

  

(A) 0%  

(B) 25%  

(C) 50%  

(D) 75%  

(E) 100%  

  

  

28. A healthy 22-year-old man participates in a study of glucose metabolism. At the beginning of the study, his serum glucose 

concentration is within the reference range. He consumes an 800-calorie meal consisting of protein, fat, and carbohydrates. He 

then sleeps through the night without additional food or drink. Twelve hours later, his serum glucose concentration remains 

within the reference range. Which of the following mechanisms is most likely involved in maintaining this man's serum glucose 

concentration?  

  

(A) Continued gut absorption of calories from the ingested meal  

(B) Glucose release from skeletal muscle  

(C) Glycogenolysis in the liver  

(D) Increased leptin release from adipose tissues  

(E) Inhibition of glucagon release by the pancreas  

  

  

  

  

29. A 63-year-old homeless man is brought to the emergency department 1 hour after police found him unresponsive. His 

respirations are 30/min. Crackles are heard over the left upper and the entire right lung fields. Despite appropriate lifesaving 

measures, he dies. A photomicrograph of a section of the right lung obtained at autopsy is shown. Which of the following 

mediators is the most likely cause of the position of the cell indicated by the arrow?  

  

(A) Bradykinin  

(B) C5a  

(C) Histamine  

(D) Nitrous oxide  

(E) Prostaglandins  
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30. A 16-year-old boy is brought to the physician because of a 3-day history of abdominal pain and vomiting; he also has had 

decreased appetite during this period. The pain was initially on the right but now has become generalized. His temperature is 

38.8°C (101.8°F), pulse is 100/min, respirations are 20/min, and blood pressure is 143/83 mm Hg. Abdominal examination 

shows guarding with diffuse rebound tenderness. There are no palpable masses. A CT scan of the abdomen shows a perforated 

appendix. Examination of peritoneal fluid from this patient will most likely show which of the following organisms?  

  

(A) Candida albicans  

(B) Citrobacter freundii  

(C) Escherichia coli  

(D) Staphylococcus aureus  

(E) Streptococcus pneumoniae  

  

  

31. A 16-year-old boy is admitted to the emergency department because of a knife wound to the left side of his chest. An x-ray of 

the chest shows an air-fluid level in the left side of the chest, partial collapse of the left lung, and elevation of the stomach 

bubble. The mediastinum is in the midline. Which of the following is the most likely diagnosis?  

  

(A) Hemopneumothorax, not under tension  

(B) Hemothorax, not under tension  

(C) Pneumothorax, not under tension  

(D) Tension hemopneumothorax  

(E) Tension hemothorax  

(F) Tension pneumothorax  

  

  

  

  

32. A 20-year-old woman comes to the physician because of a 5-year history of heavy bleeding with menses that often requires her 

to change her sanitary pads three times hourly. Menses occur at regular 28-day intervals. She recently sustained a minor cut to 

her finger, and the bleeding took longer to stop than usual. She has not had easy bruising or change in weight. She only takes 

an oral contraceptive, but she has not been sexually active for the past 6 months. Her temperature is 37.5°C (99.5°F), pulse is 

72/min, respirations are 12/min, and blood pressure is 120/66 mm Hg. Physical examination shows mildly pale conjunctivae. 

Pelvic examination shows no abnormalities. Laboratory studies show:  

  

 Hemoglobin  10.5 g/dL  

 Hematocrit  31.3%  

 Mean corpuscular hemoglobin concentration  28% Hb/cell  

 Mean corpuscular volume  70 μm3  

 Leukocyte count  5500/mm3  

 Platelet count  275,000/mm3  

 Platelet aggregation studies  normal  

 Prothrombin time  10.5 sec (INR=1.0)  

 Partial thromboplastin time  28 sec  

  

(A) Pap smear shows no abnormalities. Which of the following hematologic disorders is the most likely 

cause of this patient's menorrhagia?  

  

(A) Afibrinogenemia  

(B) Hemophilia A  

(C) Intravascular coagulation  

(D) Vitamin K deficiency  

(E) von Willebrand disease  
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33. A 2-year-old boy is brought to the physician for a well-child examination. He was delivered at term after an uncomplicated 

pregnancy. His birth weight was 3500 g (7 lb 11 oz), and Apgar scores were 8 and 10 at 1 and 5 minutes, respectively. At the 

age of 15 months, physical examination showed no abnormalities, but he was not yet talking. Both of his parents had learning 

difficulties in school, and his mother stopped attending after the 10th grade. He has a maternal uncle with cognitive disabilities. 

He is at the 25th percentile for height, 15th percentile for weight, and 90th percentile for head circumference. He appears 

irritable, he resists making eye contact, and he is flapping his hands. Which of the following is the most likely cause of this 

patient's condition?  

  

(A) Creation of an alternative splice site  

(B) Frameshift mutation  

(C) Missense mutation  

(D) Nonsense mutation  

(E) Trinucleotide repeat expansion  

  

  

34. A 31-year-old woman with type 2 diabetes mellitus comes to the physician because of an oozing, foul-smelling wound on her 

foot for 2 days. Physical examination shows a 4-cm, necrotizing wound with a purplish black discoloration over the heel. 

Crepitant bullae producing profuse amounts of serous drainage are seen. A Gram stain of a tissue biopsy specimen shows gram-

positive rods. The causal organism most likely produces which of the following virulence factors?  

  

(A) Endotoxin  

(B) Fimbriae  

(C) Pneumolysin  

(D) Polysaccharide capsule  

(E) α-Toxin  

  

  

35. A 10-month-old boy is brought to the physician because of a 4-day history of fever and cough. His illness began with lowgrade 

fever and copious, clear nasal discharge. Two days ago he developed a moist, nonproductive cough and rapid breathing. He has 

received all scheduled childhood immunizations. He attends a large day-care center and has three schoolaged siblings. His 

temperature is 38°C (100.4°F), pulse is 101/min, respirations are 38/min, and blood pressure is 85/60 mm Hg. Physical 

examination shows nasal flaring and rhinorrhea. Chest examination shows intercostal retractions along with bilateral, diffuse 

wheezes and expiratory rhonchi. The infectious agent of this patient's condition most likely has which of the following properties?  

  

(A) DNA genome  

(B) Double-stranded nucleic acid genome  

(C) Mature virion lacking viral polymerase  

(D) Mediation of cell entry via a fusion protein (E) Viability on surfaces for several weeks  

  

  

36. A 17-year-old girl is brought to the emergency department 15 minutes after being stung by a bee. She has mild lightheadedness 

but no difficulty swallowing. Her temperature is 37.1°C (98.8°F), pulse is 100/min, respirations are 30/min, and blood pressure 

is 115/70 mm Hg. Physical examination shows no urticaria. Bilateral wheezing is heard on auscultation of the chest. Which of 

the following types of drugs is the most appropriate pharmacotherapy for this patient?  

  

(A) α1-Adrenergic agonist  

(B) α2-Adrenergic agonist  

(C) α1-Adrenergic antagonist (D) β2-Adrenergic agonist  

(E) β2-Adrenergic antagonist  
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37. A 30-year-old woman, gravida 2, para 0, aborta 1, at 28 weeks' gestation comes to the office for a prenatal visit. She has had 

one previous pregnancy resulting in a spontaneous abortion at 12 weeks' gestation. Today, her vital signs are within normal 

limits. Physical examination shows a uterus consistent in size with a 28-week gestation. Fetal ultrasonography shows a male 

fetus with no abnormalities. Her blood group is O, Rh-negative. The father's blood group is B, Rh-positive. The physician 

recommends administration of Rho(D) immune globulin to the patient. This treatment is most likely to prevent which of the 

following in this mother?  

  

(A) Development of natural killer cells  

(B) Development of polycythemia  

(C) Formation of antibodies to RhD  

(D) Generation of IgM antibodies from fixing complement in the fetus  

(E) Immunosuppression caused by RhD on erythrocytes from the fetus  

  

  

38. A 52-year-old woman begins pharmacotherapy after being diagnosed with type 2 diabetes mellitus. Four weeks later, her hepatic 

glucose output is decreased, and target tissue glucose uptake and utilization are increased. Which of the following drugs was 

most likely prescribed for this patient?  

  

(A) Acarbose  

(B) Glyburide  

(C) Metformin  

(D) Nateglinide  

(E) Repaglinide  

  

  

39. A sexually active 23-year-old man with multiple sex partners has dysuria and a yellow urethral exudate. Gram stain of the 

exudate shows numerous neutrophils, many that contain intracellular gram-negative diplococci. He has had three similar 

episodes of urethritis over the past 2 years. Which of the following properties of the infecting organism best explains the 

reinfection?  

  

(A) Antigenic variation  

(B) Catalase  

(C) Inhibition of B-lymphocyte function  

(D) Inhibition of T-lymphocyte function  

(E) Polysaccharide capsule  

  

  

40. A 17-year-old girl is brought to the physician by her mother because she has not had a menstrual period for 6 months. The 

patient is unconcerned about the lack of menses. Menarche occurred at the age of 12 years, and menses had occurred at regular 

28-day intervals until they became irregular 1 year ago. She is a member of her high school gymnastics team. She appears 

emaciated. She is 163 cm (5 ft 4 in) tall and weighs 40 kg (88 lb); BMI is 15 kg/m2. Her pulse is 54/min, and blood pressure is 

80/50 mm Hg. Which of the following is the most likely cause of this patient's amenorrhea?  

  

(A) Hyperthyroidism  

(B) Hypogonadotropic hypogonadism  

(C) Hypothyroidism  

(D) Polycystic ovarian syndrome  

(E) Prolactinoma  
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USMLE STEP 1 SAMPLE TEST QUESTIONS  

  

BLOCK 2, ITEMS 41-80  

  

  

41. A 49-year-old woman comes to the physician for a follow-up examination. She has a strong family history of coronary artery 

disease. Her blood pressure has ranged from 150/95 mm Hg to 130/85 mm Hg during the previous three visits within the past 2 

months. Her blood pressure today is 140/90 mm Hg. Physical examination shows no other abnormalities. Laboratory studies 

show:  

  

 Cholesterol, total  290 mg/dL  

   HDL-cholesterol  40 mg/dL  

   LDL-cholesterol  190 mg/dL  

 Triglycerides  350 mg/dL  

  

Treatment with atorvastatin and losartan is initiated. Which of the following serum findings is most likely to occur in this patient?  

  

   HDL-cholesterol  Triglycerides  

(A) Decreased decreased (B) Decreased increased  

(C) Increased  decreased  

(D) Increased  increased  

(E) No change  no change  

  

  
42. A 15-year-old girl comes to the physician because of a 3-month history of acne. Breast and pubic hair development began at the 

age of 12 years. Menarche occurred at the age of 14 years. Physical examination shows scattered open and closed comedones 

over the cheeks and forehead. Breast and pubic hair development are Tanner stage 5. Which of the following is the most likely 

underlying cause of this patient's acne?  

  

(A) Decreased parasympathetic stimulation to the sebaceous glands  

(B) Increased estrogen stimulation of the sebaceous glands  

(C) Increased responsiveness of the sebaceous glands to follicle-stimulating hormone  

(D) Increased sympathetic stimulation to the sebaceous glands (E) Stimulation of the sebaceous glands by androgens  

  

  

43. A previously healthy 40-year-old man is brought to the emergency department because of constant substernal chest pain for 12 

hours that is exacerbated by coughing and inspiration. The pain is relieved with sitting up and leaning forward. There is no 

family history of heart disease. His temperature is 38°C (100.4°F), pulse is 120/min, and blood pressure is 110/60 mm Hg. The 

lungs are clear to auscultation. Cardiac examination shows distant heart sounds. An ECG shows diffuse ST-segment elevation 

in all leads. An x-ray of the chest shows normal findings. The most likely cause of his condition is injury to which of the 

following tissues?  

  

(A) Aortic intima  

(B) Esophageal sphincter  

(C) Myocardium  

(D) Pericardium  

(E) Pleura  
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44. A 55 old man is brought to the emergency department because of shortness of breath and confusion for 4 hours. He has 

hypertension and chronic kidney disease requiring hemodialysis. An ECG shows low voltage with electrical alternans. Physical 

examination is most likely to show which of the following findings?  

  

   Blood Pressure    Jugular Venous  Pulsus  

   (mm Hg)  Pulse (/min)  Pressure  Paradoxus  

(A) 85/60  120  increased  increased  

(B) 85/60  120  increased  normal  

(C) 85/60  120  normal  normal  

(D) 120/80  80  increased  increased  

(E) 120/80  80  normal   increased  

(F) 120/80  80  normal  normal  

  

  
45. A 54-year-old woman comes to the emergency department because of severe jaw pain since undergoing a painful dental 

procedure 1 day ago. The patient was prescribed codeine after the procedure and instructed to take the medication every 4 hours, 

but she has continued pain despite adherence to this analgesic regimen. Other members of her family also have experienced 

poor pain control with codeine. Which of the following is the most likely explanation for this therapeutic failure?  

  

(A) Decreased absorption of codeine  

(B) Decreased metabolism of codeine to morphine  

(C) Deficiency of κ receptors  

(D) Increased plasma protein-binding of codeine  

(E) Increased renal clearance of codeine  

  

  

46. A 14-year-old girl with a 9-year history of type 1 diabetes mellitus is brought to the physician by her mother for a follow-up 

examination. She has been admitted to the hospital twice in the past 3 months because of diabetic ketoacidosis. She previously 

had been compliant with monitoring her blood glucose concentration and with her diet and insulin regimen. She acknowledges 

that, when she is with her peers, she eats whatever she wants and does not check her blood glucose concentration. She adds, 

"I'm embarrassed to inject myself in front of them." The physician is having a great deal of difficulty with her 15-year-old son 

who has been truant from school and sneaking out of the house. She says to the patient, "You should be ashamed for not taking 

care of yourself. We've all worked so hard to keep you healthy." Which of the following terms best describes the physician's 

reaction to the patient?  

  

(A) Countertransference  

(B) Identification with the aggressor  

(C) Projection  

(D) Splitting  

(E) Sublimation  

  

  

47. A 23-year-old woman with bone marrow failure is treated with a large dose of rabbit antithymocyte globulin. Ten days later, 

she develops fever, lymphadenopathy, arthralgias, and erythema on her hands and feet. Which of the following is the most 

likely cause of these symptoms?  

  

(A) Cytokine secretion by natural killer cells  

(B) Eosinophil degranulation  

(C) Immune complex deposition in tissues  

(D) Polyclonal T-lymphocyte activation  

(E) Widespread apoptosis of B lymphocytes  
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48. A 25 old man is brought to the emergency department because of a 6-day history of fever, severe muscle pain, and diffuse, 

painful swelling of his neck, underarms, and groin area. The symptoms began after returning from a camping trip in New 

Mexico. He appears ill and lethargic and can barely answer questions. His temperature is 39.2°C (102.5°F), pulse is 120/min, 

respirations are 22/min, and blood pressure is 110/70 mm Hg. Physical examination shows generalized scattered black maculae. 

Examination of the right upper extremity shows an erythematous, solid, tender mass on the underside of the upper extremity 

just above the elbow; the mass is draining blood and necrotic material. The most effective antibiotic for this patient’s disorder 

will interfere with which of the following cellular processes or enzymes?  

  

(A) Cell wall synthesis  

(B) DNA helicase  

(C) Glucuronosyltransferase  

(D) Proteasomal degradation  

(E) Ribosomal assembly  

(F) Tetrahydrofolate reductase  

  

  

49. A 42-year-old woman comes to the physician because of anxiety, tremor, and a 5-kg (11-lb) weight loss over the past 4 months 

despite good appetite. Physical examination shows fine thin hair, exophthalmos, goiter, and warm moist skin. Cardiac 

examination shows tachycardia and a widened pulse pressure. Which of the following sets of laboratory values is most likely 

in this patient's serum?  

  

   Thyroid-stimulating   Total Thyroxine   Free   Thyroid-binding   

   Hormone  (T4)  Thyroxine  Globulin  

(A) ↑  ↑  ↑  ↑  

(B) ↑  ↑  normal  ↓  

(C) ↑  normal  ↑  ↓  

(D) ↓  ↑  ↑  normal  

(E) ↓  normal  normal  ↑  

(F) ↓  normal  normal  normal  

  

  
50. A 29-year-old woman is prescribed carbamazepine for trigeminal neuralgia. She has a strong family history of osteoporosis. 

As a result, the physician also advises her to increase her intake of vitamin D. The most likely reason for this recommendation 

is that carbamazepine may affect which of the following pharmacokinetic processes?  

  

(A) Absorption  

(B) Distribution  

(C) Excretion  

(D) Metabolism  

(E) Protein binding  

  

  

51. Over 1 year, a study is conducted to assess the antileukemic activity of a new tyrosine kinase inhibitor in patients with chronic 

myeloid leukemia in blast crisis. All patients enrolled in the study are informed that they would be treated with the tyrosine 

kinase inhibitor. They are assigned to successive dose cohorts of 300 to 1000 mg/day of the drug. Six to eight patients are 

assigned to each dose. Treatment efficacy is determined based on the results of complete blood counts and bone marrow 

assessments conducted regularly throughout the study. This study is best described as which of the following?  

  

(A) Case-control study  

(B) Crossover study  

(C) Open-labeled clinical trial  

(D) Randomized clinical trial  

(E) Single-blind, randomized, controlled trial  
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52. A 64 old man with non-Hodgkin lymphoma comes to the physician because of a 3-week history of progressive numbness in 

his hands and feet and weakness in his legs when he stands. He received his third course of chemotherapy 4 weeks ago. Physical 

examination shows areflexia. Which of the following drugs is the most likely cause of these adverse effects?  

  

(A) Bleomycin  

(B) Cyclophosphamide  

(C) Cytarabine  

(D) Doxorubicin  

(E) Fluorouracil  

(F) Methotrexate  

(G) Vincristine  

  

  

53. During an experiment, drug X is added to a muscle bath containing a strip of guinea pig intestinal smooth muscle. Agonists are 

added to the bath, and the resultant effects on muscle tension are shown in the table.  

  

 Agonist  Muscle Tension Before Drug X (g)  Muscle Tension After Drug X (g)  

 Vehicle  6.0  6.1  

Acetylcholine 11.3  18.5 Norepinephrine 4.1  4.2  

  

Which of the following types of drugs is most likely to produce effects most similar to those of drug X?  

  

(A) α1-Adrenergic antagonist  

(B) β-Adrenergic antagonist  

(C) Cholinesterase inhibitor  

(D) Monoamine oxidase inhibitor  

(E) Muscarinic antagonist  

  

  
54. A 42-year-old man comes to the physician for a follow-up examination. Four months ago, he underwent repair of a Dupuytren 

contracture. Physical examination shows decreased range of motion in the affected hand. The patient is upset that his hand has 

not fully healed, and he files a malpractice suit against the physician. Which of the following is the most likely precipitating 

factor in this patient's decision to file a malpractice suit?  

  

(A) The patient's perception that the physician is incompetent  

(B) The patient's perception that the physician is uncaring  

(C) The patient's socioeconomic status  

(D) The physician's amount of experience in the medical field (E) The physician's inability to screen out problem patients  

  

  

55. A 72-year-old woman comes to the physician because of a 2-month history of painless swelling of both ankles. She also reports 

shortness of breath with exertion and when lying down. She has been awakened from sleep by shortness of breath. She has not 

had chest pain. Her pulse is 96/min and regular, respirations are 24/min, and blood pressure is 128/76 mm Hg. Jugular venous 

pressure is 15 cm H2O. Pulmonary examination shows crackles at both lung bases. Cardiac examination shows a regular rhythm 

and a soft S3. A grade 3/6 holosystolic murmur is heard best at the apex, radiating to the axilla. There is 2+ pitting edema of the 

lower legs and ankles. Which of the following is most likely to confirm the diagnosis?  

  

(A) Measurement of serum troponin I concentration  

(B) ECG  

(C) Exercise stress test  

(D) Echocardiography  

(E) Pulmonary artery catheterization  
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56. A 14 old boy is brought to the physician for a physical examination prior to participating in sports. He appears reluctant to 

remove his shirt for the examination, and says that he is embarrassed because he has grown breasts during the past year. He is 

at the 50th percentile for height and weight. Physical examination shows bilateral 1.5-cm fibroglandular masses located beneath 

the nipple-areolar complex and normal penis and testes. Pubic hair development is Tanner stage 3. Serum concentrations of 

gonadotropic hormones, estrogens, and testosterone are within the reference ranges. Which of the following is the most likely 

cause of this patient's breast enlargement?  

  

(A) Breast adenocarcinoma  

(B) Estradiol-secreting Leydig cell tumor  

(C) Peutz-Jeghers syndrome  

(D) Seminiferous tubule dysgenesis (Klinefelter syndrome)  

(E) Normal development  

  

  

57. A 5-year-old boy is admitted to the hospital because of a 1-week history of fever and increasingly severe abdominal discomfort. 

At the age of 7 months, he was treated for osteomyelitis caused by Aspergillus fumigatus. He has been admitted to the hospital 

three times during the past 4 years for severe pneumonia. He appears moderately ill. His temperature is 39°C (102.2°F). 

Abdominal examination shows an enlarged, tender liver. Ultrasonography of the abdomen shows an intrahepatic abscess. 

Culture of the abscess fluid grows Staphylococcus aureus. Further analysis shows failure of the neutrophils to undergo an 

oxidative burst when exposed to S. aureus. This patient has an increased susceptibility to infection as a result of which of the 

following abnormalities?  

  

(A) Deficient leukocyte production  

(B) Failure of leukocytes to migrate between endothelial cells  

(C) Failure of leukocytes to roll along the endothelial surface  

(D) Inability of leukocytes to ingest microorganisms  

(E) Inability of leukocytes to kill intracellular microorganisms  

  

  

58. A 22-year-old woman contacts a medical student and asks if he would like to join her for dinner. The student met the woman 

when he was assigned to her care during her 2-week hospitalization for treatment of major depressive disorder. He has not 

treated or seen the patient since she was discharged from the hospital. He is attracted to this former patient and would be 

interested in dating her. Which of the following is the most appropriate action by the medical student regarding this patient 's 

invitation?  

  

(A) He can date her because he was a medical student, not a physician, when he contributed to her care  

(B) He can date her because she is no longer his patient  

(C) He can date her, but only after at least 1 year has passed since he treated her  

(D) He cannot date her because she was once his psychiatric patient  

(E) He cannot date her unless she agrees never to seek care at his hospital in the future  

  

  

59. A 73-year-old woman comes to the physician because of a 2-month history of diffuse weakness and tingling of her arms and 

legs. Neurologic examination shows weakness of the extensor and flexor muscles of the lower extremities. Knee and ankle 

deep tendon reflexes are exaggerated. Sensation to vibration and position is decreased in all extremities, but the decrease is 

more prominent in the lower extremities than in the upper extremities. This patient most likely has a deficiency of which of the 

following vitamins?  

  

(A) Niacin  

(B) Vitamin B1 (thiamine)  

(C) Vitamin B2 (riboflavin)  

(D) Vitamin B6 (pyridoxine)  

(E) Vitamin B12 (cyanocobalamin)  
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60. A 45 old man comes to the physician because of right shoulder pain that began after he chopped wood 2 days ago. Examination 

of the right upper extremity shows no obvious bone deformities or point tenderness. The pain is reproduced when the patient 

is asked to externally rotate the shoulder against resistance; there is no weakness. In addition to the teres minor, inflammation 

of which of the following tendons is most likely in this patient?  

  

(A) Infraspinatus  

(B) Pectoralis  

(C) Subscapularis  

(D) Supraspinatus  

(E) Trapezius  

  

  

61. A 54-year-old man comes to the physician for a follow-up examination 10 days after undergoing a stereotactic brain operation 

to remove a small tumor. The operation was successful. During the procedure, he was under conscious sedation.  

The patient recalls that at one point during the operation he experienced a sudden, intense feeling of overwhelming fear. Which 

of the following areas of the brain was most likely stimulated at that time?  

  

(A) Amygdala  

(B) Hippocampus  

(C) Mammillary body  

(D) Prefrontal cortex  

(E) Thalamus  

  

  

62. A placebo-controlled clinical trial is conducted to assess whether a new antihypertensive drug is more effective than standard 

therapy. A total of 5000 patients with essential hypertension are enrolled and randomly assigned to one of two groups: 2500 

patients receive the new drug and 2500 patients receive placebo. If the alpha is set at 0.01 instead of 0.05, which of the following 

is the most likely result?  

  

(A) Significant findings can be reported with greater confidence  

(B) The study will have more power  

(C) There is a decreased likelihood of a Type II error  

(D) There is an increased likelihood of statistically significant findings (E) There is an increased likelihood of a Type I 

error  

  

  

63. A male stillborn is delivered at 32 weeks' gestation to a 30-year-old woman. The pregnancy was complicated by 

oligohydramnios. Examination of the stillborn shows the absence of a urethral opening. Which of the following additional 

findings is most likely in this stillborn?  

  

(A) Congenital diaphragmatic hernia  

(B) Intralobar sequestration  

(C) Pulmonary hypoplasia  

(D) Situs inversus  

(E) Tracheoesophageal fistula  

  

  

64. A 33-year-old man undergoes a radical thyroidectomy for thyroid cancer. During the operation, moderate hemorrhaging 

requires ligation of several vessels in the left side of the neck. Postoperatively, serum studies show a calcium concentration of 

7.5 mg/dL, albumin concentration of 4 g/dL, and parathyroid hormone concentration of 200 pg/mL. Damage to which of the 

following vessels caused the findings in this patient?  

  



  

   -year- 
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(A) Branch of the costocervical trunk  

(B) Branch of the external carotid artery  

(C) Branch of the thyrocervical trunk  

(D) Tributary of the internal jugular vein  

(E) Tributary of the left brachiocephalic vein  

(F) Tributary of the right brachiocephalic vein  
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65. A 42-year-old man comes to the physician for a follow-up examination 1 week after he passed a renal calculus. X-ray 

crystallographic analysis of the calculus showed calcium as the primary cation. Physical examination today shows no 

abnormalities. A 24-hour collection of urine shows increased calcium excretion. Which of the following is the most appropriate 

pharmacotherapy?  

  

(A) Carbonic anhydrase inhibitor  

(B) Na+–Cl− symport inhibitor  

(C) Na+–K+–2Cl− symport inhibitor  

(D) Osmotic diuretic  

(E) Renal epithelial sodium channel inhibitor  

  

  

66. A 55-year-old man comes to the physician because of a 2-week history of recurrent, widespread blister formation. Physical 

examination shows lesions that are most numerous in the flexural areas including the axillae and groin. The blisters do not 

break easily, and there are no oral lesions. These blisters are most likely the result of adhesion failure involving which of the 

following?  

  

(A) Basement membrane  

(B) Dermal papillae  

(C) Langerhans cells  

(D) Melanocytes  

(E) Merkel cells  

  

  

67. A 24-year-old man is brought to the emergency department 40 minutes after he was involved in a motor vehicle collision. He 

was the unrestrained driver. He is conscious. Physical examination shows numerous lacerations and ecchymoses over the face. 

His vision is normal. Ocular, facial, and lingual movements are intact. The gag reflex is present. Sensation to pinprick is absent 

over the right side of the face anterior to the right ear, extending down along the full extent of the mandible to the chin. Sensation 

also is absent over the right side of the tongue. X-rays of the skull show fractures of the orbit, zygomatic arch, and infratemporal 

fossa. The most likely cause of these findings is a fracture affecting which of the following locations?  

  

(A) Foramen lacerum  

(B) Foramen ovale  

(C) Foramen rotundum  

(D) Foramen spinosum  

(E) Jugular foramen  

  

  

68. A 55-year-old man who is a business executive is admitted to the hospital for evaluation of abdominal pain. He is polite to the 

physician but berates the nurses and other staff. The patient's wife and two of his three adult children arrive for a visit. The 

patient says with disgust that the missing child is and always has been worthless. Which of the following is the most likely 

explanation for this patient's behavior?  

  

(A) Countertransference  

(B) Projection  

(C) Projective identification  

(D) Reaction formation  

(E) Splitting  
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69. A 2-year-old boy with a history of recurrent skin abscesses develops posterior cervical lymphadenitis. Results of a flow 

cytometry assay measuring reduction of dihydrorhodamine to the fluorescent compound rhodamine (DHR) by resting or 

phorbol myristate acetate (PMA)-stimulated neutrophils are shown. Which of the following is the most likely causal organism?  

  

(A) Bacteroides fragilis  

(B) Mycobacterium tuberculosis  

(C) Pseudomonas aeruginosa  

(D) Staphylococcus aureus  

(E) Treponema pallidum  

  

  

  

  

70. An otherwise healthy 45-year-old man comes to the physician because of a 3-week history of progressive epigastric heartburn 

and a 4.5-kg (10-lb) weight loss. The pain tends to be more severe at night and occurs 1 to 3 hours after meals during the day. 

He has had similar episodes with lesser intensity during the past year. Abdominal examination shows tenderness to deep 

palpation. Test of the stool for occult blood is positive. Endoscopy shows a bleeding 3-cm ulcer in the antrum of the stomach. 

A photomicrograph of Steiner silver-stained tissue (400x) from a biopsy of the gastric mucosa adjacent to the ulcer is shown. 

Which of the following processes is most likely to be involved?  

  

(A) Elaboration of proteases and urease with local tissue destruction  

(B) Hyperacidity and gastric ulcer development  

(C) Ingestion of preformed toxins in contaminated well water  

(D) Spirochete invasion of gastric cells  

  

 
  

71. A 10-year-old girl is brought to the office by her mother because her school nurse thinks that she may have Marfan syndrome. 

She is at the 95th percentile for height and 25th percentile for weight. Physical examination shows a narrow palate with dental 

crowding, long slender extremities, and joint laxity. Molecular testing for FBN1 shows a single nucleotide difference that does 

not change the amino acid at that locus. Her mother is 163 cm (5 ft 4 in) tall. There is no clinical evidence of Marfan syndrome 

in the mother, but she has the same single nucleotide change as the patient. The same nucleotide change is found in 15 of 200 

individuals without Marfan syndrome. Which of the following best describes the single nucleotide change in the patient and 

her mother?  

  

(A) It is a disease-causing mutation in the patient and her mother  

(B) It is a polymorphism  

(C) It is a sequence variant of unknown significance  

(D) It will change the folding of the protein (E) It will result in a truncated protein  

  

  

72. A previously healthy 40-year-old woman is brought to the emergency department by her husband because of a 2-day history of 

fever, lethargy, and confusion. Her temperature is 38°C (100.4°F), pulse is 80/min, respirations are 18/min, and blood pressure 

is 140/90 mm Hg. Physical examination shows scattered petechiae and ecchymoses over the lower extremities. Neurologic 

examination shows moderate generalized motor weakness. She is oriented to person but not to place or time. Laboratory studies 

show:   

  

 Hemoglobin  9 g/dL  

 Hematocrit  27%  

 Leukocyte count   8000/mm3 with a normal differential  

 Platelet count  15,000/mm3  

 Prothrombin time  12 sec (INR=1.1)  

 Partial thromboplastin time  30 sec  

 Serum    

   Urea nitrogen  25 mg/dL  
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   Lactate dehydrogenase  1000 U/L  

  

(A) peripheral blood smear shows 3+ polychromasia and 3+ schistocytes. Urine and blood cultures grow 

no organisms. A chest x-ray shows no abnormalities. Which of the following is the most likely 

diagnosis?  

  

(A) Acute myeloid leukemia  

(B) Autoimmune hemolytic anemia  

(C) Thrombotic thrombocytopenic purpura  

(D) Toxic shock syndrome  

(E) von Willebrand disease  

  

  
73. A 17-year-old girl has never had a menstrual period. Physical examination shows a normal female body habitus, normal breast 

development, and normal appearing external genitalia. She has no axillary or pubic hair. The patient refuses to have a pelvic or 

rectal examination. Which of the following is the most likely explanation for the clinical presentation?  

  

(A) Androgen insensitivity  

(B) Congenital adrenal hyperplasia  

(C) Ectodermal dysplasia  

(D) A psychiatric disorder  

(E) A sex chromosome mosaicism  

  

  

74. A 12-year-old girl is brought to the physician because of a 2-month history of intermittent yellowing of the eyes and skin. 

Physical examination shows no abnormalities except for jaundice. Her serum total bilirubin concentration is 3 mg/dL, with a 

direct component of 1 mg/dL. Serum studies show a haptoglobin concentration and AST and ALT activities that are within the 

reference ranges. There is no evidence of injury or exposure to toxins. Which of the following additional findings is most likely 

in this patient?  

  

(A) Decreased activity of UDP glucuronosyltransferase  

(B) Gallstones  

(C) Increased hemolysis  

(D) Increased serum alkaline phosphatase activity  

(E) Ineffective erythropoiesis  

  

  

  

  

75. A 47-year-old woman comes to the emergency department because of a 2-week history of intermittent abdominal pain, nausea, 

and vomiting. She has had similar episodes sporadically during the past 4 years. Physical examination shows dehydration, 

jaundice, and upper abdominal distention. Laboratory studies show hyperbilirubinemia. A CT scan and upper gastrointestinal 

series of the abdomen with oral contrast are shown; the arrows indicate the abnormality. Which of the following is the most 

likely cause of these findings?  

  

(A) Annular pancreas  

(B) Cirrhosis of the liver  

(C) Duodenal constriction by the portal vein  

(D) Duodenal constriction by the superior mesenteric artery  

(E) Pyloric stenosis  

  

  
76. An 8-year-old boy is brought to the office by his mother because of a 3-day history of fever, sore throat, and itchy eyes. He just 

returned from a weeklong summer camp that included hiking trips and swimming lessons in the camp-owned swimming pool. 
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He has no history of major medical illness and receives no medications. He appears tired. His temperature is 39.4°C (102.9°F); 

other vital signs are within normal limits. Physical examination shows conjunctival injection and discharge and oropharyngeal 

erythema. The public health department reports an outbreak of similar symptoms among the other campers and camp volunteers. 

Which of the following is the most likely cause of this patient’s symptoms?  

  

(A) Adenovirus  

(B) Cytomegalovirus  

(C) Epstein-Barr virus  

(D) Influenza virus  

(E) West Nile virus  

  

  

  

  

  

  

  

77. A 36-year-old man with profound intellectual disability is brought to the physician by staff at his facility because of increasing 

abdominal girth during the past 2 weeks. He is unable to speak, and no medical history is currently available. Physical 

examination shows a protuberant abdomen with a fluid wave and shifting dullness. There are no signs of trauma to the area. 

Laboratory studies show no abnormalities. A CT scan of the abdomen is shown. Fluid is present in which of the following areas 

as indicated by the arrow?  

  

(A) Epiploic foramen  

(B) Gastrosplenic ligament  

(C) Hepatorenal pouch (of Morison)  

(D) Omental bursa (lesser sac)  

(E) Sulcus pericolicus  

  

 
  

78. A study is designed to evaluate the feasibility of acupuncture in children with chronic headaches. Sixty children with chronic 

headaches are recruited for the study. In addition to their usual therapy, all children are treated with acupuncture three times a 

week for 2 months. Which of the following best describes this study design?  

  

(A) Case-control  

(B) Case series  

(C) Crossover  

(D) Cross-sectional  

(E) Historical cohort  

(F) Randomized clinical trial  

  

  

79. A 56-year-old man comes to the emergency department because of a 4-day history of colicky right flank pain that radiates to 

the groin and hematuria. Ultrasound examination of the kidneys shows right-sided hydronephrosis and a dilated ureter. Which 

of the following is most likely to be found on urinalysis?  

  

(A) Erythrocyte casts  

(B) Glucose  

(C) Leukocyte casts  

(D) Oval fat bodies  

(E) Uric acid crystals  
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80. A 62-year-old man comes to the physician for a follow-up examination after he was diagnosed with chronic inflammatory 

interstitial pneumonitis. Following pulmonary function testing, a biopsy specimen of the affected area of the lungs is obtained. 

Compared with a healthy man, analysis of this patient's biopsy specimen is most likely to show which of the following patterns 

of changes in the cell populations of alveoli?  

  

   Type I Pneumocytes  Type II Pneumocytes  Fibroblasts  

(A) ↑  ↑  ↑  

(B) ↑  ↑  ↓  

(C) ↑  ↓  ↑  

(D) ↑  ↓  ↓  

(E) ↓  ↑  ↑  

(F) ↓  ↑  ↓  

(G) ↓  ↓  ↑  

(H) ↓  ↓  ↓  
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USMLE STEP 1 SAMPLE TEST QUESTIONS  

  

BLOCK 3, ITEMS 81-117  

  

  

81. Six healthy subjects participate in a study of muscle metabolism during which hyperglycemia and hyperinsulinemia is induced. 

Muscle biopsy specimens obtained from the subjects during the resting state show significantly increased concentrations of 

malonyl-CoA. The increased malonyl-CoA concentration most likely directly inhibits which of the following processes in these 

subjects?  

  

(A) Fatty acid oxidation  

(B) Fatty acid synthesis  

(C) Gluconeogenesis  

(D) Glycogenolysis  

(E) Glycolysis  

(F) Oxidative phosphorylation  

  

  

82. A 72-year-old woman who has smoked 20 cigarettes daily for the past 38 years begins using eyedrops for glaucoma. Three 

days later, she has a marked increase in shortness of breath while walking up a flight of stairs. Which of the following drugs is 

the most likely cause of the development of shortness of breath in this patient?  

  

(A) Acetazolamide  

(B) Apraclonidine  

(C) Epinephrine  

(D) Latanoprost  

(E) Timolol  

  

  

83. A 54-year-old man comes to the physician because of episodes of fainting for 3 months. He also has had difficulty performing 

daily tasks because he is easily fatigued. He had a myocardial infarction 12 years ago. His pulse is 40/min, respirations are 

18/min, and blood pressure is 138/85 mm Hg. Physical examination shows evidence of cannon a waves. An ECG shows a P-

wave rate of 90/min, and an R-wave rate of 40/min, with no apparent relation between the two. Which of the following is the 

most likely diagnosis?  

  

(A) First-degree atrioventricular block  

(B) Right bundle branch block  

(C) Second-degree atrioventricular block, type I  

(D) Second-degree atrioventricular block, type II  

(E) Third-degree atrioventricular block  

  

  

84. A 15-year-old boy is brought to the emergency department by his parents because of a 2-hour history of confusion and agitation. 

He also has had fever, headache, stiff neck, and vomiting since he returned from summer camp 2 days ago. His parents say he 

does not use illicit drugs. On arrival, he is combative and there is evidence of hallucinations. His temperature is 40°C (104°F), 

pulse is 80/min, respirations are 17/min, and blood pressure is 100/70 mm Hg. A lumbar puncture is performed. Results of 

cerebrospinal fluid analysis show cysts and trophozoites. The most likely portal of pathogen entry into this patient's central 

nervous system is which of the following?  

  

(A) Cavernous sinus  

(B) Facial nerve  

(C) Frontal sinus  

(D) Mastoid sinus  

(E) Olfactory nerve  
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(F) Trigeminal nerve  

  

  

85. A 42-year-old woman comes to the physician for a routine examination. She says that she has felt well except for occasional 

episodes of constipation, abdominal discomfort, and mild fatigue. She was treated for a renal calculus 10 years ago and was 

told she had a "lazy gallbladder." Her pulse is 82/min, and blood pressure is 150/80 mm Hg. Physical examination shows no 

other abnormalities. Laboratory studies show:  

  

 Erythrocyte count  3 million/mm3  

 Serum    

   K+  4.5 mEq/L  

   Cl–  107 mEq/L  

   Ca2+  12 mg/dL  

   Phosphorus  2.2 mg/dL  

   Alkaline phosphatase  95 U/L  

  

The most likely cause of this patient's condition is a small, well-defined nodule in which of the following locations?  

  

(A) Adrenal gland  

(B) Anterior pituitary gland  

(C) Gallbladder  

(D) Kidney  

(E) Parathyroid gland  

(F) Thymus  

  

 
  

86. A new severe respiratory illness caused by a newly identified virus is discovered. Which of the following properties of a killed 

vaccine relative to a live vaccine is the most appropriate rationale for developing a killed vaccine for this illness?  

  

(A) Avoids the concern for reversion to virulence  

(B) Develops more rapid protective immunity  

(C) Is less likely to require subsequent boosters for lifelong immunity  

(D) Is most likely to generate mucosal immunity  

(E) Requires little safety monitoring to ensure inactivation  

  

  

87. A 72-year-old woman comes to the physician because of a 3-day history of fever, shortness of breath, difficulty swallowing, 

chest pain, and cough. She is frail. Physical examination shows tachypnea and equal pulses bilaterally. Percussion of the chest 

shows dullness over the right lower lung field. Laboratory studies show arterial hypoxemia and decreased PCO2. A chest x-ray 

shows an area of opacification in the lower region of the right lung. Which of the following is the most likely cause of this 

patient's condition?  

  

(A) Alveolar proteinosis  

(B) Aspiration  

(C) Cigarette smoking  

(D) Emphysema  

(E) Vasculitis  

  

  

88. A 25-year-old woman comes to the office because of a 6-month history of increasingly severe low back pain and heavy menses. 

Her temperature is 37.1°C (98.8°F), pulse is 75/min, respirations are 13/min, and blood pressure is 115/79 mm Hg. Physical 

examination shows no abnormalities. An endometrial biopsy specimen shows regular tubular endometrial glands with abundant 
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mitotic figures in the endometrial glands and stroma. Which of the following proteins or enzymes regulate the progression of 

cells into this phase of this patient's menstrual cycle?  

  

(A) AMP-dependent kinases  

(B) Cyclin-dependent kinases  

(C) Hexokinases  

(D) Lipid kinases  

(E) Urokinases  

  

  

89. A 72-year-old woman is brought to the emergency department by her husband because of a 1-hour history of difficulty walking 

and speaking. The husband says that she was well last night but when she awoke this morning, she had difficulty getting out of 

bed and her speech was slurred. She has a 20-year history of type 2 diabetes mellitus well controlled with medication and diet. 

She is alert and oriented and is able to follow commands and respond verbally, but she has impaired speech. Her pulse is 80/min, 

respirations are 16/min, and blood pressure is 142/88 mm Hg. Physical examination shows leftsided hemiparesis. The tongue 

deviates to the right when protruded. Sensation to pinprick and temperature is normal, and proprioception and sensation to light 

touch are absent over the left upper and lower extremities. Which of the following labeled sites in the photograph of a cross 

section of a normal brain stem is most likely damaged in this patient?  

 

90. A 4-year-old boy is brought to the physician because of slow growth during the past year. He has had recurrent urinary tract 

infections since the age of 1 year. He is at the 10th percentile for height and 25th percentile for weight. Physical examination 

shows pallor. Laboratory studies show a normochromic, normocytic anemia and increased serum concentrations of urea 

nitrogen and creatinine. Urinalysis shows a low specific gravity. Which of the following sets of additional serum findings is 

most likely in this patient?  

  

   Calcium  Inorganic Phosphorus  1,25-Dihydroxycholecalciferol  Erythropoietin  

(A) ↑  ↑  ↑  ↓  

(B) ↑  ↑  ↓  ↓  

(C) ↑  ↓  ↓  ↑  

(D) ↓  ↑  ↑  ↓  

(E) ↓  ↑  ↓  ↓  

(F) ↓  ↓  ↑  ↑  

  

  

  

91. A 42-year-old woman is brought to the emergency department because of double vision that began 20 minutes after she fell 

from her horse and landed on the left side of her face. Examination of the face shows ecchymoses over the left zygomatic arch. 

A CT scan of the head is shown. Which of the following arteries is at greatest risk for injury in this patient?  

  

(A) Facial  

(B) Frontal  

(C) Infraorbital  

(D) Lacrimal  

(E) Ophthalmic  

  

  
92. A previously healthy 24-year-old woman who is a college student comes to the office because of a 6-month history of abdominal 

bloating, upper abdominal discomfort, and constipation. The symptoms are more severe when she is preparing for examinations 

but improve after bowel movements. She takes no medications. She does not smoke or use illicit drugs. She drinks alcoholic 

beverages occasionally. She is 160 cm (5 ft 3 in) tall and weighs 57 kg (125 lb); BMI is 22 kg/m2. Her pulse is 72/min, and 

blood pressure is 100/72 mm Hg. Physical examination, including digital rectal examination, shows no other abnormalities. A 

complete blood count and serum electrolyte concentrations are within the reference ranges. A urease breath test result is negative. 

Upper and lower endoscopies show no abnormalities. Which of the following is the most appropriate pharmacotherapy for this 

patient?  
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(A) Azathioprine  

(B) Infliximab  

(C) Lubiprostone  

(D) Mesalamine  

(E) Sulfasalazine  

  

  

93. A 32-year-old man is brought to the emergency department 30 minutes after being struck by a car while driving his motorcycle. 

He reports severe pelvic pain. On examination, there is bruising of the perineum and pain is elicited with motion of his pelvis. 

Blood is noted at the urethral meatus. There is no other penile trauma. A plain x-ray shows a fracture of the superior pubic 

ramus and retrograde urethrography is done to evaluate for a urethral disruption. Which of the following portions of the urethra 

would be at greatest risk for injury in this patient?  

  

(A) Intramural (pre-prostatic)  

(B) Membranous  

(C) Prostatic  

(D) Spongy  

  

  

  

94. A 2-year-old boy is brought to the office by his mother because of a 1-day history of severe pain, swelling, and redness of his 

left thumb. The mother does not recall any trauma to the area. She says he has been eating poorly during this period, but 

otherwise he has been behaving normally. He has no history of major medical illness and receives no medications. He appears 

tearful. He is at the 90th percentile for length and 80th percentile for weight. His temperature is 37.7°C (99.8°F), pulse is 

100/min, respirations are 20/min, and blood pressure is 100/50 mm Hg. Physical examination shows an oral vesicle, cervical 

lymphadenopathy, and the findings in the photograph. Which of the following types of infectious agents is the most likely cause 

of the findings in this patient’s finger?  

  

(A) DNA virus  

(B) Gram-negative bacterium  

(C) Gram-positive bacterium  

(D) RNA virus  

(E) Yeast  

  

 
  

95. A 46-year-old woman with active ankylosing spondylitis comes to the office for a follow-up examination. The use of various 

conventional nonsteroidal anti-inflammatory drugs has been ineffective. Sulfasalazine treatment also has not resulted in 

improvement. The most appropriate next step in treatment is administration of a drug that inhibits which of the following?  

  

(A) CD20  

(B) Cyclooxygenase-2  

(C) Cytotoxic T-lymphocyte antigen 4  

(D) Epidermal growth factor (E) Interleukin-1 (IL-1)  

(F) Tumor necrosis factor α  

  

  

96. During a study of renal glomeruli, a healthy animal kidney is kept in a vascular bath preparation at a constant afferent arterial 

pressure of 100 mm Hg. If the efferent arteriole is constricted with a vascular clamp, which of the following Starling forces is 

most likely to change in the glomeruli?  

  

(A) Decreased filtration coefficient (Kf)  

(B) Decreased hydrostatic pressure  

(C) Decreased oncotic pressure  

(D) Increased hydrostatic pressure  
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(E) Increased oncotic pressure  

  

97. A 67-year-old woman is brought to the emergency department 30 minutes after she had a generalized tonic-clonic seizure. Her 

family says that she seemed mildly confused before her eyes rolled backward and she had the onset of uncontrollable jerking 

movements of her arms and legs and loss of consciousness. During the seizure, she passed urine and bit her tongue. At the 

scene, her vital signs were within normal limits. She has a 6-month history of a 7-kg (15-lb) weight loss despite no changes in 

appetite. She received the diagnosis of small cell carcinoma of the lung last week and has not begun treatment. She has 

hypertension well controlled with lisinopril. On arrival, she is awake but does not respond to verbal stimuli. She is not in 

distress. Her temperature is 37°C (98.6°F), pulse is 70/min, and blood pressure is 130/88 mm Hg while supine. Examination 

shows no abnormalities. Laboratory studies show:  

  

 Serum    

   Na+  115 mEq/L  

   K+  4 mEq/L  

   Cl−  81 mEq/L  

   HCO3
−  25 mEq/L  

   Urea nitrogen  9 mg/dL  

   Glucose  102 mg/dL  

   Creatinine  0.6 mg/dL  

 Urine    

   Sodium  60 mEq/L  

   Potassium  20 mEq/L  

   Osmolality  900 mOsmol/kg H2O  

  

Which of the following is the most likely diagnosis?  

  

(A) Adrenal insufficiency  

(B) Diuretic abuse  

(C) Heart failure  

(D) Syndrome of inappropriate secretion of ADH (vasopressin) (E) Water intoxication  

  

  
98. A 23-year-old woman comes to the physician for genetic counseling prior to conception. Her brother and maternal uncle had 

Duchenne muscular dystrophy (DMD) and died at the ages of 28 and 17 years, respectively. Genetic analysis was not performed 

on either relative prior to death. Serum studies show a muscle creatine kinase concentration of 120 U/L (N=22– 198). The 

patient's 50-year-old mother has a serum muscle creatine kinase concentration of 300 U/L. Which of the following is the most 

appropriate assessment of this patient's carrier status for this disease?  

  

(A) The patient has a 50% risk for developing DMD  

(B) The patient has a 50% risk of having a child with DMD  

(C) The patient is a carrier of the disease based on her family history of DMD  

(D) The patient is not a carrier of the DMD based on her normal creatine kinase concentration  

(E) The patient's DMD carrier status is uncertain because of random X inactivation  

  

  

99. A randomized controlled trial is conducted to assess the risk for development of gastrointestinal adverse effects using 

azithromycin compared with erythromycin in the treatment of pertussis in children. Of the 100 children with pertussis enrolled, 

50 receive azithromycin, and 50 receive erythromycin. Results show vomiting among 5 patients in the azithromycin group, 

compared with 15 patients in the erythromycin group. Which of the following best represents the absolute risk reduction for 

vomiting among patients in the azithromycin group?  

  

(A) 0.1  

(B) 0.2  

(C) 0.33  

(D) 0.67  
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(E) 0.8  

  

  

100. A 35-year-old woman comes to the office because of a 3-day history of severe right back pain. She has not had any fever, chills, 

or weight loss. She has no history of major medical illness. Musculoskeletal and neurologic examinations show no 

abnormalities. When told that her examination is normal, the patient becomes tearful and demands an MRI of her back because 

her mother just died from breast cancer metastatic to bone and she fears that she may also have cancer. The patient already 

contacted her insurance company, who told her that if she has neurologic abnormalities an MRI may be covered by her plan. 

The patient asks the physician to order the MRI indicating that she has neurologic findings. Which of the following is the most 

appropriate initial action by the physician?  

  

(A) Advise the patient to change insurance companies as soon as she is able so that she can receive more comprehensive 

medical care  

(B) Explain that the patient does not need the MRI and that it is not appropriate to misrepresent her examination findings 

(C) Immediately inform the patient's insurance company about what the patient has asked the physician to do (D) 

Order the MRI as the patient requests  

(E) Recommend that the patient pay for the MRI out-of-pocket in order to ease her worry  

  

  

101. A 6-day-old breast-fed boy is brought to the emergency department by his mother because of poor weight gain and irritability 

since delivery, and a 2-hour history of vomiting. Physical examination shows jaundice and hepatomegaly. A reducing substance 

test result of the urine is positive, and a glucose oxidase test result is negative. The concentration of which of the following 

metabolites in liver is most likely increased in this patient?  

  

(A) Fructose 1,6-bisphosphate  

(B) Galactose 1-phosphate  

(C) Glucose 1-phosphate  

(D) Glucose 6-phosphate  

  

  

102. A 14-year-old boy is brought to the physician because of a 2-day history of a sore throat and fever that peaks in the late afternoon. 

He also has a 1-week history of progressive fatigue. He recently began having unprotected sexual intercourse with one partner. 

He appears ill. His temperature is 39°C (102.2°F). Physical examination shows cervical lymphadenopathy and pharyngeal 

erythema with a creamy exudate. Which of the following is the most likely diagnosis?  

  

(A) Candidiasis  

(B) Herpangina  

(C) Infectious mononucleosis  

(D) Mumps  

(E) Syphilis  

  

  

103. In a cohort study of elderly women, the relative risk ratio for hip fractures among those who exercise regularly is 1.2 (95% 

confidence interval of 1.1 to 1.8). Which of the following is the most appropriate conclusion about the effect of regular exercise 

on the risk for hip fracture?  

  

(A) Statistically nonsignificant increase in risk  

(B) Statistically nonsignificant overall decrease in risk  

(C) Statistically significant overall decrease in risk (D) Statistically significant overall increase in risk  

  

  

  

104. A 12-year-old boy is brought to the physician by his mother because of a 1-month history of pain below the left knee. His 

mother says, "He can usually walk around, but he hasn't been able to play in any of his soccer games since this all began." 



 

36  

  

Examination of the left knee shows warmth, swelling, and tenderness. An x-ray of the knee is shown. Which of the following 

structures is attached to the abnormal anterior tibial area?  

  

(A) Anterior cruciate ligament  

(B) Gastrocnemius muscle  

(C) Patellar ligament  

(D) Popliteus muscle  

(E) Posterior cruciate ligament  

(F) Soleus muscle  

  

  
105. A 22-year-old woman comes to the office because of a 3-day history of cold symptoms and a 1-week history of progressive 

fatigue. Six weeks ago, she received a kidney transplant from a living, related donor. Immediately after the operation, she 

received monoclonal anti-CD3 therapy. Current medications are azathioprine, cyclosporine, and prednisone. Her temperature 

is 39°C (102.2°F). Physical examination shows a well-healed surgical scar. Serum studies show that her urea nitrogen and 

creatinine concentrations have tripled. A diagnosis of allograft rejection is suspected. In addition, this patient's clinical 

presentation is best explained by an infection with which of the following agents?  

  

(A) Adenovirus  

(B) BK virus  

(C) Epstein-Barr virus  

(D) Herpes simplex virus  

(E) Varicella-zoster virus  

  

  

106. A new test to detect the presence of malarial antibodies by ELISA is evaluated in 100 patients with active untreated malaria 

proven by demonstration of blood-borne parasites and in 100 patients with no history of infection. Results of testing are shown:  

  

     Malaria    

     Present  Absent    

Positive 80  

ELISA Test Results  

Negative 120  

     100  100  200  

  

Which of the following is the specificity of this test?  

  

(A) 65%  

(B) 71%  

(C) 75%  

(D) 94%  

(E) 95%  

  

  
107. A 30-year-old woman comes to the physician because of a 2-day history of abdominal pain. She has a history of recurrent upper 

respiratory tract infections, sinusitis, and pancreatitis. She has thick nasal secretions. She says that her sweat is salty and 

crystallizes on her skin. Her vital signs are within normal limits. Physical examination shows epigastric tenderness.  

Genetic testing for the 36 most common mutations shows a detectable mutation (G551D) in one allele of the CFTR gene. 

Which of the following best explains this patient's clinical phenotype?  

  

(A) Loss of heterozygosity of the CFTR gene has occurred in the pancreas  

(B) Only one G551D allele is needed in CFTR  

(C) The patient is a CFTR obligate carrier  

(D) The patient's CFTR mutation is unrelated to her clinical phenotype  

75  5  

25  95  
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(E) The second CFTR mutation was not detected by the testing obtained  

  

  

108. A 52-year-old man is brought to the emergency department 30 minutes after he had an episode of chest pain radiating to his 

jaw while shoveling snow. His pulse is 80/min, and blood pressure is 130/70 mm Hg. The lungs are clear to auscultation. 

Cardiac examination shows an S4. While undergoing an ECG, the patient says that he feels the chest pain returning. The most 

appropriate immediate treatment is a drug with which of the following mechanisms of action?  

  

(A) Increases cAMP concentration  

(B) Increases nitric oxide concentration  

(C) Inhibits potassium flux  

(D) Inhibits sodium flux  

  

  

109. A technician wants to determine whether cytomegalovirus (CMV) DNA is present in the blood of a bone marrow transplant 

recipient. DNA purified from the leukocytes of the patient is reacted in a mixture containing oligonucleotides specific for CMV 

DNA, thermostable DNA polymerase, and nucleotides. Repetitive cycles of heating and cooling are performed, and the reaction 

product is detected by gel electrophoresis. The technician most likely used which of the following laboratory procedures on 

this patient's blood?  

  

(A) Northern blotting  

(B) Polymerase chain reaction  

(C) Reverse transcription  

(D) Southern blotting  

(E) Western blotting  

  

  

  

  

110. A 16-year-old boy comes to the physician because of a rash on his left inner thigh that first appeared 2 days after he returned 

from a hunting trip with friends in Minnesota. A photograph of the rash is shown. Without treatment, this patient is at increased 

risk for which of the following?  

  

(A) Carditis  

(B) Glomerulonephritis  

(C) Hepatitis  

(D) Pancreatitis  

(E) Thrombocytopenia  

  

  
111. After being severely beaten and sustaining a gunshot wound to the abdomen, a 42-year-old woman undergoes resection of a 

perforated small bowel. During the operation, plastic reconstruction of facial fractures, and open reduction and internal fixation 

of the left femur are also done. Thirty-six hours postoperatively, she is awake but not completely alert. She is receiving 

intravenous morphine via a patient-controlled pump. She says that she needs the morphine to treat her pain, but she is worried 

that she is becoming addicted. She has no history of substance use disorder. She drinks one to two glasses of wine weekly. 

Which of the following initial actions by the physician is most appropriate?  

  

(A) Reassure the patient that her chance of becoming addicted to narcotics is minuscule  

(B) Maintain the morphine, but periodically administer intravenous naloxone  

(C) Switch the patient to oral acetaminophen as soon as she can take medication orally  

(D) Switch the patient to intramuscular lorazepam  

(E) Switch the patient to intravenous phenobarbital  
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112. A 51-year-old man comes to the office because of a 6-month history of a lump on his tongue that is interfering with his speech 

and eating; he also has had a 6.8-kg (15-lb) weight loss during this period. He has smoked 1 pack of cigarettes daily and has 

consumed six 12-oz bottles of beer on weekend nights during the past 30 years. His vital signs are within normal limits. Physical 

examination shows a 1.5-cm mass on the apex of the tongue. Further evaluation of the mass confirms squamous cell carcinoma. 

It is most appropriate to evaluate which of the following lymph nodes first for evidence of metastasis in this patient?  

  

(A) Inferior deep cervical  

(B) Parotid  

(C) Retropharyngeal  

(D) Submental  

(E) Superior deep cervical  

  

  

113. A 31-year-old woman comes to the physician because of a 2-week history of malaise, nausea, vomiting, and decreased appetite. 

She is a known user of intravenous heroin. She appears chronically ill. She is 165 cm (5 ft 5 in) tall and weighs 47 kg (103 lb); 

BMI is 17 kg/m2. Her temperature is 36.7°C (98.1°F), pulse is 90/min, respirations are 18/min, and blood pressure is 114/68 

mm Hg. Physical examination shows scleral icterus and a liver span of 16 cm. The spleen is not palpable. Serum studies show:  

  

 Total bilirubin  3.2 mg/dL  

 AST  774 U/L  

 ALT  820 U/L  

 HIV antibody  negative  

 Hepatitis B surface antigen  negative  

 Hepatitis B surface antibody  positive  

 Anti-hepatitis B core antibody  positive  

 Hepatitis B DNA  negative  

 Anti-hepatitis C virus  positive  

 Hepatitis C RNA  positive  

  

Which of the following is the most likely outcome of this patient's infection?  

  

(A) Complete resolution of infection  

(B) Latent infection with intermittent viremia  

(C) Lifelong persistent infection  

(D) Patient death from acute infection  

  
  

114. A 57-year-old man receives radiation therapy for a squamous cell carcinoma of the lung. Despite therapy, the tumor 

progressively increases in size, and he dies 6 months later. His tumor cells contain a point mutation in the p53 gene (TP53), 

leading to an inactive gene product. Based on this finding, the progressive tumor growth despite irradiation therapy is most 

likely to be related to a defect in cell cycle arrest in which of the following phases of the cell cycle?  

  

(A) G0  

(B) G1  

(C) G2  

(D) M  

(E) S  

  

  

115. A 55-year-old man comes to the physician for a routine physical examination. He is currently taking no medications. His pulse 

is 80/min, and blood pressure is 165/95 mm Hg. Physical examination shows no other abnormalities. The presence of which of 

the following mechanisms is most likely to increase this patient's blood pressure further?  

  

(A) Decreased cardiac output  
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(B) Decreased pulse  

(C) Decreased stroke volume  

(D) Increased peripheral vascular resistance  

(E) Increased pulmonary artery pressure  

  

  

116. A 53-year-old man comes to the physician because of a 6-month history of intermittent blood in his stool. He has had no pain 

with defecation. Physical examination shows a 1-cm, visible anal mass located below the dentate line. A biopsy of the mass is 

scheduled. If the mass if found to be malignant, it is most appropriate to evaluate which of the following lymph nodes for 

possible metastasis?  

  

(A) Internal iliac  

(B) Popliteal  

(C) Sacral  

(D) Superficial inguinal  

(E) Superior rectal  

  

  

117. A 59-year-old man is brought to the emergency department because of a 4-day history of nausea, vomiting, and diarrhea. He 

also has been confused and agitated during this period. He has a history of mild hypertension. His current medication is a 

diuretic. His temperature is 37°C (98.6°F), pulse is 108/min, respirations are 26/min, and blood pressure is 70/47 mm Hg. 

Physical examination shows delayed capillary refill of the lips and nail beds and cool extremities. His oxyhemoglobin saturation 

in a central vein is 60% (N=70–75). These findings are most consistent with which of the following types of shock?  

  

(A) Cardiogenic  

(B) Distributive  

(C) Hypovolemic  

(D) Obstructive  

(E) Septic  
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Answer Form for USMLE Step 1 Sample Test Questions  
  

Block 1 (Questions 1-40)  

                    

  1.  ___  11.  ___  21.  ___  31.  ___     2.  ___  12.  ___  22.  ___  32. 

 ___     3.  ___  13.  ___  23.  ___  33.  ___     4.  ___  14.  ___  24.  ___ 

 34.  ___     5.  ___  15.  ___  25.  ___  35.  ___     6.  ___  16.  ___  26. 

 ___  36.  ___     7.  ___  17.  ___  27.  ___  37.  ___     8.  ___  18.  ___ 

 28.  ___  38.  ___     9.  ___  19.  ___  29.  ___  39.  ___    

  10.  ___  20.   ___  30.   ___  40.  ___    

  

  

Block 2 (Questions 41-80)  

  

  
  41.  ___  51.  ___  61.  ___  71.  ___   42.  ___  52.  ___  62.  ___ 

 72.  ___   43.  ___  53.  ___  63.  ___  73.  ___   44.  ___  54.  ___  64. 

 ___  74.  ___   45.  ___  55.  ___  65.  ___  75.  ___   46.  ___  56.  ___ 

 66.  ___  76.  ___   47.  ___  57.  ___  67.  ___  77.  ___   48.  ___  58. 

 ___  68.  ___  78.  ___  

49. ___  59.  ___  69.  ___  79.  ___  

50. ___  60.  ___  70.  ___  80.  ___ 

  

 

  

Block 3 (Questions 81-117)  

  

  

  81.  ___  91.  ___  101.  ___  111.  ___     82.  ___  92.  ___  102.  ___  112. 

 ___     83.  ___  93.  ___  103.  ___  113.  ___     84.  ___  94.  ___  104.  ___ 

 114.  ___     85.  ___  95.  ___  105.  ___  115.  ___     86.  ___  96.  ___  106. 

 ___  116.  ___    

87. ___  97.  ___  107.  ___  117.  ___    

88. ___  98.  ___  108.  ___    

89. ___  99.  ___  109.  ___    

90. ___  100.  ___  110.  ___      

  

  

  

Block 1 (Questions 1-40)  
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1. D  11. D  21. B  31. A  

2. A  12. E  22. E  32. E 3. D  13. C  23. A  33. E  

4. A  14. D  24. A  34. E  

5. E  15. C  25. A  35. D  

6. C  16. A  26. B  36. D  

7. C  17. D  27. C  37. C  

8. B  18. B  28. C  38. C  

9. C  19. B  29. B  39. A  

10. F  20. B  30. C  40. B  

  

  

Block 2 (Questions 41-80)  

  

  

41. C  51. C  61. A  71. B  

42. E  52. G  62. A  72. C  

43. D  53. C  63. C  73. A 44. A  54. B  64. C  74. A 45. B  55. D  65. B  75. A  

46. A  56. E  66. A  76. A  

47. C  57. E  67. B  77. D  

48. E  58. D  68. E  78. B  

49. D  59. E  69. D  79. E  

50. D  60. A  70. A  80. E  

  

Block 3 (Questions 81-117)  

  

  

81. A  91. C  101. B  111. A  

82. E  92. C  102. C  112. D  

83. E  93. B  103. D  113. C  

84. E  94. A  104. C  114. B  

85. E  95. F  105. B  115. D  

86. A  96. D  106. E  116. D  

87. B  97. D  107. E  117. C  

88. B  98. E  108. B    

89. C  99. B  109. B  

90. E  100. B  110. A  
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USMLE Step 1 Test Question Formats  
  

Single-Item Questions  

A single patient-centered vignette is associated with one question followed by four or more response options. The response 

options are lettered (A, B, C, D, E).  A portion of the questions require interpretation of graphic or pictorial materials. You 

are required to select the best answer to the question. Other options may be partially correct, but there is only ONE BEST 

answer. This is the traditional, most frequently used multiple-choice question format on the examination.  
  

Strategies for Answering Single One-Best-Answer Test Questions  

  

The following are strategies for answering one-best-answer items:   
  

• Read each patient vignette and question carefully. It is important to understand what is being asked.  
  

• Try to generate an answer and then look for it in the response option list.  
  

• Alternatively, read each response option carefully, eliminating those that are clearly incorrect.  
  

• Of the remaining options, select the one that is most correct.  
  

• If unsure about an answer, it is better to guess since unanswered questions are automatically counted as wrong answers.  
  

Example Item  

  

A 32-year-old woman with type 1 diabetes mellitus has had progressive renal failure over the past 2 years. She has not yet 

started dialysis. Examination shows no abnormalities. Her hemoglobin concentration is 9 g/dL, hematocrit is 28%, and mean 

corpuscular volume is 94 μm3. A blood smear shows normochromic, normocytic cells. Which of the following is the most 

likely cause?  
  

(A) Acute blood loss  (F)  Microangiopathic hemolysis  

(B) Chronic lymphocytic leukemia  (G)  Polycythemia vera  

(C) Erythrocyte enzyme deficiency  (H)  Sickle cell disease  

(D) Erythropoietin deficiency  (I)   Sideroblastic anemia  

(E) Immunohemolysis  (J)   β-Thalassemia trait  
  
  

(Answer: D)  
  

NOTE: Some item types that appear on the Step 1 examination are NOT depicted in the sample items provided in this 

booklet, eg, items with multimedia features, such as audio. Also, when additional item formats are added to the exam, notice 

will be provided at the USMLE website: http://www.usmle.org. You must monitor the website to stay informed about the 

types of items that occur in the exam, and you must practice with the downloadable sample test items available on the 

USMLE website to be fully prepared for the examination.  

Introduction to USMLE Step 1 Sample Test Questions  
  
The following pages include 117 sample test questions. Most of these questions are the same as those you can install on 

your computer from the USMLE website. Please note that reviewing the sample questions as they appear on pages 7-45 is 

not a substitute for practicing with the test software. You should download and run the Step 1 tutorial and practice test items 

that are provided on the USMLE website well before your test date. The sample materials available on the USMLE website 

include additional items and item formats that do not appear in this booklet, such as items with associated audio or video 

findings. You should become familiar with all item formats that will be used in the actual examination.  

http://www.usmle.org/
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Although the sample questions exemplify content on the Step 1 examination overall, they may not reflect the content 

coverage on individual examinations. In the actual examination, questions will be presented in random order; they will not 

be grouped according to specific content. The questions will be presented one at a time in a format designed for easy onscreen 

reading, including use of the Normal Laboratory Values table (included here on pages 5 and 6) and some pictorials. 

Photographs, charts, and x-rays in this booklet are not of the same quality as the pictorials used in the actual examination. 

In addition, you will be able to adjust the brightness and contrast of pictorials on the computer screen.  
  

To take the following sample test questions as they would be timed in the actual examination, you should allow a maximum 

of 1 hour for each 40-item block, and a maximum of 55 minutes, 30 seconds, for the 37-item block, for a total of 2 hours, 

55 minutes, 30 seconds. Please note that the third block has 37 items instead of 40 because the multimedia items have been 

removed, and the recommended time to complete the block has been adjusted accordingly. Please be aware that most 

examinees perceive the time pressure to be greater during an actual examination. All examinees are strongly encouraged to 

practice with the downloadable version to become familiar with all item formats and exam timing. An answer form for 

recording answers is provided on page 46. An answer key is provided on page 47. In the actual examination, answers will 

be selected on the screen; no answer form will be provided.  
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LABORATORY VALUES  
* Included in the Biochemical Profile (SMA-12)   

  

REFERENCE RANGE                               SI REFERENCE INTERVALS   

BLOOD, PLASMA, SERUM  

* Alanine aminotransferase (ALT), serum ................. 8-20 U/L  .................................................... 8-20 U/L  

   Amylase, serum ...................................................... 25-125 U/L ................................................. 25-125 U/L  

* Aspartate aminotransferase (AST), serum .............. 8-20 U/L ..................................................... 8-20 U/L  

   Bilirubin, serum (adult) Total // Direct ................... 0.1-1.0 mg/dL // 0.0-0.3 mg/dL  ................ 2-17 μmol/L // 0-5 μmol/L  

* Calcium, serum (Ca2+) ............................................ 8.4-10.2 mg/dL .......................................... 2.1-2.8 mmol/L  

* Cholesterol, serum .................................................. Rec:<200 mg/dL  ....................................... <5.2 mmol/L  

   Cortisol, serum ........................................................ 0800 h: 5-23 μg/dL // 1600 h: 3-15 μg/dL  138-635 nmol/L // 82-413 nmol/L  

2000 h: < 50% of 0800 h ............................ Fraction of 0800 h: < 0.50    

Creatine kinase, serum ............................................ Male: 25-90 U/L  ....................................... 25-90 U/L  

Female: 10-70 U/L  .................................... 10-70 U/L  

* Creatinine, serum .................................................... 0.6-1.2 mg/dL  ........................................... 53-106 μmol/L  

   Electrolytes, serum  

     Sodium (Na+) ........................................................ 136-145 mEq/L .......................................... 136-145 mmol/L  

* Potassium (K+) ...................................................... 3.5-5.0 mEq/L ............................................ 3.5-5.0 mmol/L       

     Chloride (Cl–) ........................................................ 95-105 mEq/L  ........................................... 95-105 mmol/L  

     Bicarbonate (HCO3
–)............................................. 22-28 mEq/L  ............................................. 22-28 mmol/L  

     Magnesium (Mg2+) ................................................ 1.5-2.0 mEq/L ............................................ 0.75-1.0 mmol/L   

   Estriol, total, serum (in pregnancy)  

     24-28 wks // 32-36 wks ......................................... 30-170 ng/mL // 60-280 ng/mL  ................ 104-590 nmol/L // 208-970 nmol/L  

     28-32 wks // 36-40 wks ......................................... 40-220 ng/mL // 80-350 ng/mL  ................ 140-760 nmol/L // 280-1210 nmol/L    

Ferritin, serum ......................................................... Male: 15-200 ng/mL  ................................. 15-200 μg/L  

Female: 12-150 ng/mL  .............................. 12-150 μg/L    Follicle-

stimulating hormone, serum/plasma  ......... Male: 4-25 mIU/mL  .................................. 4-25 U/L  

Female: premenopause 4-30 mIU/mL  ...... 4-30 U/L  

midcycle peak 10-90 mIU/mL  ............... 10-90 U/L  

postmenopause 40-250 mIU/mL  ............ 40-250 U/L  

   Gases, arterial blood (room air)  

     pH  ........................................................................ 7.35-7.45  ................................................... [H+] 36-44 nmol/L  

     PCO2  ..................................................................... 33-45 mm Hg ............................................. 4.4-5.9 kPa  

     PO2  ....................................................................... 75-105 mm Hg ........................................... 10.0-14.0 kPa  

* Glucose, serum ........................................................ Fasting: 70-110 mg/dL  .............................. 3.8-6.1 mmol/L  

2-h postprandial: < 120 mg/dL  ................. < 6.6 mmol/L  

   Growth hormone - arginine stimulation .................. Fasting: < 5 ng/mL  .................................... < 5 
μg/L  provocative stimuli: > 7 ng/mL  .............. > 7 μg/L  

   Immunoglobulins, serum  

     IgA  ....................................................................... 76-390 mg/dL ............................................ 0.76-3.90 g/L  

     IgE  ........................................................................ 0-380 IU/mL  ............................................. 0-380 kIU/L  

     IgG  ....................................................................... 650-1500 mg/dL ........................................ 6.5-15 g/L  

     IgM  ...................................................................... 40-345 mg/dL  ........................................... 0.4-3.45 g/L  

   Iron  ......................................................................... 50-170 μg/dL  ............................................ 9-30 μmol/L  

   Lactate dehydrogenase, serum ................................ 45-90 U/L ................................................... 45-90 U/L    

Luteinizing hormone, serum/plasma  ...................... Male: 6-23 mIU/mL  .................................. 6-23 U/L  

Female: follicular phase 5-30 mIU/mL  ..... 5-30 U/L  

midcycle 75-150 mIU/mL ....................... 75-150 U/L  

postmenopause 30-200 mIU/mL  ............ 30-200 U/L  

   Osmolality, serum ................................................... 275-295 mOsmol/kg H2O .......................... 275-295 mOsmol/kg H2O  

   Parathyroid hormone, serum, N-terminal  ............... 230-630 pg/mL  ......................................... 230-630 ng/L  

* Phosphatase (alkaline), serum (p-NPP at 30°C) ..... 20-70 U/L  .................................................. 20-70 U/L  

* Phosphorus (inorganic), serum ............................... 3.0-4.5 mg/dL  ........................................... 1.0-1.5 mmol/L  
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   Prolactin, serum (hPRL)  ........................................ < 20 ng/mL ................................................ < 20 μg/L * 

Proteins, serum  

     Total (recumbent) ................................................. 6.0-7.8 g/dL  ............................................... 60-78 g/L      

Albumin ................................................................ 3.5-5.5 g/dL ................................................ 35-55 g/L      

Globulin  ............................................................... 2.3-3.5 g/dL ................................................ 23-35 g/L  

   Thyroid-stimulating hormone, serum or plasma ..... 0.5-5.0 μU/mL  .......................................... 0.5-5.0 mU/L  

   Thyroidal iodine (123I) uptake .................................. 8%-30% of administered dose/24 h ........... 0.08-0.30/24 h  

   Thyroxine (T4), serum ............................................. 5-12 μg/dL  ................................................ 64-155 nmol/L  

   Triglycerides, serum ............................................... 35-160 mg/dL ............................................ 0.4-1.81 mmol/L  

   Triiodothyronine (T3), serum (RIA)  ....................... 115-190 ng/dL  ........................................... 1.8-2.9 nmol/L  

   Triiodothyronine (T3) resin uptake.......................... 25%-35%  .................................................. 0.25-0.35  

* Urea nitrogen, serum  .............................................. 7-18 mg/dL  ............................................... 1.2-3.0 mmol/L  

* Uric acid, serum ...................................................... 3.0-8.2 mg/dL  ........................................... 0.18-0.48 mmol/L  

LABORATORY VALUES (continued from previous page)  

  

REFERENCE RANGE                                     SI REFERENCE INTERVALS   

BODY MASS INDEX (BMI)  

   Body mass index .......................................................Adult: 19-25 kg/m2  

CEREBROSPINAL FLUID  

   Cell count ..................................................................0-5/mm3 .............................................................0-5 x 106/L  

   Chloride  ...................................................................118-132 mEq/L .................................................118-132 mmol/L  

   Gamma globulin .......................................................3%-12% total proteins .......................................0.03-0.12  

   Glucose  ....................................................................40-70 mg/dL  .....................................................2.2-3.9 mmol/L  

   Pressure  ....................................................................70-180 mm H2O  ...............................................70-180 mm H2O  

   Proteins, total  ...........................................................<40 mg/dL   .................... ...................................<0.40 g/L   

HEMATOLOGIC   

   Bleeding time (template)  ..........................................2-7 minutes ........................................................2-7 minutes  

   Erythrocyte count ......................................................Male: 4.3-5.9 million/mm3 ................................4.3-5.9 x 1012/L  

Female: 3.5-5.5 million/mm3 ............................3.5-5.5 x 1012/L    

Erythrocyte sedimentation rate (Westergren) ...........Male: 0-15 mm/h  ..............................................0-15 mm/h  

Female: 0-20 mm/h ...........................................0-20 mm/h    

Hematocrit  ...............................................................Male: 41%-53%  ...............................................0.41-0.53  

Female: 36%-46% .............................................0.36-0.46  

   Hemoglobin A1c ........................................................< 6% ..................................................................< 0.06  

   Hemoglobin, blood ...................................................Male: 13.5-17.5 g/dL  ........................................2.09-2.71 mmol/L  

Female: 12.0-16.0 g/dL .....................................1.86-2.48 mmol/L    Hemoglobin, 

plasma .................................................1-4 mg/dL ..........................................................0.16-0.62 mmol/L  

   Leukocyte count and differential  

     Leukocyte count ......................................................4500-11,000/mm3 ..............................................4.5-11.0 x 109/L  

       Segmented neutrophils ..........................................54%-62%  ..........................................................0.54-0.62        

Bands ....................................................................3%-5%  ..............................................................0.03-0.05        

Eosinophils  ...........................................................1%-3%  ..............................................................0.01-0.03  

       Basophils ...............................................................0%-0.75% ..........................................................0-0.0075  

       Lymphocytes  ........................................................25%-33% ...........................................................0.25-0.33        

Monocytes  ............................................................3%-7%  ..............................................................0.03-0.07  

   Mean corpuscular hemoglobin ..................................25.4-34.6 pg/cell ...............................................0.39-0.54 fmol/cell  

   Mean corpuscular hemoglobin concentration  ..........31%-36% Hb/cell  .............................................4.81-5.58 mmol Hb/L  

   Mean corpuscular volume  ........................................80-100 μm3 ........................................................80-100 fL  

   Partial thromboplastin time (activated)  ....................25-40 seconds ....................................................25-40 seconds  

   Platelet count .............................................................150,000-400,000/mm3 .......................................150-400 x 109/L  

   Prothrombin time ......................................................11-15 seconds ....................................................11-15 seconds  

   Reticulocyte count ....................................................0.5%-1.5% .........................................................0.005-0.015  

   Thrombin time ..........................................................<2 seconds deviation from control  .................. .<2 seconds deviation from            

…………………………………………………………………………………………………………...control  

   Volume  
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     Plasma  ....................................................................Male: 25-43 mL/kg ...........................................0.025-0.043 L/kg  

Female: 28-45 mL/kg ........................................0.028-0.045 L/kg  

     Red cell ...................................................................Male: 20-36 mL/kg  ..........................................0.020-0.036 L/kg  

Female: 19-31 mL/kg  .......................................0.019-0.031 L/kg   

SWEAT   

   Chloride ....................................................................0-35 mmol/L  ....................................................0-35 mmol/L   

URINE   

   Calcium  ....................................................................100-300 mg/24 h ...............................................2.5-7.5 mmol/24 h  

   Chloride ....................................................................Varies with intake ............................. ................Varies with intake    Creatinine 

clearance ..................................................Male: 97-137 mL/min  

Female: 88-128 mL/min  

   Estriol, total (in pregnancy)  

     30 wks .....................................................................6-18 mg/24 h .....................................................21-62 μmol/24 h  

     35 wks .....................................................................9-28 mg/24 h .....................................................31-97 μmol/24 h  

     40 wks .....................................................................13-42 mg/24 h ...................................................45-146 μmol/24 h  

   17-Hydroxycorticosteroids .......................................Male: 3.0-10.0 mg/24 h .....................................8.2-27.6 μmol/24 h  

Female: 2.0-8.0 mg/24 h ...................................5.5-22.0 μmol/24 h    17-

Ketosteroids, total ................................................Male: 8-20 mg/24 h ...........................................28-70 μmol/24 h  

Female: 6-15 mg/24 h .......................................21-52 μmol/24 h  

   Osmolality  ................................................................50-1400 mOsmol/kg H2O  

   Oxalate ......................................................................8-40 μg/mL .......................................................90-445 μmol/L  

   Potassium  .................................................................Varies with diet ............... ..................................Varies with diet  

   Proteins, total  ...........................................................<150 mg/24 h  ................................... ................<0.15 g/24 h  

   Sodium  .....................................................................Varies with diet .................................................Varies with diet    Uric 

acid ....................................................................Varies with diet ................................... ..............Varies with diet  

USMLE STEP 1 SAMPLE TEST QUESTIONS  
  

BLOCK 1, ITEMS 1-40  

  

1. A 28-year-old man comes to the physician because of a 1-year history of pain with urination that has increased in severity during the 

past month. He also has had episodes of blood in his urine during the past 5 years. He lived in sub-Saharan Africa until he came 

to the USA 6 months ago for graduate school. His temperature is 38°C (100.4°F), pulse is 80/min, respirations are 16/min, and 

blood pressure is 110/84 mm Hg. Physical examination shows suprapubic tenderness. Laboratory studies show:  

  

 Hemoglobin  12.3 g/dL  

 Hematocrit  37%  

 Leukocyte count  13,400/mm3  

   Segmented neutrophils  65%  

   Bands  5%  

   Eosinophils  5%  

   Lymphocytes  22%  

   Monocytes  3%  

 Serum    

   Urea nitrogen  75 mg/dL  

   Creatinine  3.8 mg/dL  

 Urine    

   Blood  3+  

   RBC  200/hpf  

   WBC  100/hpf  

   RBC casts  absent  

   WBC casts  absent  
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Imaging studies show bilateral hydroureter and hydronephrosis and foci of calcification in the region of the bladder. A biopsy 

specimen of the bladder shows marked chronic inflammation with fibrosis and scattered granulomas. Which of the following 

best explains the biopsy findings?  

  

(A) Exposure to a chemical toxin  

(B) Interstitial cystitis  

(C) Malacoplakia  

(D) Schistosomiasis  

(E) Vesicoureteral reflux  

  

  
2. A 14-year-old boy is brought to the emergency department after being hit with a baseball bat on the lateral side of his leg 

immediately below the knee. He is unable to dorsiflex his foot. Which of the following nerves is most likely injured?  

  

(A) Common fibular (peroneal)  

(B) Femoral  

(C) Obturator  

(D) Sural  

(E) Tibial  

  

  

  

  

3. A 24-year-old man comes to the office because of a 2-day history of a red, itchy rash on his buttocks and legs. Four days ago, 

he returned from a cruise to the Caribbean, during which he swam in the ship’s pool and used the hot tub. He appears well. His 

vital signs are within normal limits. Physical examination shows the findings in the photograph. The infectious agent causing 

these findings most likely began to proliferate in which of the following locations?  

  

(A) Apocrine gland  

(B) Dermis  

(C) Eccrine gland  

(D) Hair follicle  

(E) Sebaceous gland  

  

  
4. A 14-year-old girl is brought to the physician after her mother learned that she began having sexual intercourse with various 

partners 1 month ago. She does not use condoms or other contraception. The mother is concerned about her behavior. The 

patient's parents separated 3 months ago. She had been an honor student and excelled in sports and leadership positions at school 

before the separation. Since the separation, however, she has become sullen, defiant, and rebellious. She has begun smoking 

cigarettes, disobeying her curfew, and being truant from school. This patient is most likely using which of the following defense 

mechanisms?  

  

(A) Acting out  

(B) Displacement  

(C) Projection  

(D) Reaction formation  

(E) Sublimation  
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5. A 24 old woman comes to the physician for a follow-up examination. One week ago, she was treated in the emergency 

department after she accidentally spilled hot grease on her left leg while working at a fast-food restaurant. Examination of the 

left lower extremity shows a 7-cm, pink, soft, granular, edematous wound. The formation of this tissue was most likely caused 

by increased activity of which of the following?  

  

(A) Complement C3b  

(B) Glycosylation-dependent cell adhesion molecule-1  

(C) P-selectin  

(D) Stromelysin  

(E) Vascular endothelial growth factor  

  

  

6. A 63-year-old woman comes to the physician 1 day after the sudden onset of pain and swelling of her right knee. She has had 

no injury. Her medications include occasional ibuprofen for mild osteoarthritis of both knees. Her temperature is 37°C (98.6°F), 

pulse is 97/min, respirations are 19/min, and blood pressure is 129/79 mm Hg. Examination of the right knee shows warmth, 

erythema, and effusion. Exquisite tenderness is produced with minimal range-of-motion testing. Examination of synovial fluid 

obtained via joint aspiration shows that it is clear, with positively birefringent rhomboids observed under polarized light 

microscopy. Deposition of which of the following substances is the most likely cause of these findings?  

  

(A) Ammonium urate  

(B) Calcium oxalate  

(C) Calcium pyrophosphate  

(D) Calcium urate  

(E) Sodium urate  

  

  

7. A 55-year-old woman with small cell carcinoma of the lung is admitted to the hospital to undergo chemotherapy. Six days after 

treatment is started, she develops a temperature of 38°C (100.4°F). Physical examination shows no other abnormalities. 

Laboratory studies show a leukocyte count of 100/mm3 (5% segmented neutrophils and 95% lymphocytes). Which of the 

following is the most appropriate pharmacotherapy to increase this patient's leukocyte count?  

  

(A) Darbepoetin  

(B) Dexamethasone  

(C) Filgrastim  

(D) Interferon alfa  

(E) Interleukin-2 (IL-2)  

(F) Leucovorin  

  

  

8. A 37-year-old woman with right lower extremity edema is evaluated because of the sudden onset of shortness of breath and 

pleuritic chest pain. A diagnosis of pulmonary embolism is made. Which of the following signs, if present on physical 

examination, would be the most specific indicator of pulmonary arterial hypertension in this patient?  

  

(A) Increased jugular venous pressure  

(B) P2 louder than A2 (C) Peripheral edema (D) Presence of an S3  

(E) Pulmonary crackles  
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9. During an experiment, a Southern blot analysis is done by digesting DNA samples with a single restriction endonuclease, 

separating the digestion products by gel electrophoresis, and transferring them to a filter. The investigator probes the filter by 

exposing it to a cDNA clone that encodes a single immunoglobulin-constant region. The figure shows the resulting pattern with 

DNA samples isolated from different organs. Assuming there were no technical errors, the Southern blot analysis results 

demonstrate which of the following processes?  

  

(A) Affinity maturation  

(B) Apoptosis  

(C) Gene rearrangement  

(D) RNA splicing  

(E) Somatic hypermutation  

  

  
10. During a clinical study examining the effects of exercise, men between the ages of 20 and 30 years are evaluated during a 

15minute session on a treadmill. The average pulse for the last 2 minutes of the session is 175/min. During the last minute of 

exercise, various measurements are taken. Compared with the measurement before the session, which of the following is most 

likely to be decreased?  

  

(A) Cardiac output  

(B) Oxygen consumption  

(C) Pulse pressure  

(D) Stroke volume  

(E) Systolic blood pressure  

(F) Total peripheral resistance  

  

  

  

  

11. A 26 old man is brought to the emergency department by ambulance 30 minutes after being shot in the leg. He is unconscious 

and appears markedly pale. His pulse is 120/min, respirations are 16/min, and blood pressure is 80/60 mm Hg. Compared with 

a healthy adult, which of the following findings is most likely in this patient?  

  

   Arterial Baroreceptor  Systemic Vascular   Pulmonary Vascular  Systemic Capillary  

    Firing Rate  Resistance   Resistance   Fluid Transfer  

(A) ↑  ↑  ↑  filtration  

(B) ↑  ↓  ↑  absorption  

(C) ↑  ↓  ↓  filtration  

(D) ↓  ↑  ↑  absorption  

(E) ↓  ↑  ↓  filtration  

(F) ↓  ↓  ↓  absorption  
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12. A 17-year-old boy is brought to the emergency department 30 minutes after being found with a "blank stare" and flat facial 

expression at a party. His pulse is 72/min, and blood pressure is 104/68 mm Hg. He is sitting upright and appears catatonic. 

Physical examination shows rigidity. During the examination, he becomes hostile and attempts to assault the physician. This 

patient most likely ingested which of the following drugs?  

  

(A) Cocaine  

(B) Diazepam  

(C) Methamphetamine  

(D) Oxycodone  

(E) PCP (phencyclidine)  

  

  

13. A 26-year-old woman is brought to the emergency department because of an 8-hour history of severe back and abdominal pain 

and mild but persistent vaginal bleeding. Ultrasonography of the abdomen shows a 2-cm ectopic pregnancy in the ampulla. The 

ampulla has ruptured into the surrounding tissue. Fluid from this rupture will most likely be found in which of the following 

locations?  

  

(A) Lesser peritoneal cavity  

(B) Mesometrium  

(C) Pouch of Douglas  

(D) Uterine cavity  

(E) Vagina  

  

  

14. A 14-year-old girl has had nausea, intermittent diarrhea, and a 2.2-kg (5-lb) weight loss over the past 4 weeks. Examination 

shows a migrating serpiginous pruritic perianal rash. Her leukocyte count is 8000/mm3 with 20% eosinophils. Which of the 

following tests is most likely to yield an accurate diagnosis?  

  

(A) Blood smear  

(B) Bone marrow biopsy  

(C) KOH preparation  

(D) Microscopic examination of the stool  

(E) Skin snip  
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15. A 40 old woman comes to the physician because of a 6-month history of increased facial hair growth. Her last menstrual period 

was 4 months ago. She is 165 cm (5 ft 5 in) tall and weighs 70 kg (154 lb); BMI is 26 kg/m2. Her pulse is 80/min, and blood 

pressure is 130/82 mm Hg. Physical examination shows temporal balding and coarse dark hair on the upper lip and chin. Pelvic 

examination shows clitoral enlargement. Her serum testosterone concentration is increased. Serum concentrations of 

androstenedione, dehydroepiandrosterone, and urinary 17-ketosteroids are within the reference ranges. Ultrasonography of the 

pelvis shows a 12-cm ovarian mass. Which of the following best describes this mass?  

  

(A) Granulosa tumor  

(B) Ovarian carcinoid  

(C) Sertoli-Leydig tumor  

(D) Teratoma  

(E) Thecoma  

  

  

16. A 45-year-old woman with systemic sclerosis (scleroderma) comes to the physician because of a 3-week history of progressive 

shortness of breath and nonproductive cough. Her temperature is 36.9°C (98.4°F), pulse is 82/min, respirations are 20/min, and 

blood pressure is 136/85 mm Hg. Crackles are heard in both lower lung fields. Pulmonary function tests show total lung capacity 

is 80% of predicted, and diffusing capacity for carbon monoxide, corrected for alveolar volume, is 65% of predicted. Histologic 

examination of a lung biopsy specimen is most likely to show which of the following findings?  

  

(A) Diffuse interstitial fibrosis  

(B) Intra-alveolar exudates  

(C) Multiple thromboemboli  

(D) Necrotizing vasculitis  

(E) Non-necrotizing interstitial granulomas  

  

  

17. A new blood test to detect prostate cancer is evaluated in 300 male volunteers. A needle biopsy of the prostate gland is done on 

all men with serum prostate-specific antigen concentrations greater than 5 ng/mL (N<4). One hundred men undergo biopsy 

procedures; 90 are found to have prostate cancer, and five are found to have chronic prostatitis. Which of the following is 

necessary to calculate the sensitivity of this test?  

  

(A) Incidence of chronic prostatitis in the general population  

(B) Number of men with test results greater than 5 ng/mL and a normal biopsy specimen  

(C) Prevalence of chronic prostatitis in the general population  

(D) Prostate biopsies of men with test results equal to or below 5 ng/mL  

  

  

18. A 62-year-old woman comes to the physician because of low back pain for 1 week. Menopause occurred 10 years ago. Physical 

examination shows localized tenderness over the lumbar spine after movement. X-rays of the spine show a compression fracture 

of L1-2. A DEXA scan shows decreased bone mineral density. Serum calcium and phosphorus concentrations and serum 

alkaline phosphatase activity are within the reference ranges. A bisphosphonate drug is prescribed. The expected beneficial 

effect of this drug is most likely due to which of the following actions?  

  

(A) Decreased insulin-like growth factor-1 concentration  

(B) Decreased osteoclast activity  

(C) Decreased osteoprotegerin production  

(D) Increased 1,25-dihydroxycholecalciferol concentration  

(E) Increased osteoblast activity  

(F) Increased receptor activator of NF-κB ligand (RANKL) production  
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19. A 26 old woman is brought to the emergency department 3 hours after ingesting approximately 50 tablets of aspirin in a suicide 

attempt. She is nauseated, confused, and sleepy. Her pulse is 130/min, respirations are 30/min, and blood pressure is 100/60 

mm Hg. Which of the following sets of laboratory values is most likely on evaluation of blood obtained before treatment?  

  

   Serum  Arterial Blood  

   HCO3
−  pH  PCO2  

(A) ↑  ↓  ↑  

(B) ↓  ↓  ↓  

(C) ↑  ↑  ↓  

(D) ↓  ↓  ↑  

(E) ↑  ↑  ↑  

  

 
  

20. An investigator is studying the incidence of the common cold among medical students at various time points during the school 

year. Results show an increased incidence of upper respiratory tract infections among these students during finals week. It is 

hypothesized that the stress of studying for examinations adversely affects the immune system, making the students more 

susceptible to infection. Which of the following laboratory findings in these students during examination week is most likely 

to support this hypothesis?  

  

(A) Decreased AM serum cortisol concentration  

(B) Decreased macrophage activity  

(C) Increased basophil count  

(D) Increased lymphocyte count  

(E) Increased natural killer cell activity  

  

  

21. A 63-year-old man is brought to the emergency department because of a 4-day history of increasingly severe left leg pain and 

swelling of his left calf. He also has a 1-month history of increasingly severe upper midthoracic back pain. During this time, 

he has had a 9-kg (20-lb) weight loss despite no change in appetite. He has no history of major medical illness. His only 

medication is ibuprofen. He is 180 cm (5 ft 11 in) tall and weighs 82 kg (180 lb); BMI is 25 kg/m2. His vital signs are within 

normal limits. On examination, lower extremity pulses are palpable bilaterally. The remainder of the physical examination 

shows no abnormalities. An x-ray of the thoracic spine shows no abnormalities. A CT scan of the abdomen shows a 3-cm mass 

in the body of the pancreas; there are liver metastases and encasement of the superior mesenteric artery. Ultrasonography of 

the left lower extremity shows a femoropopliteal venous clot. Which of the following is the most likely cause of this patient’s 

symptoms?  

  

(A) Carcinoid syndrome  

(B) Hypercoagulability from advanced malignancy  

(C) Multiple endocrine neoplasia  

(D) Splenic artery aneurysm and embolic disease of the left lower extremity  

(E) Superior mesenteric artery syndrome  

  

  

22. A 35-year-old man comes to the physician because of pain and swelling of his right arm where he scraped it on a tree branch 2 

days ago. His temperature is 38.3°C (101°F). Examination of the right forearm shows edema around a fluctuant erythematous 

lesion at the site of trauma. The area is extremely tender to palpation. Which of the following is most likely the primary 

mechanism of the development of edema in this patient?  

  

(A) Degranulation of eosinophils  

(B) Disruption of vascular basement membranes  

(C) Increased hydrostatic pressure  
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(D) Release of thromboxane  

(E) Separation of endothelial junctions  

  

  

  

  

23. A 4-year-old boy from Brazil is brought to the physician because of a 1-week history of painless swelling of his jaw and pressure 

around his eyes. He is at the 80th percentile for height and weight. Physical examination shows a single 12 × 10-cm lesion in 

the right side of the jaw with diffuse limits and irregular edges. Photomicrographs of an incisional biopsy specimen of the 

lesion are shown. Based on these findings, which of the following processes is most likely occurring in the region indicated by 

the arrows?  

  

(A) Apoptosis  

(B) Necrosis  

(C) Oncosis  

(D) Ostosis  

(E) Symptosis  

  
  

24. A 33-year-old woman comes to the physician because of a 2-day history of mild nausea, increased urinary urgency and 

frequency, and constipation. She also has had a 4.5-kg (10-lb) weight loss during the past 2 weeks and a 3-week history of 

vaginal bleeding. Pelvic examination shows a nodular cervix with an irregular, friable posterior lip, and a rock-hard, irregular, 

immobile pelvic mass that extends across the pelvis. Examination of biopsy specimens from the cervix and anterior wall of the 

vagina show well-differentiated keratinizing squamous cell carcinoma. Which of the following best describes the pathogenesis 

of this patient's disease?  

  

(A) Inactivation of cellular p53  

(B) Insertion of viral promotors adjacent to cellular growth factor genes  

(C) Specialized transduction  

(D) Transactivation of cellular growth factor genes by TAX  

(E) Translocation of CMYC to an Ig gene promoter  

  

  

25. A 27-year-old man is admitted to the hospital 45 minutes after being involved in a motor vehicle collision. Physical examination 

shows a sluggish response to stimuli. Neurologic examination shows no other abnormalities. A skull x-ray shows a linear, 

nondepressed basal skull fracture. Two weeks later, the patient develops polyuria and polydipsia. Laboratory studies show a 

serum glucose concentration within the reference range, increased serum osmolality, and decreased urine osmolality. Following 

the administration of desmopressin, urine osmolality increases. The beneficial effect of this drug is most likely due to activation 

of which of the following?  

  

(A) Adenylyl cyclase  

(B) Ca2+ channels  

(C) Janus kinase  

(D) Serine kinase  

(E) Tyrosine kinase  
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26. A 30-year-old man is admitted to the hospital for evaluation. He has a 6-week history of colicky abdominal pain and diarrhea 

with occasional blood. Three days after admission, he suddenly develops peritonitis and sepsis. Despite appropriate care, he 

dies. At autopsy, examination shows a fibrinous exudate over the peritoneal and serosal surfaces, and a punctate opening is seen 

in the wall of a thickened loop of small intestine. Several lengths of the small and large intestines are also thickened and adherent 

to one another, with marked areas of narrowing. Photomicrographs of a section of the colon are shown. Which of the following 

is the most likely diagnosis?  

  

(A) Colon cancer  

(B) Crohn disease  

(C) Diverticulitis  

(D) Ischemic necrosis  

(E) Ulcerative colitis  

  
  

27. A couple comes for preconceptional genetic counseling because they both have a family history of α-thalassemia. The woman 

has a minimally decreased hemoglobin concentration. Genetic studies show a single gene deletion. The man has microcytic 

anemia and a two-gene deletion. If the two-gene deletion is in trans (one deletion on the maternal gene and one deletion on the 

paternal gene), which of the following percentages of their offspring will have a two-gene deletion?  

  

(A) 0%  

(B) 25%  

(C) 50%  

(D) 75%  

(E) 100%  

  

  

28. A healthy 22-year-old man participates in a study of glucose metabolism. At the beginning of the study, his serum glucose 

concentration is within the reference range. He consumes an 800-calorie meal consisting of protein, fat, and carbohydrates. He 

then sleeps through the night without additional food or drink. Twelve hours later, his serum glucose concentration remains 

within the reference range. Which of the following mechanisms is most likely involved in maintaining this man's serum glucose 

concentration?  

  

(A) Continued gut absorption of calories from the ingested meal  

(B) Glucose release from skeletal muscle  

(C) Glycogenolysis in the liver  

(D) Increased leptin release from adipose tissues  

(E) Inhibition of glucagon release by the pancreas  

  

  

  

  

29. A 63-year-old homeless man is brought to the emergency department 1 hour after police found him unresponsive. His 

respirations are 30/min. Crackles are heard over the left upper and the entire right lung fields. Despite appropriate lifesaving 

measures, he dies. A photomicrograph of a section of the right lung obtained at autopsy is shown. Which of the following 

mediators is the most likely cause of the position of the cell indicated by the arrow?  

  

(A) Bradykinin  

(B) C5a  

(C) Histamine  

(D) Nitrous oxide  

(E) Prostaglandins  
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30. A 16-year-old boy is brought to the physician because of a 3-day history of abdominal pain and vomiting; he also has had 

decreased appetite during this period. The pain was initially on the right but now has become generalized. His temperature is 

38.8°C (101.8°F), pulse is 100/min, respirations are 20/min, and blood pressure is 143/83 mm Hg. Abdominal examination 

shows guarding with diffuse rebound tenderness. There are no palpable masses. A CT scan of the abdomen shows a perforated 

appendix. Examination of peritoneal fluid from this patient will most likely show which of the following organisms?  

  

(A) Candida albicans  

(B) Citrobacter freundii  

(C) Escherichia coli  

(D) Staphylococcus aureus  

(E) Streptococcus pneumoniae  

  

  

31. A 16-year-old boy is admitted to the emergency department because of a knife wound to the left side of his chest. An x-ray of 

the chest shows an air-fluid level in the left side of the chest, partial collapse of the left lung, and elevation of the stomach 

bubble. The mediastinum is in the midline. Which of the following is the most likely diagnosis?  

  

(A) Hemopneumothorax, not under tension  

(B) Hemothorax, not under tension  

(C) Pneumothorax, not under tension  

(D) Tension hemopneumothorax  

(E) Tension hemothorax  

(F) Tension pneumothorax  

  

  

  

  

32. A 20-year-old woman comes to the physician because of a 5-year history of heavy bleeding with menses that often requires her 

to change her sanitary pads three times hourly. Menses occur at regular 28-day intervals. She recently sustained a minor cut to 

her finger, and the bleeding took longer to stop than usual. She has not had easy bruising or change in weight. She only takes 

an oral contraceptive, but she has not been sexually active for the past 6 months. Her temperature is 37.5°C (99.5°F), pulse is 

72/min, respirations are 12/min, and blood pressure is 120/66 mm Hg. Physical examination shows mildly pale conjunctivae. 

Pelvic examination shows no abnormalities. Laboratory studies show:  

  

 Hemoglobin  10.5 g/dL  

 Hematocrit  31.3%  

 Mean corpuscular hemoglobin concentration  28% Hb/cell  

 Mean corpuscular volume  70 μm3  

 Leukocyte count  5500/mm3  

 Platelet count  275,000/mm3  

 Platelet aggregation studies  normal  

 Prothrombin time  10.5 sec (INR=1.0)  

 Partial thromboplastin time  28 sec  

  

(A) Pap smear shows no abnormalities. Which of the following hematologic disorders is the most likely 

cause of this patient's menorrhagia?  

  

(A) Afibrinogenemia  

(B) Hemophilia A  

(C) Intravascular coagulation  

(D) Vitamin K deficiency  

(E) von Willebrand disease  
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33. A 2-year-old boy is brought to the physician for a well-child examination. He was delivered at term after an uncomplicated 

pregnancy. His birth weight was 3500 g (7 lb 11 oz), and Apgar scores were 8 and 10 at 1 and 5 minutes, respectively. At the 

age of 15 months, physical examination showed no abnormalities, but he was not yet talking. Both of his parents had learning 

difficulties in school, and his mother stopped attending after the 10th grade. He has a maternal uncle with cognitive disabilities. 

He is at the 25th percentile for height, 15th percentile for weight, and 90th percentile for head circumference. He appears 

irritable, he resists making eye contact, and he is flapping his hands. Which of the following is the most likely cause of this 

patient's condition?  

  

(A) Creation of an alternative splice site  

(B) Frameshift mutation  

(C) Missense mutation  

(D) Nonsense mutation  

(E) Trinucleotide repeat expansion  

  

  

34. A 31-year-old woman with type 2 diabetes mellitus comes to the physician because of an oozing, foul-smelling wound on her 

foot for 2 days. Physical examination shows a 4-cm, necrotizing wound with a purplish black discoloration over the heel. 

Crepitant bullae producing profuse amounts of serous drainage are seen. A Gram stain of a tissue biopsy specimen shows gram-

positive rods. The causal organism most likely produces which of the following virulence factors?  

  

(A) Endotoxin  

(B) Fimbriae  

(C) Pneumolysin  

(D) Polysaccharide capsule  

(E) α-Toxin  

  

  

35. A 10-month-old boy is brought to the physician because of a 4-day history of fever and cough. His illness began with lowgrade 

fever and copious, clear nasal discharge. Two days ago he developed a moist, nonproductive cough and rapid breathing. He has 

received all scheduled childhood immunizations. He attends a large day-care center and has three schoolaged siblings. His 

temperature is 38°C (100.4°F), pulse is 101/min, respirations are 38/min, and blood pressure is 85/60 mm Hg. Physical 

examination shows nasal flaring and rhinorrhea. Chest examination shows intercostal retractions along with bilateral, diffuse 

wheezes and expiratory rhonchi. The infectious agent of this patient's condition most likely has which of the following properties?  

  

(A) DNA genome  

(B) Double-stranded nucleic acid genome  

(C) Mature virion lacking viral polymerase  

(D) Mediation of cell entry via a fusion protein (E) Viability on surfaces for several weeks  

  

  

36. A 17-year-old girl is brought to the emergency department 15 minutes after being stung by a bee. She has mild lightheadedness 

but no difficulty swallowing. Her temperature is 37.1°C (98.8°F), pulse is 100/min, respirations are 30/min, and blood pressure 

is 115/70 mm Hg. Physical examination shows no urticaria. Bilateral wheezing is heard on auscultation of the chest. Which of 

the following types of drugs is the most appropriate pharmacotherapy for this patient?  

  

(A) α1-Adrenergic agonist  

(B) α2-Adrenergic agonist  

(C) α1-Adrenergic antagonist (D) β2-Adrenergic agonist  

(E) β2-Adrenergic antagonist  
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37. A 30-year-old woman, gravida 2, para 0, aborta 1, at 28 weeks' gestation comes to the office for a prenatal visit. She has had 

one previous pregnancy resulting in a spontaneous abortion at 12 weeks' gestation. Today, her vital signs are within normal 

limits. Physical examination shows a uterus consistent in size with a 28-week gestation. Fetal ultrasonography shows a male 

fetus with no abnormalities. Her blood group is O, Rh-negative. The father's blood group is B, Rh-positive. The physician 

recommends administration of Rho(D) immune globulin to the patient. This treatment is most likely to prevent which of the 

following in this mother?  

  

(A) Development of natural killer cells  

(B) Development of polycythemia  

(C) Formation of antibodies to RhD  

(D) Generation of IgM antibodies from fixing complement in the fetus  

(E) Immunosuppression caused by RhD on erythrocytes from the fetus  

  

  

38. A 52-year-old woman begins pharmacotherapy after being diagnosed with type 2 diabetes mellitus. Four weeks later, her hepatic 

glucose output is decreased, and target tissue glucose uptake and utilization are increased. Which of the following drugs was 

most likely prescribed for this patient?  

  

(A) Acarbose  

(B) Glyburide  

(C) Metformin  

(D) Nateglinide  

(E) Repaglinide  

  

  

39. A sexually active 23-year-old man with multiple sex partners has dysuria and a yellow urethral exudate. Gram stain of the 

exudate shows numerous neutrophils, many that contain intracellular gram-negative diplococci. He has had three similar 

episodes of urethritis over the past 2 years. Which of the following properties of the infecting organism best explains the 

reinfection?  

  

(A) Antigenic variation  

(B) Catalase  

(C) Inhibition of B-lymphocyte function  

(D) Inhibition of T-lymphocyte function  

(E) Polysaccharide capsule  

  

  

40. A 17-year-old girl is brought to the physician by her mother because she has not had a menstrual period for 6 months. The 

patient is unconcerned about the lack of menses. Menarche occurred at the age of 12 years, and menses had occurred at regular 

28-day intervals until they became irregular 1 year ago. She is a member of her high school gymnastics team. She appears 

emaciated. She is 163 cm (5 ft 4 in) tall and weighs 40 kg (88 lb); BMI is 15 kg/m2. Her pulse is 54/min, and blood pressure is 

80/50 mm Hg. Which of the following is the most likely cause of this patient's amenorrhea?  

  

(A) Hyperthyroidism  

(B) Hypogonadotropic hypogonadism  

(C) Hypothyroidism  

(D) Polycystic ovarian syndrome  

(E) Prolactinoma  
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USMLE STEP 1 SAMPLE TEST QUESTIONS  

  

BLOCK 2, ITEMS 41-80  

  

  

41. A 49-year-old woman comes to the physician for a follow-up examination. She has a strong family history of coronary artery 

disease. Her blood pressure has ranged from 150/95 mm Hg to 130/85 mm Hg during the previous three visits within the past 2 

months. Her blood pressure today is 140/90 mm Hg. Physical examination shows no other abnormalities. Laboratory studies 

show:  

  

 Cholesterol, total  290 mg/dL  

   HDL-cholesterol  40 mg/dL  

   LDL-cholesterol  190 mg/dL  

 Triglycerides  350 mg/dL  

  

Treatment with atorvastatin and losartan is initiated. Which of the following serum findings is most likely to occur in this patient?  

  

   HDL-cholesterol  Triglycerides  

(A) Decreased decreased (B) Decreased increased  

(C) Increased  decreased  

(D) Increased  increased  

(E) No change  no change  

  

  
42. A 15-year-old girl comes to the physician because of a 3-month history of acne. Breast and pubic hair development began at the 

age of 12 years. Menarche occurred at the age of 14 years. Physical examination shows scattered open and closed comedones 

over the cheeks and forehead. Breast and pubic hair development are Tanner stage 5. Which of the following is the most likely 

underlying cause of this patient's acne?  

  

(A) Decreased parasympathetic stimulation to the sebaceous glands  

(B) Increased estrogen stimulation of the sebaceous glands  

(C) Increased responsiveness of the sebaceous glands to follicle-stimulating hormone  

(D) Increased sympathetic stimulation to the sebaceous glands (E) Stimulation of the sebaceous glands by androgens  

  

  

43. A previously healthy 40-year-old man is brought to the emergency department because of constant substernal chest pain for 12 

hours that is exacerbated by coughing and inspiration. The pain is relieved with sitting up and leaning forward. There is no 

family history of heart disease. His temperature is 38°C (100.4°F), pulse is 120/min, and blood pressure is 110/60 mm Hg. The 

lungs are clear to auscultation. Cardiac examination shows distant heart sounds. An ECG shows diffuse ST-segment elevation 

in all leads. An x-ray of the chest shows normal findings. The most likely cause of his condition is injury to which of the 

following tissues?  

  

(A) Aortic intima  

(B) Esophageal sphincter  

(C) Myocardium  

(D) Pericardium  

(E) Pleura  
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44. A 55 old man is brought to the emergency department because of shortness of breath and confusion for 4 hours. He has 

hypertension and chronic kidney disease requiring hemodialysis. An ECG shows low voltage with electrical alternans. Physical 

examination is most likely to show which of the following findings?  

  

   Blood Pressure    Jugular Venous  Pulsus  

   (mm Hg)  Pulse (/min)  Pressure  Paradoxus  

(A) 85/60  120  increased  increased  

(B) 85/60  120  increased  normal  

(C) 85/60  120  normal  normal  

(D) 120/80  80  increased  increased  

(E) 120/80  80  normal   increased  

(F) 120/80  80  normal  normal  

  

  
45. A 54-year-old woman comes to the emergency department because of severe jaw pain since undergoing a painful dental 

procedure 1 day ago. The patient was prescribed codeine after the procedure and instructed to take the medication every 4 hours, 

but she has continued pain despite adherence to this analgesic regimen. Other members of her family also have experienced 

poor pain control with codeine. Which of the following is the most likely explanation for this therapeutic failure?  

  

(A) Decreased absorption of codeine  

(B) Decreased metabolism of codeine to morphine  

(C) Deficiency of κ receptors  

(D) Increased plasma protein-binding of codeine  

(E) Increased renal clearance of codeine  

  

  

46. A 14-year-old girl with a 9-year history of type 1 diabetes mellitus is brought to the physician by her mother for a follow-up 

examination. She has been admitted to the hospital twice in the past 3 months because of diabetic ketoacidosis. She previously 

had been compliant with monitoring her blood glucose concentration and with her diet and insulin regimen. She acknowledges 

that, when she is with her peers, she eats whatever she wants and does not check her blood glucose concentration. She adds, 

"I'm embarrassed to inject myself in front of them." The physician is having a great deal of difficulty with her 15-year-old son 

who has been truant from school and sneaking out of the house. She says to the patient, "You should be ashamed for not taking 

care of yourself. We've all worked so hard to keep you healthy." Which of the following terms best describes the physician's 

reaction to the patient?  

  

(A) Countertransference  

(B) Identification with the aggressor  

(C) Projection  

(D) Splitting  

(E) Sublimation  

  

  

47. A 23-year-old woman with bone marrow failure is treated with a large dose of rabbit antithymocyte globulin. Ten days later, 

she develops fever, lymphadenopathy, arthralgias, and erythema on her hands and feet. Which of the following is the most 

likely cause of these symptoms?  

  

(A) Cytokine secretion by natural killer cells  

(B) Eosinophil degranulation  

(C) Immune complex deposition in tissues  

(D) Polyclonal T-lymphocyte activation  

(E) Widespread apoptosis of B lymphocytes  
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48. A 25 old man is brought to the emergency department because of a 6-day history of fever, severe muscle pain, and diffuse, 

painful swelling of his neck, underarms, and groin area. The symptoms began after returning from a camping trip in New 

Mexico. He appears ill and lethargic and can barely answer questions. His temperature is 39.2°C (102.5°F), pulse is 120/min, 

respirations are 22/min, and blood pressure is 110/70 mm Hg. Physical examination shows generalized scattered black maculae. 

Examination of the right upper extremity shows an erythematous, solid, tender mass on the underside of the upper extremity 

just above the elbow; the mass is draining blood and necrotic material. The most effective antibiotic for this patient’s disorder 

will interfere with which of the following cellular processes or enzymes?  

  

(A) Cell wall synthesis  

(B) DNA helicase  

(C) Glucuronosyltransferase  

(D) Proteasomal degradation  

(E) Ribosomal assembly  

(F) Tetrahydrofolate reductase  

  

  

49. A 42-year-old woman comes to the physician because of anxiety, tremor, and a 5-kg (11-lb) weight loss over the past 4 months 

despite good appetite. Physical examination shows fine thin hair, exophthalmos, goiter, and warm moist skin. Cardiac 

examination shows tachycardia and a widened pulse pressure. Which of the following sets of laboratory values is most likely 

in this patient's serum?  

  

   Thyroid-stimulating   Total Thyroxine   Free   Thyroid-binding   

   Hormone  (T4)  Thyroxine  Globulin  

(A) ↑  ↑  ↑  ↑  

(B) ↑  ↑  normal  ↓  

(C) ↑  normal  ↑  ↓  

(D) ↓  ↑  ↑  normal  

(E) ↓  normal  normal  ↑  

(F) ↓  normal  normal  normal  

  

  
50. A 29-year-old woman is prescribed carbamazepine for trigeminal neuralgia. She has a strong family history of osteoporosis. 

As a result, the physician also advises her to increase her intake of vitamin D. The most likely reason for this recommendation 

is that carbamazepine may affect which of the following pharmacokinetic processes?  

  

(A) Absorption  

(B) Distribution  

(C) Excretion  

(D) Metabolism  

(E) Protein binding  

  

  

51. Over 1 year, a study is conducted to assess the antileukemic activity of a new tyrosine kinase inhibitor in patients with chronic 

myeloid leukemia in blast crisis. All patients enrolled in the study are informed that they would be treated with the tyrosine 

kinase inhibitor. They are assigned to successive dose cohorts of 300 to 1000 mg/day of the drug. Six to eight patients are 

assigned to each dose. Treatment efficacy is determined based on the results of complete blood counts and bone marrow 

assessments conducted regularly throughout the study. This study is best described as which of the following?  

  

(A) Case-control study  

(B) Crossover study  

(C) Open-labeled clinical trial  

(D) Randomized clinical trial  

(E) Single-blind, randomized, controlled trial  
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52. A 64 old man with non-Hodgkin lymphoma comes to the physician because of a 3-week history of progressive numbness in 

his hands and feet and weakness in his legs when he stands. He received his third course of chemotherapy 4 weeks ago. Physical 

examination shows areflexia. Which of the following drugs is the most likely cause of these adverse effects?  

  

(A) Bleomycin  

(B) Cyclophosphamide  

(C) Cytarabine  

(D) Doxorubicin  

(E) Fluorouracil  

(F) Methotrexate  

(G) Vincristine  

  

  

53. During an experiment, drug X is added to a muscle bath containing a strip of guinea pig intestinal smooth muscle. Agonists are 

added to the bath, and the resultant effects on muscle tension are shown in the table.  

  

 Agonist  Muscle Tension Before Drug X (g)  Muscle Tension After Drug X (g)  

 Vehicle  6.0  6.1  

Acetylcholine 11.3  18.5 Norepinephrine 4.1  4.2  

  

Which of the following types of drugs is most likely to produce effects most similar to those of drug X?  

  

(A) α1-Adrenergic antagonist  

(B) β-Adrenergic antagonist  

(C) Cholinesterase inhibitor  

(D) Monoamine oxidase inhibitor  

(E) Muscarinic antagonist  

  

  
54. A 42-year-old man comes to the physician for a follow-up examination. Four months ago, he underwent repair of a Dupuytren 

contracture. Physical examination shows decreased range of motion in the affected hand. The patient is upset that his hand has 

not fully healed, and he files a malpractice suit against the physician. Which of the following is the most likely precipitating 

factor in this patient's decision to file a malpractice suit?  

  

(A) The patient's perception that the physician is incompetent  

(B) The patient's perception that the physician is uncaring  

(C) The patient's socioeconomic status  

(D) The physician's amount of experience in the medical field (E) The physician's inability to screen out problem patients  

  

  

55. A 72-year-old woman comes to the physician because of a 2-month history of painless swelling of both ankles. She also reports 

shortness of breath with exertion and when lying down. She has been awakened from sleep by shortness of breath. She has not 

had chest pain. Her pulse is 96/min and regular, respirations are 24/min, and blood pressure is 128/76 mm Hg. Jugular venous 

pressure is 15 cm H2O. Pulmonary examination shows crackles at both lung bases. Cardiac examination shows a regular rhythm 

and a soft S3. A grade 3/6 holosystolic murmur is heard best at the apex, radiating to the axilla. There is 2+ pitting edema of the 

lower legs and ankles. Which of the following is most likely to confirm the diagnosis?  

  

(A) Measurement of serum troponin I concentration  

(B) ECG  

(C) Exercise stress test  

(D) Echocardiography  

(E) Pulmonary artery catheterization  
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56. A 14 old boy is brought to the physician for a physical examination prior to participating in sports. He appears reluctant to 

remove his shirt for the examination, and says that he is embarrassed because he has grown breasts during the past year. He is 

at the 50th percentile for height and weight. Physical examination shows bilateral 1.5-cm fibroglandular masses located beneath 

the nipple-areolar complex and normal penis and testes. Pubic hair development is Tanner stage 3. Serum concentrations of 

gonadotropic hormones, estrogens, and testosterone are within the reference ranges. Which of the following is the most likely 

cause of this patient's breast enlargement?  

  

(A) Breast adenocarcinoma  

(B) Estradiol-secreting Leydig cell tumor  

(C) Peutz-Jeghers syndrome  

(D) Seminiferous tubule dysgenesis (Klinefelter syndrome)  

(E) Normal development  

  

  

57. A 5-year-old boy is admitted to the hospital because of a 1-week history of fever and increasingly severe abdominal discomfort. 

At the age of 7 months, he was treated for osteomyelitis caused by Aspergillus fumigatus. He has been admitted to the hospital 

three times during the past 4 years for severe pneumonia. He appears moderately ill. His temperature is 39°C (102.2°F). 

Abdominal examination shows an enlarged, tender liver. Ultrasonography of the abdomen shows an intrahepatic abscess. 

Culture of the abscess fluid grows Staphylococcus aureus. Further analysis shows failure of the neutrophils to undergo an 

oxidative burst when exposed to S. aureus. This patient has an increased susceptibility to infection as a result of which of the 

following abnormalities?  

  

(A) Deficient leukocyte production  

(B) Failure of leukocytes to migrate between endothelial cells  

(C) Failure of leukocytes to roll along the endothelial surface  

(D) Inability of leukocytes to ingest microorganisms  

(E) Inability of leukocytes to kill intracellular microorganisms  

  

  

58. A 22-year-old woman contacts a medical student and asks if he would like to join her for dinner. The student met the woman 

when he was assigned to her care during her 2-week hospitalization for treatment of major depressive disorder. He has not 

treated or seen the patient since she was discharged from the hospital. He is attracted to this former patient and would be 

interested in dating her. Which of the following is the most appropriate action by the medical student regarding this patient 's 

invitation?  

  

(A) He can date her because he was a medical student, not a physician, when he contributed to her care  

(B) He can date her because she is no longer his patient  

(C) He can date her, but only after at least 1 year has passed since he treated her  

(D) He cannot date her because she was once his psychiatric patient  

(E) He cannot date her unless she agrees never to seek care at his hospital in the future  

  

  

59. A 73-year-old woman comes to the physician because of a 2-month history of diffuse weakness and tingling of her arms and 

legs. Neurologic examination shows weakness of the extensor and flexor muscles of the lower extremities. Knee and ankle 

deep tendon reflexes are exaggerated. Sensation to vibration and position is decreased in all extremities, but the decrease is 

more prominent in the lower extremities than in the upper extremities. This patient most likely has a deficiency of which of the 

following vitamins?  

  

(A) Niacin  

(B) Vitamin B1 (thiamine)  

(C) Vitamin B2 (riboflavin)  

(D) Vitamin B6 (pyridoxine)  

(E) Vitamin B12 (cyanocobalamin)  



  

   -year- 

23  

  

  

  

60. A 45 old man comes to the physician because of right shoulder pain that began after he chopped wood 2 days ago. Examination 

of the right upper extremity shows no obvious bone deformities or point tenderness. The pain is reproduced when the patient 

is asked to externally rotate the shoulder against resistance; there is no weakness. In addition to the teres minor, inflammation 

of which of the following tendons is most likely in this patient?  

  

(A) Infraspinatus  

(B) Pectoralis  

(C) Subscapularis  

(D) Supraspinatus  

(E) Trapezius  

  

  

61. A 54-year-old man comes to the physician for a follow-up examination 10 days after undergoing a stereotactic brain operation 

to remove a small tumor. The operation was successful. During the procedure, he was under conscious sedation.  

The patient recalls that at one point during the operation he experienced a sudden, intense feeling of overwhelming fear. Which 

of the following areas of the brain was most likely stimulated at that time?  

  

(A) Amygdala  

(B) Hippocampus  

(C) Mammillary body  

(D) Prefrontal cortex  

(E) Thalamus  

  

  

62. A placebo-controlled clinical trial is conducted to assess whether a new antihypertensive drug is more effective than standard 

therapy. A total of 5000 patients with essential hypertension are enrolled and randomly assigned to one of two groups: 2500 

patients receive the new drug and 2500 patients receive placebo. If the alpha is set at 0.01 instead of 0.05, which of the following 

is the most likely result?  

  

(A) Significant findings can be reported with greater confidence  

(B) The study will have more power  

(C) There is a decreased likelihood of a Type II error  

(D) There is an increased likelihood of statistically significant findings (E) There is an increased likelihood of a Type I 

error  

  

  

63. A male stillborn is delivered at 32 weeks' gestation to a 30-year-old woman. The pregnancy was complicated by 

oligohydramnios. Examination of the stillborn shows the absence of a urethral opening. Which of the following additional 

findings is most likely in this stillborn?  

  

(A) Congenital diaphragmatic hernia  

(B) Intralobar sequestration  

(C) Pulmonary hypoplasia  

(D) Situs inversus  

(E) Tracheoesophageal fistula  

  

  

64. A 33-year-old man undergoes a radical thyroidectomy for thyroid cancer. During the operation, moderate hemorrhaging 

requires ligation of several vessels in the left side of the neck. Postoperatively, serum studies show a calcium concentration of 

7.5 mg/dL, albumin concentration of 4 g/dL, and parathyroid hormone concentration of 200 pg/mL. Damage to which of the 

following vessels caused the findings in this patient?  
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(A) Branch of the costocervical trunk  

(B) Branch of the external carotid artery  

(C) Branch of the thyrocervical trunk  

(D) Tributary of the internal jugular vein  

(E) Tributary of the left brachiocephalic vein  

(F) Tributary of the right brachiocephalic vein  
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65. A 42-year-old man comes to the physician for a follow-up examination 1 week after he passed a renal calculus. X-ray 

crystallographic analysis of the calculus showed calcium as the primary cation. Physical examination today shows no 

abnormalities. A 24-hour collection of urine shows increased calcium excretion. Which of the following is the most appropriate 

pharmacotherapy?  

  

(A) Carbonic anhydrase inhibitor  

(B) Na+–Cl− symport inhibitor  

(C) Na+–K+–2Cl− symport inhibitor  

(D) Osmotic diuretic  

(E) Renal epithelial sodium channel inhibitor  

  

  

66. A 55-year-old man comes to the physician because of a 2-week history of recurrent, widespread blister formation. Physical 

examination shows lesions that are most numerous in the flexural areas including the axillae and groin. The blisters do not 

break easily, and there are no oral lesions. These blisters are most likely the result of adhesion failure involving which of the 

following?  

  

(A) Basement membrane  

(B) Dermal papillae  

(C) Langerhans cells  

(D) Melanocytes  

(E) Merkel cells  

  

  

67. A 24-year-old man is brought to the emergency department 40 minutes after he was involved in a motor vehicle collision. He 

was the unrestrained driver. He is conscious. Physical examination shows numerous lacerations and ecchymoses over the face. 

His vision is normal. Ocular, facial, and lingual movements are intact. The gag reflex is present. Sensation to pinprick is absent 

over the right side of the face anterior to the right ear, extending down along the full extent of the mandible to the chin. Sensation 

also is absent over the right side of the tongue. X-rays of the skull show fractures of the orbit, zygomatic arch, and infratemporal 

fossa. The most likely cause of these findings is a fracture affecting which of the following locations?  

  

(A) Foramen lacerum  

(B) Foramen ovale  

(C) Foramen rotundum  

(D) Foramen spinosum  

(E) Jugular foramen  

  

  

68. A 55-year-old man who is a business executive is admitted to the hospital for evaluation of abdominal pain. He is polite to the 

physician but berates the nurses and other staff. The patient's wife and two of his three adult children arrive for a visit. The 

patient says with disgust that the missing child is and always has been worthless. Which of the following is the most likely 

explanation for this patient's behavior?  

  

(A) Countertransference  

(B) Projection  

(C) Projective identification  

(D) Reaction formation  

(E) Splitting  
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69. A 2-year-old boy with a history of recurrent skin abscesses develops posterior cervical lymphadenitis. Results of a flow 

cytometry assay measuring reduction of dihydrorhodamine to the fluorescent compound rhodamine (DHR) by resting or 

phorbol myristate acetate (PMA)-stimulated neutrophils are shown. Which of the following is the most likely causal organism?  

  

(A) Bacteroides fragilis  

(B) Mycobacterium tuberculosis  

(C) Pseudomonas aeruginosa  

(D) Staphylococcus aureus  

(E) Treponema pallidum  

  

  

  

  

70. An otherwise healthy 45-year-old man comes to the physician because of a 3-week history of progressive epigastric heartburn 

and a 4.5-kg (10-lb) weight loss. The pain tends to be more severe at night and occurs 1 to 3 hours after meals during the day. 

He has had similar episodes with lesser intensity during the past year. Abdominal examination shows tenderness to deep 

palpation. Test of the stool for occult blood is positive. Endoscopy shows a bleeding 3-cm ulcer in the antrum of the stomach. 

A photomicrograph of Steiner silver-stained tissue (400x) from a biopsy of the gastric mucosa adjacent to the ulcer is shown. 

Which of the following processes is most likely to be involved?  

  

(A) Elaboration of proteases and urease with local tissue destruction  

(B) Hyperacidity and gastric ulcer development  

(C) Ingestion of preformed toxins in contaminated well water  

(D) Spirochete invasion of gastric cells  

  

 
  

71. A 10-year-old girl is brought to the office by her mother because her school nurse thinks that she may have Marfan syndrome. 

She is at the 95th percentile for height and 25th percentile for weight. Physical examination shows a narrow palate with dental 

crowding, long slender extremities, and joint laxity. Molecular testing for FBN1 shows a single nucleotide difference that does 

not change the amino acid at that locus. Her mother is 163 cm (5 ft 4 in) tall. There is no clinical evidence of Marfan syndrome 

in the mother, but she has the same single nucleotide change as the patient. The same nucleotide change is found in 15 of 200 

individuals without Marfan syndrome. Which of the following best describes the single nucleotide change in the patient and 

her mother?  

  

(A) It is a disease-causing mutation in the patient and her mother  

(B) It is a polymorphism  

(C) It is a sequence variant of unknown significance  

(D) It will change the folding of the protein (E) It will result in a truncated protein  

  

  

72. A previously healthy 40-year-old woman is brought to the emergency department by her husband because of a 2-day history of 

fever, lethargy, and confusion. Her temperature is 38°C (100.4°F), pulse is 80/min, respirations are 18/min, and blood pressure 

is 140/90 mm Hg. Physical examination shows scattered petechiae and ecchymoses over the lower extremities. Neurologic 

examination shows moderate generalized motor weakness. She is oriented to person but not to place or time. Laboratory studies 

show:   

  

 Hemoglobin  9 g/dL  

 Hematocrit  27%  

 Leukocyte count   8000/mm3 with a normal differential  

 Platelet count  15,000/mm3  

 Prothrombin time  12 sec (INR=1.1)  

 Partial thromboplastin time  30 sec  

 Serum    

   Urea nitrogen  25 mg/dL  



 

27  

  

   Lactate dehydrogenase  1000 U/L  

  

(A) peripheral blood smear shows 3+ polychromasia and 3+ schistocytes. Urine and blood cultures grow 

no organisms. A chest x-ray shows no abnormalities. Which of the following is the most likely 

diagnosis?  

  

(A) Acute myeloid leukemia  

(B) Autoimmune hemolytic anemia  

(C) Thrombotic thrombocytopenic purpura  

(D) Toxic shock syndrome  

(E) von Willebrand disease  

  

  
73. A 17-year-old girl has never had a menstrual period. Physical examination shows a normal female body habitus, normal breast 

development, and normal appearing external genitalia. She has no axillary or pubic hair. The patient refuses to have a pelvic or 

rectal examination. Which of the following is the most likely explanation for the clinical presentation?  

  

(A) Androgen insensitivity  

(B) Congenital adrenal hyperplasia  

(C) Ectodermal dysplasia  

(D) A psychiatric disorder  

(E) A sex chromosome mosaicism  

  

  

74. A 12-year-old girl is brought to the physician because of a 2-month history of intermittent yellowing of the eyes and skin. 

Physical examination shows no abnormalities except for jaundice. Her serum total bilirubin concentration is 3 mg/dL, with a 

direct component of 1 mg/dL. Serum studies show a haptoglobin concentration and AST and ALT activities that are within the 

reference ranges. There is no evidence of injury or exposure to toxins. Which of the following additional findings is most likely 

in this patient?  

  

(A) Decreased activity of UDP glucuronosyltransferase  

(B) Gallstones  

(C) Increased hemolysis  

(D) Increased serum alkaline phosphatase activity  

(E) Ineffective erythropoiesis  

  

  

  

  

75. A 47-year-old woman comes to the emergency department because of a 2-week history of intermittent abdominal pain, nausea, 

and vomiting. She has had similar episodes sporadically during the past 4 years. Physical examination shows dehydration, 

jaundice, and upper abdominal distention. Laboratory studies show hyperbilirubinemia. A CT scan and upper gastrointestinal 

series of the abdomen with oral contrast are shown; the arrows indicate the abnormality. Which of the following is the most 

likely cause of these findings?  

  

(A) Annular pancreas  

(B) Cirrhosis of the liver  

(C) Duodenal constriction by the portal vein  

(D) Duodenal constriction by the superior mesenteric artery  

(E) Pyloric stenosis  

  

  
76. An 8-year-old boy is brought to the office by his mother because of a 3-day history of fever, sore throat, and itchy eyes. He just 

returned from a weeklong summer camp that included hiking trips and swimming lessons in the camp-owned swimming pool. 
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He has no history of major medical illness and receives no medications. He appears tired. His temperature is 39.4°C (102.9°F); 

other vital signs are within normal limits. Physical examination shows conjunctival injection and discharge and oropharyngeal 

erythema. The public health department reports an outbreak of similar symptoms among the other campers and camp volunteers. 

Which of the following is the most likely cause of this patient’s symptoms?  

  

(A) Adenovirus  

(B) Cytomegalovirus  

(C) Epstein-Barr virus  

(D) Influenza virus  

(E) West Nile virus  

  

  

  

  

  

  

  

77. A 36-year-old man with profound intellectual disability is brought to the physician by staff at his facility because of increasing 

abdominal girth during the past 2 weeks. He is unable to speak, and no medical history is currently available. Physical 

examination shows a protuberant abdomen with a fluid wave and shifting dullness. There are no signs of trauma to the area. 

Laboratory studies show no abnormalities. A CT scan of the abdomen is shown. Fluid is present in which of the following areas 

as indicated by the arrow?  

  

(A) Epiploic foramen  

(B) Gastrosplenic ligament  

(C) Hepatorenal pouch (of Morison)  

(D) Omental bursa (lesser sac)  

(E) Sulcus pericolicus  

  

 
  

78. A study is designed to evaluate the feasibility of acupuncture in children with chronic headaches. Sixty children with chronic 

headaches are recruited for the study. In addition to their usual therapy, all children are treated with acupuncture three times a 

week for 2 months. Which of the following best describes this study design?  

  

(A) Case-control  

(B) Case series  

(C) Crossover  

(D) Cross-sectional  

(E) Historical cohort  

(F) Randomized clinical trial  

  

  

79. A 56-year-old man comes to the emergency department because of a 4-day history of colicky right flank pain that radiates to 

the groin and hematuria. Ultrasound examination of the kidneys shows right-sided hydronephrosis and a dilated ureter. Which 

of the following is most likely to be found on urinalysis?  

  

(A) Erythrocyte casts  

(B) Glucose  

(C) Leukocyte casts  

(D) Oval fat bodies  

(E) Uric acid crystals  
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80. A 62-year-old man comes to the physician for a follow-up examination after he was diagnosed with chronic inflammatory 

interstitial pneumonitis. Following pulmonary function testing, a biopsy specimen of the affected area of the lungs is obtained. 

Compared with a healthy man, analysis of this patient's biopsy specimen is most likely to show which of the following patterns 

of changes in the cell populations of alveoli?  

  

   Type I Pneumocytes  Type II Pneumocytes  Fibroblasts  

(A) ↑  ↑  ↑  

(B) ↑  ↑  ↓  

(C) ↑  ↓  ↑  

(D) ↑  ↓  ↓  

(E) ↓  ↑  ↑  

(F) ↓  ↑  ↓  

(G) ↓  ↓  ↑  

(H) ↓  ↓  ↓  
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USMLE STEP 1 SAMPLE TEST QUESTIONS  

  

BLOCK 3, ITEMS 81-117  

  

  

81. Six healthy subjects participate in a study of muscle metabolism during which hyperglycemia and hyperinsulinemia is induced. 

Muscle biopsy specimens obtained from the subjects during the resting state show significantly increased concentrations of 

malonyl-CoA. The increased malonyl-CoA concentration most likely directly inhibits which of the following processes in these 

subjects?  

  

(A) Fatty acid oxidation  

(B) Fatty acid synthesis  

(C) Gluconeogenesis  

(D) Glycogenolysis  

(E) Glycolysis  

(F) Oxidative phosphorylation  

  

  

82. A 72-year-old woman who has smoked 20 cigarettes daily for the past 38 years begins using eyedrops for glaucoma. Three 

days later, she has a marked increase in shortness of breath while walking up a flight of stairs. Which of the following drugs is 

the most likely cause of the development of shortness of breath in this patient?  

  

(A) Acetazolamide  

(B) Apraclonidine  

(C) Epinephrine  

(D) Latanoprost  

(E) Timolol  

  

  

83. A 54-year-old man comes to the physician because of episodes of fainting for 3 months. He also has had difficulty performing 

daily tasks because he is easily fatigued. He had a myocardial infarction 12 years ago. His pulse is 40/min, respirations are 

18/min, and blood pressure is 138/85 mm Hg. Physical examination shows evidence of cannon a waves. An ECG shows a P-

wave rate of 90/min, and an R-wave rate of 40/min, with no apparent relation between the two. Which of the following is the 

most likely diagnosis?  

  

(A) First-degree atrioventricular block  

(B) Right bundle branch block  

(C) Second-degree atrioventricular block, type I  

(D) Second-degree atrioventricular block, type II  

(E) Third-degree atrioventricular block  

  

  

84. A 15-year-old boy is brought to the emergency department by his parents because of a 2-hour history of confusion and agitation. 

He also has had fever, headache, stiff neck, and vomiting since he returned from summer camp 2 days ago. His parents say he 

does not use illicit drugs. On arrival, he is combative and there is evidence of hallucinations. His temperature is 40°C (104°F), 

pulse is 80/min, respirations are 17/min, and blood pressure is 100/70 mm Hg. A lumbar puncture is performed. Results of 

cerebrospinal fluid analysis show cysts and trophozoites. The most likely portal of pathogen entry into this patient's central 

nervous system is which of the following?  

  

(A) Cavernous sinus  

(B) Facial nerve  

(C) Frontal sinus  

(D) Mastoid sinus  

(E) Olfactory nerve  
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(F) Trigeminal nerve  

  

  

85. A 42-year-old woman comes to the physician for a routine examination. She says that she has felt well except for occasional 

episodes of constipation, abdominal discomfort, and mild fatigue. She was treated for a renal calculus 10 years ago and was 

told she had a "lazy gallbladder." Her pulse is 82/min, and blood pressure is 150/80 mm Hg. Physical examination shows no 

other abnormalities. Laboratory studies show:  

  

 Erythrocyte count  3 million/mm3  

 Serum    

   K+  4.5 mEq/L  

   Cl–  107 mEq/L  

   Ca2+  12 mg/dL  

   Phosphorus  2.2 mg/dL  

   Alkaline phosphatase  95 U/L  

  

The most likely cause of this patient's condition is a small, well-defined nodule in which of the following locations?  

  

(A) Adrenal gland  

(B) Anterior pituitary gland  

(C) Gallbladder  

(D) Kidney  

(E) Parathyroid gland  

(F) Thymus  

  

 
  

86. A new severe respiratory illness caused by a newly identified virus is discovered. Which of the following properties of a killed 

vaccine relative to a live vaccine is the most appropriate rationale for developing a killed vaccine for this illness?  

  

(A) Avoids the concern for reversion to virulence  

(B) Develops more rapid protective immunity  

(C) Is less likely to require subsequent boosters for lifelong immunity  

(D) Is most likely to generate mucosal immunity  

(E) Requires little safety monitoring to ensure inactivation  

  

  

87. A 72-year-old woman comes to the physician because of a 3-day history of fever, shortness of breath, difficulty swallowing, 

chest pain, and cough. She is frail. Physical examination shows tachypnea and equal pulses bilaterally. Percussion of the chest 

shows dullness over the right lower lung field. Laboratory studies show arterial hypoxemia and decreased PCO2. A chest x-ray 

shows an area of opacification in the lower region of the right lung. Which of the following is the most likely cause of this 

patient's condition?  

  

(A) Alveolar proteinosis  

(B) Aspiration  

(C) Cigarette smoking  

(D) Emphysema  

(E) Vasculitis  

  

  

88. A 25-year-old woman comes to the office because of a 6-month history of increasingly severe low back pain and heavy menses. 

Her temperature is 37.1°C (98.8°F), pulse is 75/min, respirations are 13/min, and blood pressure is 115/79 mm Hg. Physical 

examination shows no abnormalities. An endometrial biopsy specimen shows regular tubular endometrial glands with abundant 
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mitotic figures in the endometrial glands and stroma. Which of the following proteins or enzymes regulate the progression of 

cells into this phase of this patient's menstrual cycle?  

  

(A) AMP-dependent kinases  

(B) Cyclin-dependent kinases  

(C) Hexokinases  

(D) Lipid kinases  

(E) Urokinases  

  

  

89. A 72-year-old woman is brought to the emergency department by her husband because of a 1-hour history of difficulty walking 

and speaking. The husband says that she was well last night but when she awoke this morning, she had difficulty getting out of 

bed and her speech was slurred. She has a 20-year history of type 2 diabetes mellitus well controlled with medication and diet. 

She is alert and oriented and is able to follow commands and respond verbally, but she has impaired speech. Her pulse is 80/min, 

respirations are 16/min, and blood pressure is 142/88 mm Hg. Physical examination shows leftsided hemiparesis. The tongue 

deviates to the right when protruded. Sensation to pinprick and temperature is normal, and proprioception and sensation to light 

touch are absent over the left upper and lower extremities. Which of the following labeled sites in the photograph of a cross 

section of a normal brain stem is most likely damaged in this patient?  

 

90. A 4-year-old boy is brought to the physician because of slow growth during the past year. He has had recurrent urinary tract 

infections since the age of 1 year. He is at the 10th percentile for height and 25th percentile for weight. Physical examination 

shows pallor. Laboratory studies show a normochromic, normocytic anemia and increased serum concentrations of urea 

nitrogen and creatinine. Urinalysis shows a low specific gravity. Which of the following sets of additional serum findings is 

most likely in this patient?  

  

   Calcium  Inorganic Phosphorus  1,25-Dihydroxycholecalciferol  Erythropoietin  

(A) ↑  ↑  ↑  ↓  

(B) ↑  ↑  ↓  ↓  

(C) ↑  ↓  ↓  ↑  

(D) ↓  ↑  ↑  ↓  

(E) ↓  ↑  ↓  ↓  

(F) ↓  ↓  ↑  ↑  

  

  

  

91. A 42-year-old woman is brought to the emergency department because of double vision that began 20 minutes after she fell 

from her horse and landed on the left side of her face. Examination of the face shows ecchymoses over the left zygomatic arch. 

A CT scan of the head is shown. Which of the following arteries is at greatest risk for injury in this patient?  

  

(A) Facial  

(B) Frontal  

(C) Infraorbital  

(D) Lacrimal  

(E) Ophthalmic  

  

  
92. A previously healthy 24-year-old woman who is a college student comes to the office because of a 6-month history of abdominal 

bloating, upper abdominal discomfort, and constipation. The symptoms are more severe when she is preparing for examinations 

but improve after bowel movements. She takes no medications. She does not smoke or use illicit drugs. She drinks alcoholic 

beverages occasionally. She is 160 cm (5 ft 3 in) tall and weighs 57 kg (125 lb); BMI is 22 kg/m2. Her pulse is 72/min, and 

blood pressure is 100/72 mm Hg. Physical examination, including digital rectal examination, shows no other abnormalities. A 

complete blood count and serum electrolyte concentrations are within the reference ranges. A urease breath test result is negative. 

Upper and lower endoscopies show no abnormalities. Which of the following is the most appropriate pharmacotherapy for this 

patient?  
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(A) Azathioprine  

(B) Infliximab  

(C) Lubiprostone  

(D) Mesalamine  

(E) Sulfasalazine  

  

  

93. A 32-year-old man is brought to the emergency department 30 minutes after being struck by a car while driving his motorcycle. 

He reports severe pelvic pain. On examination, there is bruising of the perineum and pain is elicited with motion of his pelvis. 

Blood is noted at the urethral meatus. There is no other penile trauma. A plain x-ray shows a fracture of the superior pubic 

ramus and retrograde urethrography is done to evaluate for a urethral disruption. Which of the following portions of the urethra 

would be at greatest risk for injury in this patient?  

  

(A) Intramural (pre-prostatic)  

(B) Membranous  

(C) Prostatic  

(D) Spongy  

  

  

  

94. A 2-year-old boy is brought to the office by his mother because of a 1-day history of severe pain, swelling, and redness of his 

left thumb. The mother does not recall any trauma to the area. She says he has been eating poorly during this period, but 

otherwise he has been behaving normally. He has no history of major medical illness and receives no medications. He appears 

tearful. He is at the 90th percentile for length and 80th percentile for weight. His temperature is 37.7°C (99.8°F), pulse is 

100/min, respirations are 20/min, and blood pressure is 100/50 mm Hg. Physical examination shows an oral vesicle, cervical 

lymphadenopathy, and the findings in the photograph. Which of the following types of infectious agents is the most likely cause 

of the findings in this patient’s finger?  

  

(A) DNA virus  

(B) Gram-negative bacterium  

(C) Gram-positive bacterium  

(D) RNA virus  

(E) Yeast  

  

 
  

95. A 46-year-old woman with active ankylosing spondylitis comes to the office for a follow-up examination. The use of various 

conventional nonsteroidal anti-inflammatory drugs has been ineffective. Sulfasalazine treatment also has not resulted in 

improvement. The most appropriate next step in treatment is administration of a drug that inhibits which of the following?  

  

(A) CD20  

(B) Cyclooxygenase-2  

(C) Cytotoxic T-lymphocyte antigen 4  

(D) Epidermal growth factor (E) Interleukin-1 (IL-1)  

(F) Tumor necrosis factor α  

  

  

96. During a study of renal glomeruli, a healthy animal kidney is kept in a vascular bath preparation at a constant afferent arterial 

pressure of 100 mm Hg. If the efferent arteriole is constricted with a vascular clamp, which of the following Starling forces is 

most likely to change in the glomeruli?  

  

(A) Decreased filtration coefficient (Kf)  

(B) Decreased hydrostatic pressure  

(C) Decreased oncotic pressure  

(D) Increased hydrostatic pressure  
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(E) Increased oncotic pressure  

  

97. A 67-year-old woman is brought to the emergency department 30 minutes after she had a generalized tonic-clonic seizure. Her 

family says that she seemed mildly confused before her eyes rolled backward and she had the onset of uncontrollable jerking 

movements of her arms and legs and loss of consciousness. During the seizure, she passed urine and bit her tongue. At the 

scene, her vital signs were within normal limits. She has a 6-month history of a 7-kg (15-lb) weight loss despite no changes in 

appetite. She received the diagnosis of small cell carcinoma of the lung last week and has not begun treatment. She has 

hypertension well controlled with lisinopril. On arrival, she is awake but does not respond to verbal stimuli. She is not in 

distress. Her temperature is 37°C (98.6°F), pulse is 70/min, and blood pressure is 130/88 mm Hg while supine. Examination 

shows no abnormalities. Laboratory studies show:  

  

 Serum    

   Na+  115 mEq/L  

   K+  4 mEq/L  

   Cl−  81 mEq/L  

   HCO3
−  25 mEq/L  

   Urea nitrogen  9 mg/dL  

   Glucose  102 mg/dL  

   Creatinine  0.6 mg/dL  

 Urine    

   Sodium  60 mEq/L  

   Potassium  20 mEq/L  

   Osmolality  900 mOsmol/kg H2O  

  

Which of the following is the most likely diagnosis?  

  

(A) Adrenal insufficiency  

(B) Diuretic abuse  

(C) Heart failure  

(D) Syndrome of inappropriate secretion of ADH (vasopressin) (E) Water intoxication  

  

  
98. A 23-year-old woman comes to the physician for genetic counseling prior to conception. Her brother and maternal uncle had 

Duchenne muscular dystrophy (DMD) and died at the ages of 28 and 17 years, respectively. Genetic analysis was not performed 

on either relative prior to death. Serum studies show a muscle creatine kinase concentration of 120 U/L (N=22– 198). The 

patient's 50-year-old mother has a serum muscle creatine kinase concentration of 300 U/L. Which of the following is the most 

appropriate assessment of this patient's carrier status for this disease?  

  

(A) The patient has a 50% risk for developing DMD  

(B) The patient has a 50% risk of having a child with DMD  

(C) The patient is a carrier of the disease based on her family history of DMD  

(D) The patient is not a carrier of the DMD based on her normal creatine kinase concentration  

(E) The patient's DMD carrier status is uncertain because of random X inactivation  

  

  

99. A randomized controlled trial is conducted to assess the risk for development of gastrointestinal adverse effects using 

azithromycin compared with erythromycin in the treatment of pertussis in children. Of the 100 children with pertussis enrolled, 

50 receive azithromycin, and 50 receive erythromycin. Results show vomiting among 5 patients in the azithromycin group, 

compared with 15 patients in the erythromycin group. Which of the following best represents the absolute risk reduction for 

vomiting among patients in the azithromycin group?  

  

(A) 0.1  

(B) 0.2  

(C) 0.33  

(D) 0.67  
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(E) 0.8  

  

  

100. A 35-year-old woman comes to the office because of a 3-day history of severe right back pain. She has not had any fever, chills, 

or weight loss. She has no history of major medical illness. Musculoskeletal and neurologic examinations show no 

abnormalities. When told that her examination is normal, the patient becomes tearful and demands an MRI of her back because 

her mother just died from breast cancer metastatic to bone and she fears that she may also have cancer. The patient already 

contacted her insurance company, who told her that if she has neurologic abnormalities an MRI may be covered by her plan. 

The patient asks the physician to order the MRI indicating that she has neurologic findings. Which of the following is the most 

appropriate initial action by the physician?  

  

(A) Advise the patient to change insurance companies as soon as she is able so that she can receive more comprehensive 

medical care  

(B) Explain that the patient does not need the MRI and that it is not appropriate to misrepresent her examination findings 

(C) Immediately inform the patient's insurance company about what the patient has asked the physician to do (D) 

Order the MRI as the patient requests  

(E) Recommend that the patient pay for the MRI out-of-pocket in order to ease her worry  

  

  

101. A 6-day-old breast-fed boy is brought to the emergency department by his mother because of poor weight gain and irritability 

since delivery, and a 2-hour history of vomiting. Physical examination shows jaundice and hepatomegaly. A reducing substance 

test result of the urine is positive, and a glucose oxidase test result is negative. The concentration of which of the following 

metabolites in liver is most likely increased in this patient?  

  

(A) Fructose 1,6-bisphosphate  

(B) Galactose 1-phosphate  

(C) Glucose 1-phosphate  

(D) Glucose 6-phosphate  

  

  

102. A 14-year-old boy is brought to the physician because of a 2-day history of a sore throat and fever that peaks in the late afternoon. 

He also has a 1-week history of progressive fatigue. He recently began having unprotected sexual intercourse with one partner. 

He appears ill. His temperature is 39°C (102.2°F). Physical examination shows cervical lymphadenopathy and pharyngeal 

erythema with a creamy exudate. Which of the following is the most likely diagnosis?  

  

(A) Candidiasis  

(B) Herpangina  

(C) Infectious mononucleosis  

(D) Mumps  

(E) Syphilis  

  

  

103. In a cohort study of elderly women, the relative risk ratio for hip fractures among those who exercise regularly is 1.2 (95% 

confidence interval of 1.1 to 1.8). Which of the following is the most appropriate conclusion about the effect of regular exercise 

on the risk for hip fracture?  

  

(A) Statistically nonsignificant increase in risk  

(B) Statistically nonsignificant overall decrease in risk  

(C) Statistically significant overall decrease in risk (D) Statistically significant overall increase in risk  

  

  

  

104. A 12-year-old boy is brought to the physician by his mother because of a 1-month history of pain below the left knee. His 

mother says, "He can usually walk around, but he hasn't been able to play in any of his soccer games since this all began." 
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Examination of the left knee shows warmth, swelling, and tenderness. An x-ray of the knee is shown. Which of the following 

structures is attached to the abnormal anterior tibial area?  

  

(A) Anterior cruciate ligament  

(B) Gastrocnemius muscle  

(C) Patellar ligament  

(D) Popliteus muscle  

(E) Posterior cruciate ligament  

(F) Soleus muscle  

  

  
105. A 22-year-old woman comes to the office because of a 3-day history of cold symptoms and a 1-week history of progressive 

fatigue. Six weeks ago, she received a kidney transplant from a living, related donor. Immediately after the operation, she 

received monoclonal anti-CD3 therapy. Current medications are azathioprine, cyclosporine, and prednisone. Her temperature 

is 39°C (102.2°F). Physical examination shows a well-healed surgical scar. Serum studies show that her urea nitrogen and 

creatinine concentrations have tripled. A diagnosis of allograft rejection is suspected. In addition, this patient's clinical 

presentation is best explained by an infection with which of the following agents?  

  

(A) Adenovirus  

(B) BK virus  

(C) Epstein-Barr virus  

(D) Herpes simplex virus  

(E) Varicella-zoster virus  

  

  

106. A new test to detect the presence of malarial antibodies by ELISA is evaluated in 100 patients with active untreated malaria 

proven by demonstration of blood-borne parasites and in 100 patients with no history of infection. Results of testing are shown:  

  

     Malaria    

     Present  Absent    

Positive 80  

ELISA Test Results  

Negative 120  

     100  100  200  

  

Which of the following is the specificity of this test?  

  

(A) 65%  

(B) 71%  

(C) 75%  

(D) 94%  

(E) 95%  

  

  
107. A 30-year-old woman comes to the physician because of a 2-day history of abdominal pain. She has a history of recurrent upper 

respiratory tract infections, sinusitis, and pancreatitis. She has thick nasal secretions. She says that her sweat is salty and 

crystallizes on her skin. Her vital signs are within normal limits. Physical examination shows epigastric tenderness.  

Genetic testing for the 36 most common mutations shows a detectable mutation (G551D) in one allele of the CFTR gene. 

Which of the following best explains this patient's clinical phenotype?  

  

(A) Loss of heterozygosity of the CFTR gene has occurred in the pancreas  

(B) Only one G551D allele is needed in CFTR  

(C) The patient is a CFTR obligate carrier  

(D) The patient's CFTR mutation is unrelated to her clinical phenotype  

75  5  

25  95  
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(E) The second CFTR mutation was not detected by the testing obtained  

  

  

108. A 52-year-old man is brought to the emergency department 30 minutes after he had an episode of chest pain radiating to his 

jaw while shoveling snow. His pulse is 80/min, and blood pressure is 130/70 mm Hg. The lungs are clear to auscultation. 

Cardiac examination shows an S4. While undergoing an ECG, the patient says that he feels the chest pain returning. The most 

appropriate immediate treatment is a drug with which of the following mechanisms of action?  

  

(A) Increases cAMP concentration  

(B) Increases nitric oxide concentration  

(C) Inhibits potassium flux  

(D) Inhibits sodium flux  

  

  

109. A technician wants to determine whether cytomegalovirus (CMV) DNA is present in the blood of a bone marrow transplant 

recipient. DNA purified from the leukocytes of the patient is reacted in a mixture containing oligonucleotides specific for CMV 

DNA, thermostable DNA polymerase, and nucleotides. Repetitive cycles of heating and cooling are performed, and the reaction 

product is detected by gel electrophoresis. The technician most likely used which of the following laboratory procedures on 

this patient's blood?  

  

(A) Northern blotting  

(B) Polymerase chain reaction  

(C) Reverse transcription  

(D) Southern blotting  

(E) Western blotting  

  

  

  

  

110. A 16-year-old boy comes to the physician because of a rash on his left inner thigh that first appeared 2 days after he returned 

from a hunting trip with friends in Minnesota. A photograph of the rash is shown. Without treatment, this patient is at increased 

risk for which of the following?  

  

(A) Carditis  

(B) Glomerulonephritis  

(C) Hepatitis  

(D) Pancreatitis  

(E) Thrombocytopenia  

  

  
111. After being severely beaten and sustaining a gunshot wound to the abdomen, a 42-year-old woman undergoes resection of a 

perforated small bowel. During the operation, plastic reconstruction of facial fractures, and open reduction and internal fixation 

of the left femur are also done. Thirty-six hours postoperatively, she is awake but not completely alert. She is receiving 

intravenous morphine via a patient-controlled pump. She says that she needs the morphine to treat her pain, but she is worried 

that she is becoming addicted. She has no history of substance use disorder. She drinks one to two glasses of wine weekly. 

Which of the following initial actions by the physician is most appropriate?  

  

(A) Reassure the patient that her chance of becoming addicted to narcotics is minuscule  

(B) Maintain the morphine, but periodically administer intravenous naloxone  

(C) Switch the patient to oral acetaminophen as soon as she can take medication orally  

(D) Switch the patient to intramuscular lorazepam  

(E) Switch the patient to intravenous phenobarbital  
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112. A 51-year-old man comes to the office because of a 6-month history of a lump on his tongue that is interfering with his speech 

and eating; he also has had a 6.8-kg (15-lb) weight loss during this period. He has smoked 1 pack of cigarettes daily and has 

consumed six 12-oz bottles of beer on weekend nights during the past 30 years. His vital signs are within normal limits. Physical 

examination shows a 1.5-cm mass on the apex of the tongue. Further evaluation of the mass confirms squamous cell carcinoma. 

It is most appropriate to evaluate which of the following lymph nodes first for evidence of metastasis in this patient?  

  

(A) Inferior deep cervical  

(B) Parotid  

(C) Retropharyngeal  

(D) Submental  

(E) Superior deep cervical  

  

  

113. A 31-year-old woman comes to the physician because of a 2-week history of malaise, nausea, vomiting, and decreased appetite. 

She is a known user of intravenous heroin. She appears chronically ill. She is 165 cm (5 ft 5 in) tall and weighs 47 kg (103 lb); 

BMI is 17 kg/m2. Her temperature is 36.7°C (98.1°F), pulse is 90/min, respirations are 18/min, and blood pressure is 114/68 

mm Hg. Physical examination shows scleral icterus and a liver span of 16 cm. The spleen is not palpable. Serum studies show:  

  

 Total bilirubin  3.2 mg/dL  

 AST  774 U/L  

 ALT  820 U/L  

 HIV antibody  negative  

 Hepatitis B surface antigen  negative  

 Hepatitis B surface antibody  positive  

 Anti-hepatitis B core antibody  positive  

 Hepatitis B DNA  negative  

 Anti-hepatitis C virus  positive  

 Hepatitis C RNA  positive  

  

Which of the following is the most likely outcome of this patient's infection?  

  

(A) Complete resolution of infection  

(B) Latent infection with intermittent viremia  

(C) Lifelong persistent infection  

(D) Patient death from acute infection  

  
  

114. A 57-year-old man receives radiation therapy for a squamous cell carcinoma of the lung. Despite therapy, the tumor 

progressively increases in size, and he dies 6 months later. His tumor cells contain a point mutation in the p53 gene (TP53), 

leading to an inactive gene product. Based on this finding, the progressive tumor growth despite irradiation therapy is most 

likely to be related to a defect in cell cycle arrest in which of the following phases of the cell cycle?  

  

(A) G0  

(B) G1  

(C) G2  

(D) M  

(E) S  

  

  

115. A 55-year-old man comes to the physician for a routine physical examination. He is currently taking no medications. His pulse 

is 80/min, and blood pressure is 165/95 mm Hg. Physical examination shows no other abnormalities. The presence of which of 

the following mechanisms is most likely to increase this patient's blood pressure further?  

  

(A) Decreased cardiac output  
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(B) Decreased pulse  

(C) Decreased stroke volume  

(D) Increased peripheral vascular resistance  

(E) Increased pulmonary artery pressure  

  

  

116. A 53-year-old man comes to the physician because of a 6-month history of intermittent blood in his stool. He has had no pain 

with defecation. Physical examination shows a 1-cm, visible anal mass located below the dentate line. A biopsy of the mass is 

scheduled. If the mass if found to be malignant, it is most appropriate to evaluate which of the following lymph nodes for 

possible metastasis?  

  

(A) Internal iliac  

(B) Popliteal  

(C) Sacral  

(D) Superficial inguinal  

(E) Superior rectal  

  

  

117. A 59-year-old man is brought to the emergency department because of a 4-day history of nausea, vomiting, and diarrhea. He 

also has been confused and agitated during this period. He has a history of mild hypertension. His current medication is a 

diuretic. His temperature is 37°C (98.6°F), pulse is 108/min, respirations are 26/min, and blood pressure is 70/47 mm Hg. 

Physical examination shows delayed capillary refill of the lips and nail beds and cool extremities. His oxyhemoglobin saturation 

in a central vein is 60% (N=70–75). These findings are most consistent with which of the following types of shock?  

  

(A) Cardiogenic  

(B) Distributive  

(C) Hypovolemic  

(D) Obstructive  

(E) Septic  
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Answer Form for USMLE Step 1 Sample Test Questions  
  

Block 1 (Questions 1-40)  

                    

  1.  ___  11.  ___  21.  ___  31.  ___     2.  ___  12.  ___  22.  ___  32. 

 ___     3.  ___  13.  ___  23.  ___  33.  ___     4.  ___  14.  ___  24.  ___ 

 34.  ___     5.  ___  15.  ___  25.  ___  35.  ___     6.  ___  16.  ___  26. 

 ___  36.  ___     7.  ___  17.  ___  27.  ___  37.  ___     8.  ___  18.  ___ 

 28.  ___  38.  ___     9.  ___  19.  ___  29.  ___  39.  ___    

  10.  ___  20.   ___  30.   ___  40.  ___    

  

  

Block 2 (Questions 41-80)  

  

  
  41.  ___  51.  ___  61.  ___  71.  ___   42.  ___  52.  ___  62.  ___ 

 72.  ___   43.  ___  53.  ___  63.  ___  73.  ___   44.  ___  54.  ___  64. 

 ___  74.  ___   45.  ___  55.  ___  65.  ___  75.  ___   46.  ___  56.  ___ 

 66.  ___  76.  ___   47.  ___  57.  ___  67.  ___  77.  ___   48.  ___  58. 

 ___  68.  ___  78.  ___  

49. ___  59.  ___  69.  ___  79.  ___  

50. ___  60.  ___  70.  ___  80.  ___ 

  

 

  

Block 3 (Questions 81-117)  

  

  

  81.  ___  91.  ___  101.  ___  111.  ___     82.  ___  92.  ___  102.  ___  112. 

 ___     83.  ___  93.  ___  103.  ___  113.  ___     84.  ___  94.  ___  104.  ___ 

 114.  ___     85.  ___  95.  ___  105.  ___  115.  ___     86.  ___  96.  ___  106. 

 ___  116.  ___    

87. ___  97.  ___  107.  ___  117.  ___    

88. ___  98.  ___  108.  ___    

89. ___  99.  ___  109.  ___    

90. ___  100.  ___  110.  ___      

  

  

  

Block 1 (Questions 1-40)  
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1. D  11. D  21. B  31. A  

2. A  12. E  22. E  32. E 3. D  13. C  23. A  33. E  

4. A  14. D  24. A  34. E  

5. E  15. C  25. A  35. D  

6. C  16. A  26. B  36. D  

7. C  17. D  27. C  37. C  

8. B  18. B  28. C  38. C  

9. C  19. B  29. B  39. A  

10. F  20. B  30. C  40. B  

  

  

Block 2 (Questions 41-80)  

  

  

41. C  51. C  61. A  71. B  

42. E  52. G  62. A  72. C  

43. D  53. C  63. C  73. A 44. A  54. B  64. C  74. A 45. B  55. D  65. B  75. A  

46. A  56. E  66. A  76. A  

47. C  57. E  67. B  77. D  

48. E  58. D  68. E  78. B  

49. D  59. E  69. D  79. E  

50. D  60. A  70. A  80. E  

  

Block 3 (Questions 81-117)  

  

  

81. A  91. C  101. B  111. A  

82. E  92. C  102. C  112. D  

83. E  93. B  103. D  113. C  

84. E  94. A  104. C  114. B  

85. E  95. F  105. B  115. D  

86. A  96. D  106. E  116. D  

87. B  97. D  107. E  117. C  

88. B  98. E  108. B    

89. C  99. B  109. B  

90. E  100. B  110. A  
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USMLE Step 1 Test Question Formats  
  

Single-Item Questions  

A single patient-centered vignette is associated with one question followed by four or more response options. The response 

options are lettered (A, B, C, D, E).  A portion of the questions require interpretation of graphic or pictorial materials. You 

are required to select the best answer to the question. Other options may be partially correct, but there is only ONE BEST 

answer. This is the traditional, most frequently used multiple-choice question format on the examination.  
  

Strategies for Answering Single One-Best-Answer Test Questions  

  

The following are strategies for answering one-best-answer items:   
  

• Read each patient vignette and question carefully. It is important to understand what is being asked.  
  

• Try to generate an answer and then look for it in the response option list.  
  

• Alternatively, read each response option carefully, eliminating those that are clearly incorrect.  
  

• Of the remaining options, select the one that is most correct.  
  

• If unsure about an answer, it is better to guess since unanswered questions are automatically counted as wrong answers.  
  

Example Item  

  

A 32-year-old woman with type 1 diabetes mellitus has had progressive renal failure over the past 2 years. She has not yet 

started dialysis. Examination shows no abnormalities. Her hemoglobin concentration is 9 g/dL, hematocrit is 28%, and mean 

corpuscular volume is 94 μm3. A blood smear shows normochromic, normocytic cells. Which of the following is the most 

likely cause?  
  

(A) Acute blood loss  (F)  Microangiopathic hemolysis  

(B) Chronic lymphocytic leukemia  (G)  Polycythemia vera  

(C) Erythrocyte enzyme deficiency  (H)  Sickle cell disease  

(D) Erythropoietin deficiency  (I)   Sideroblastic anemia  

(E) Immunohemolysis  (J)   β-Thalassemia trait  
  
  

(Answer: D)  
  

NOTE: Some item types that appear on the Step 1 examination are NOT depicted in the sample items provided in this 

booklet, eg, items with multimedia features, such as audio. Also, when additional item formats are added to the exam, notice 

will be provided at the USMLE website: http://www.usmle.org. You must monitor the website to stay informed about the 

types of items that occur in the exam, and you must practice with the downloadable sample test items available on the 

USMLE website to be fully prepared for the examination.  

Introduction to USMLE Step 1 Sample Test Questions  
  
The following pages include 117 sample test questions. Most of these questions are the same as those you can install on 

your computer from the USMLE website. Please note that reviewing the sample questions as they appear on pages 7-45 is 

not a substitute for practicing with the test software. You should download and run the Step 1 tutorial and practice test items 

that are provided on the USMLE website well before your test date. The sample materials available on the USMLE website 

include additional items and item formats that do not appear in this booklet, such as items with associated audio or video 

findings. You should become familiar with all item formats that will be used in the actual examination.  

http://www.usmle.org/
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Although the sample questions exemplify content on the Step 1 examination overall, they may not reflect the content 

coverage on individual examinations. In the actual examination, questions will be presented in random order; they will not 

be grouped according to specific content. The questions will be presented one at a time in a format designed for easy onscreen 

reading, including use of the Normal Laboratory Values table (included here on pages 5 and 6) and some pictorials. 

Photographs, charts, and x-rays in this booklet are not of the same quality as the pictorials used in the actual examination. 

In addition, you will be able to adjust the brightness and contrast of pictorials on the computer screen.  
  

To take the following sample test questions as they would be timed in the actual examination, you should allow a maximum 

of 1 hour for each 40-item block, and a maximum of 55 minutes, 30 seconds, for the 37-item block, for a total of 2 hours, 

55 minutes, 30 seconds. Please note that the third block has 37 items instead of 40 because the multimedia items have been 

removed, and the recommended time to complete the block has been adjusted accordingly. Please be aware that most 

examinees perceive the time pressure to be greater during an actual examination. All examinees are strongly encouraged to 

practice with the downloadable version to become familiar with all item formats and exam timing. An answer form for 

recording answers is provided on page 46. An answer key is provided on page 47. In the actual examination, answers will 

be selected on the screen; no answer form will be provided.  
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LABORATORY VALUES  
* Included in the Biochemical Profile (SMA-12)   

  

REFERENCE RANGE                               SI REFERENCE INTERVALS   

BLOOD, PLASMA, SERUM  

* Alanine aminotransferase (ALT), serum ................. 8-20 U/L  .................................................... 8-20 U/L  

   Amylase, serum ...................................................... 25-125 U/L ................................................. 25-125 U/L  

* Aspartate aminotransferase (AST), serum .............. 8-20 U/L ..................................................... 8-20 U/L  

   Bilirubin, serum (adult) Total // Direct ................... 0.1-1.0 mg/dL // 0.0-0.3 mg/dL  ................ 2-17 μmol/L // 0-5 μmol/L  

* Calcium, serum (Ca2+) ............................................ 8.4-10.2 mg/dL .......................................... 2.1-2.8 mmol/L  

* Cholesterol, serum .................................................. Rec:<200 mg/dL  ....................................... <5.2 mmol/L  

   Cortisol, serum ........................................................ 0800 h: 5-23 μg/dL // 1600 h: 3-15 μg/dL  138-635 nmol/L // 82-413 nmol/L  

2000 h: < 50% of 0800 h ............................ Fraction of 0800 h: < 0.50    

Creatine kinase, serum ............................................ Male: 25-90 U/L  ....................................... 25-90 U/L  

Female: 10-70 U/L  .................................... 10-70 U/L  

* Creatinine, serum .................................................... 0.6-1.2 mg/dL  ........................................... 53-106 μmol/L  

   Electrolytes, serum  

     Sodium (Na+) ........................................................ 136-145 mEq/L .......................................... 136-145 mmol/L  

* Potassium (K+) ...................................................... 3.5-5.0 mEq/L ............................................ 3.5-5.0 mmol/L       

     Chloride (Cl–) ........................................................ 95-105 mEq/L  ........................................... 95-105 mmol/L  

     Bicarbonate (HCO3
–)............................................. 22-28 mEq/L  ............................................. 22-28 mmol/L  

     Magnesium (Mg2+) ................................................ 1.5-2.0 mEq/L ............................................ 0.75-1.0 mmol/L   

   Estriol, total, serum (in pregnancy)  

     24-28 wks // 32-36 wks ......................................... 30-170 ng/mL // 60-280 ng/mL  ................ 104-590 nmol/L // 208-970 nmol/L  

     28-32 wks // 36-40 wks ......................................... 40-220 ng/mL // 80-350 ng/mL  ................ 140-760 nmol/L // 280-1210 nmol/L    

Ferritin, serum ......................................................... Male: 15-200 ng/mL  ................................. 15-200 μg/L  

Female: 12-150 ng/mL  .............................. 12-150 μg/L    Follicle-

stimulating hormone, serum/plasma  ......... Male: 4-25 mIU/mL  .................................. 4-25 U/L  

Female: premenopause 4-30 mIU/mL  ...... 4-30 U/L  

midcycle peak 10-90 mIU/mL  ............... 10-90 U/L  

postmenopause 40-250 mIU/mL  ............ 40-250 U/L  

   Gases, arterial blood (room air)  

     pH  ........................................................................ 7.35-7.45  ................................................... [H+] 36-44 nmol/L  

     PCO2  ..................................................................... 33-45 mm Hg ............................................. 4.4-5.9 kPa  

     PO2  ....................................................................... 75-105 mm Hg ........................................... 10.0-14.0 kPa  

* Glucose, serum ........................................................ Fasting: 70-110 mg/dL  .............................. 3.8-6.1 mmol/L  

2-h postprandial: < 120 mg/dL  ................. < 6.6 mmol/L  

   Growth hormone - arginine stimulation .................. Fasting: < 5 ng/mL  .................................... < 5 
μg/L  provocative stimuli: > 7 ng/mL  .............. > 7 μg/L  

   Immunoglobulins, serum  

     IgA  ....................................................................... 76-390 mg/dL ............................................ 0.76-3.90 g/L  

     IgE  ........................................................................ 0-380 IU/mL  ............................................. 0-380 kIU/L  

     IgG  ....................................................................... 650-1500 mg/dL ........................................ 6.5-15 g/L  

     IgM  ...................................................................... 40-345 mg/dL  ........................................... 0.4-3.45 g/L  

   Iron  ......................................................................... 50-170 μg/dL  ............................................ 9-30 μmol/L  

   Lactate dehydrogenase, serum ................................ 45-90 U/L ................................................... 45-90 U/L    

Luteinizing hormone, serum/plasma  ...................... Male: 6-23 mIU/mL  .................................. 6-23 U/L  

Female: follicular phase 5-30 mIU/mL  ..... 5-30 U/L  

midcycle 75-150 mIU/mL ....................... 75-150 U/L  

postmenopause 30-200 mIU/mL  ............ 30-200 U/L  

   Osmolality, serum ................................................... 275-295 mOsmol/kg H2O .......................... 275-295 mOsmol/kg H2O  

   Parathyroid hormone, serum, N-terminal  ............... 230-630 pg/mL  ......................................... 230-630 ng/L  

* Phosphatase (alkaline), serum (p-NPP at 30°C) ..... 20-70 U/L  .................................................. 20-70 U/L  

* Phosphorus (inorganic), serum ............................... 3.0-4.5 mg/dL  ........................................... 1.0-1.5 mmol/L  
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   Prolactin, serum (hPRL)  ........................................ < 20 ng/mL ................................................ < 20 μg/L * 

Proteins, serum  

     Total (recumbent) ................................................. 6.0-7.8 g/dL  ............................................... 60-78 g/L      

Albumin ................................................................ 3.5-5.5 g/dL ................................................ 35-55 g/L      

Globulin  ............................................................... 2.3-3.5 g/dL ................................................ 23-35 g/L  

   Thyroid-stimulating hormone, serum or plasma ..... 0.5-5.0 μU/mL  .......................................... 0.5-5.0 mU/L  

   Thyroidal iodine (123I) uptake .................................. 8%-30% of administered dose/24 h ........... 0.08-0.30/24 h  

   Thyroxine (T4), serum ............................................. 5-12 μg/dL  ................................................ 64-155 nmol/L  

   Triglycerides, serum ............................................... 35-160 mg/dL ............................................ 0.4-1.81 mmol/L  

   Triiodothyronine (T3), serum (RIA)  ....................... 115-190 ng/dL  ........................................... 1.8-2.9 nmol/L  

   Triiodothyronine (T3) resin uptake.......................... 25%-35%  .................................................. 0.25-0.35  

* Urea nitrogen, serum  .............................................. 7-18 mg/dL  ............................................... 1.2-3.0 mmol/L  

* Uric acid, serum ...................................................... 3.0-8.2 mg/dL  ........................................... 0.18-0.48 mmol/L  

LABORATORY VALUES (continued from previous page)  

  

REFERENCE RANGE                                     SI REFERENCE INTERVALS   

BODY MASS INDEX (BMI)  

   Body mass index .......................................................Adult: 19-25 kg/m2  

CEREBROSPINAL FLUID  

   Cell count ..................................................................0-5/mm3 .............................................................0-5 x 106/L  

   Chloride  ...................................................................118-132 mEq/L .................................................118-132 mmol/L  

   Gamma globulin .......................................................3%-12% total proteins .......................................0.03-0.12  

   Glucose  ....................................................................40-70 mg/dL  .....................................................2.2-3.9 mmol/L  

   Pressure  ....................................................................70-180 mm H2O  ...............................................70-180 mm H2O  

   Proteins, total  ...........................................................<40 mg/dL   .................... ...................................<0.40 g/L   

HEMATOLOGIC   

   Bleeding time (template)  ..........................................2-7 minutes ........................................................2-7 minutes  

   Erythrocyte count ......................................................Male: 4.3-5.9 million/mm3 ................................4.3-5.9 x 1012/L  

Female: 3.5-5.5 million/mm3 ............................3.5-5.5 x 1012/L    

Erythrocyte sedimentation rate (Westergren) ...........Male: 0-15 mm/h  ..............................................0-15 mm/h  

Female: 0-20 mm/h ...........................................0-20 mm/h    

Hematocrit  ...............................................................Male: 41%-53%  ...............................................0.41-0.53  

Female: 36%-46% .............................................0.36-0.46  

   Hemoglobin A1c ........................................................< 6% ..................................................................< 0.06  

   Hemoglobin, blood ...................................................Male: 13.5-17.5 g/dL  ........................................2.09-2.71 mmol/L  

Female: 12.0-16.0 g/dL .....................................1.86-2.48 mmol/L    Hemoglobin, 

plasma .................................................1-4 mg/dL ..........................................................0.16-0.62 mmol/L  

   Leukocyte count and differential  

     Leukocyte count ......................................................4500-11,000/mm3 ..............................................4.5-11.0 x 109/L  

       Segmented neutrophils ..........................................54%-62%  ..........................................................0.54-0.62        

Bands ....................................................................3%-5%  ..............................................................0.03-0.05        

Eosinophils  ...........................................................1%-3%  ..............................................................0.01-0.03  

       Basophils ...............................................................0%-0.75% ..........................................................0-0.0075  

       Lymphocytes  ........................................................25%-33% ...........................................................0.25-0.33        

Monocytes  ............................................................3%-7%  ..............................................................0.03-0.07  

   Mean corpuscular hemoglobin ..................................25.4-34.6 pg/cell ...............................................0.39-0.54 fmol/cell  

   Mean corpuscular hemoglobin concentration  ..........31%-36% Hb/cell  .............................................4.81-5.58 mmol Hb/L  

   Mean corpuscular volume  ........................................80-100 μm3 ........................................................80-100 fL  

   Partial thromboplastin time (activated)  ....................25-40 seconds ....................................................25-40 seconds  

   Platelet count .............................................................150,000-400,000/mm3 .......................................150-400 x 109/L  

   Prothrombin time ......................................................11-15 seconds ....................................................11-15 seconds  

   Reticulocyte count ....................................................0.5%-1.5% .........................................................0.005-0.015  

   Thrombin time ..........................................................<2 seconds deviation from control  .................. .<2 seconds deviation from            

…………………………………………………………………………………………………………...control  

   Volume  
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     Plasma  ....................................................................Male: 25-43 mL/kg ...........................................0.025-0.043 L/kg  

Female: 28-45 mL/kg ........................................0.028-0.045 L/kg  

     Red cell ...................................................................Male: 20-36 mL/kg  ..........................................0.020-0.036 L/kg  

Female: 19-31 mL/kg  .......................................0.019-0.031 L/kg   

SWEAT   

   Chloride ....................................................................0-35 mmol/L  ....................................................0-35 mmol/L   

URINE   

   Calcium  ....................................................................100-300 mg/24 h ...............................................2.5-7.5 mmol/24 h  

   Chloride ....................................................................Varies with intake ............................. ................Varies with intake    Creatinine 

clearance ..................................................Male: 97-137 mL/min  

Female: 88-128 mL/min  

   Estriol, total (in pregnancy)  

     30 wks .....................................................................6-18 mg/24 h .....................................................21-62 μmol/24 h  

     35 wks .....................................................................9-28 mg/24 h .....................................................31-97 μmol/24 h  

     40 wks .....................................................................13-42 mg/24 h ...................................................45-146 μmol/24 h  

   17-Hydroxycorticosteroids .......................................Male: 3.0-10.0 mg/24 h .....................................8.2-27.6 μmol/24 h  

Female: 2.0-8.0 mg/24 h ...................................5.5-22.0 μmol/24 h    17-

Ketosteroids, total ................................................Male: 8-20 mg/24 h ...........................................28-70 μmol/24 h  

Female: 6-15 mg/24 h .......................................21-52 μmol/24 h  

   Osmolality  ................................................................50-1400 mOsmol/kg H2O  

   Oxalate ......................................................................8-40 μg/mL .......................................................90-445 μmol/L  

   Potassium  .................................................................Varies with diet ............... ..................................Varies with diet  

   Proteins, total  ...........................................................<150 mg/24 h  ................................... ................<0.15 g/24 h  

   Sodium  .....................................................................Varies with diet .................................................Varies with diet    Uric 

acid ....................................................................Varies with diet ................................... ..............Varies with diet  

USMLE STEP 1 SAMPLE TEST QUESTIONS  
  

BLOCK 1, ITEMS 1-40  

  

1. A 28-year-old man comes to the physician because of a 1-year history of pain with urination that has increased in severity during the 

past month. He also has had episodes of blood in his urine during the past 5 years. He lived in sub-Saharan Africa until he came 

to the USA 6 months ago for graduate school. His temperature is 38°C (100.4°F), pulse is 80/min, respirations are 16/min, and 

blood pressure is 110/84 mm Hg. Physical examination shows suprapubic tenderness. Laboratory studies show:  

  

 Hemoglobin  12.3 g/dL  

 Hematocrit  37%  

 Leukocyte count  13,400/mm3  

   Segmented neutrophils  65%  

   Bands  5%  

   Eosinophils  5%  

   Lymphocytes  22%  

   Monocytes  3%  

 Serum    

   Urea nitrogen  75 mg/dL  

   Creatinine  3.8 mg/dL  

 Urine    

   Blood  3+  

   RBC  200/hpf  

   WBC  100/hpf  

   RBC casts  absent  

   WBC casts  absent  
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Imaging studies show bilateral hydroureter and hydronephrosis and foci of calcification in the region of the bladder. A biopsy 

specimen of the bladder shows marked chronic inflammation with fibrosis and scattered granulomas. Which of the following 

best explains the biopsy findings?  

  

(A) Exposure to a chemical toxin  

(B) Interstitial cystitis  

(C) Malacoplakia  

(D) Schistosomiasis  

(E) Vesicoureteral reflux  

  

  
2. A 14-year-old boy is brought to the emergency department after being hit with a baseball bat on the lateral side of his leg 

immediately below the knee. He is unable to dorsiflex his foot. Which of the following nerves is most likely injured?  

  

(A) Common fibular (peroneal)  

(B) Femoral  

(C) Obturator  

(D) Sural  

(E) Tibial  

  

  

  

  

3. A 24-year-old man comes to the office because of a 2-day history of a red, itchy rash on his buttocks and legs. Four days ago, 

he returned from a cruise to the Caribbean, during which he swam in the ship’s pool and used the hot tub. He appears well. His 

vital signs are within normal limits. Physical examination shows the findings in the photograph. The infectious agent causing 

these findings most likely began to proliferate in which of the following locations?  

  

(A) Apocrine gland  

(B) Dermis  

(C) Eccrine gland  

(D) Hair follicle  

(E) Sebaceous gland  

  

  
4. A 14-year-old girl is brought to the physician after her mother learned that she began having sexual intercourse with various 

partners 1 month ago. She does not use condoms or other contraception. The mother is concerned about her behavior. The 

patient's parents separated 3 months ago. She had been an honor student and excelled in sports and leadership positions at school 

before the separation. Since the separation, however, she has become sullen, defiant, and rebellious. She has begun smoking 

cigarettes, disobeying her curfew, and being truant from school. This patient is most likely using which of the following defense 

mechanisms?  

  

(A) Acting out  

(B) Displacement  

(C) Projection  

(D) Reaction formation  

(E) Sublimation  
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5. A 24 old woman comes to the physician for a follow-up examination. One week ago, she was treated in the emergency 

department after she accidentally spilled hot grease on her left leg while working at a fast-food restaurant. Examination of the 

left lower extremity shows a 7-cm, pink, soft, granular, edematous wound. The formation of this tissue was most likely caused 

by increased activity of which of the following?  

  

(A) Complement C3b  

(B) Glycosylation-dependent cell adhesion molecule-1  

(C) P-selectin  

(D) Stromelysin  

(E) Vascular endothelial growth factor  

  

  

6. A 63-year-old woman comes to the physician 1 day after the sudden onset of pain and swelling of her right knee. She has had 

no injury. Her medications include occasional ibuprofen for mild osteoarthritis of both knees. Her temperature is 37°C (98.6°F), 

pulse is 97/min, respirations are 19/min, and blood pressure is 129/79 mm Hg. Examination of the right knee shows warmth, 

erythema, and effusion. Exquisite tenderness is produced with minimal range-of-motion testing. Examination of synovial fluid 

obtained via joint aspiration shows that it is clear, with positively birefringent rhomboids observed under polarized light 

microscopy. Deposition of which of the following substances is the most likely cause of these findings?  

  

(A) Ammonium urate  

(B) Calcium oxalate  

(C) Calcium pyrophosphate  

(D) Calcium urate  

(E) Sodium urate  

  

  

7. A 55-year-old woman with small cell carcinoma of the lung is admitted to the hospital to undergo chemotherapy. Six days after 

treatment is started, she develops a temperature of 38°C (100.4°F). Physical examination shows no other abnormalities. 

Laboratory studies show a leukocyte count of 100/mm3 (5% segmented neutrophils and 95% lymphocytes). Which of the 

following is the most appropriate pharmacotherapy to increase this patient's leukocyte count?  

  

(A) Darbepoetin  

(B) Dexamethasone  

(C) Filgrastim  

(D) Interferon alfa  

(E) Interleukin-2 (IL-2)  

(F) Leucovorin  

  

  

8. A 37-year-old woman with right lower extremity edema is evaluated because of the sudden onset of shortness of breath and 

pleuritic chest pain. A diagnosis of pulmonary embolism is made. Which of the following signs, if present on physical 

examination, would be the most specific indicator of pulmonary arterial hypertension in this patient?  

  

(A) Increased jugular venous pressure  

(B) P2 louder than A2 (C) Peripheral edema (D) Presence of an S3  

(E) Pulmonary crackles  
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9. During an experiment, a Southern blot analysis is done by digesting DNA samples with a single restriction endonuclease, 

separating the digestion products by gel electrophoresis, and transferring them to a filter. The investigator probes the filter by 

exposing it to a cDNA clone that encodes a single immunoglobulin-constant region. The figure shows the resulting pattern with 

DNA samples isolated from different organs. Assuming there were no technical errors, the Southern blot analysis results 

demonstrate which of the following processes?  

  

(A) Affinity maturation  

(B) Apoptosis  

(C) Gene rearrangement  

(D) RNA splicing  

(E) Somatic hypermutation  

  

  
10. During a clinical study examining the effects of exercise, men between the ages of 20 and 30 years are evaluated during a 

15minute session on a treadmill. The average pulse for the last 2 minutes of the session is 175/min. During the last minute of 

exercise, various measurements are taken. Compared with the measurement before the session, which of the following is most 

likely to be decreased?  

  

(A) Cardiac output  

(B) Oxygen consumption  

(C) Pulse pressure  

(D) Stroke volume  

(E) Systolic blood pressure  

(F) Total peripheral resistance  

  

  

  

  

11. A 26 old man is brought to the emergency department by ambulance 30 minutes after being shot in the leg. He is unconscious 

and appears markedly pale. His pulse is 120/min, respirations are 16/min, and blood pressure is 80/60 mm Hg. Compared with 

a healthy adult, which of the following findings is most likely in this patient?  

  

   Arterial Baroreceptor  Systemic Vascular   Pulmonary Vascular  Systemic Capillary  

    Firing Rate  Resistance   Resistance   Fluid Transfer  

(A) ↑  ↑  ↑  filtration  

(B) ↑  ↓  ↑  absorption  

(C) ↑  ↓  ↓  filtration  

(D) ↓  ↑  ↑  absorption  

(E) ↓  ↑  ↓  filtration  

(F) ↓  ↓  ↓  absorption  
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12. A 17-year-old boy is brought to the emergency department 30 minutes after being found with a "blank stare" and flat facial 

expression at a party. His pulse is 72/min, and blood pressure is 104/68 mm Hg. He is sitting upright and appears catatonic. 

Physical examination shows rigidity. During the examination, he becomes hostile and attempts to assault the physician. This 

patient most likely ingested which of the following drugs?  

  

(A) Cocaine  

(B) Diazepam  

(C) Methamphetamine  

(D) Oxycodone  

(E) PCP (phencyclidine)  

  

  

13. A 26-year-old woman is brought to the emergency department because of an 8-hour history of severe back and abdominal pain 

and mild but persistent vaginal bleeding. Ultrasonography of the abdomen shows a 2-cm ectopic pregnancy in the ampulla. The 

ampulla has ruptured into the surrounding tissue. Fluid from this rupture will most likely be found in which of the following 

locations?  

  

(A) Lesser peritoneal cavity  

(B) Mesometrium  

(C) Pouch of Douglas  

(D) Uterine cavity  

(E) Vagina  

  

  

14. A 14-year-old girl has had nausea, intermittent diarrhea, and a 2.2-kg (5-lb) weight loss over the past 4 weeks. Examination 

shows a migrating serpiginous pruritic perianal rash. Her leukocyte count is 8000/mm3 with 20% eosinophils. Which of the 

following tests is most likely to yield an accurate diagnosis?  

  

(A) Blood smear  

(B) Bone marrow biopsy  

(C) KOH preparation  

(D) Microscopic examination of the stool  

(E) Skin snip  
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15. A 40 old woman comes to the physician because of a 6-month history of increased facial hair growth. Her last menstrual period 

was 4 months ago. She is 165 cm (5 ft 5 in) tall and weighs 70 kg (154 lb); BMI is 26 kg/m2. Her pulse is 80/min, and blood 

pressure is 130/82 mm Hg. Physical examination shows temporal balding and coarse dark hair on the upper lip and chin. Pelvic 

examination shows clitoral enlargement. Her serum testosterone concentration is increased. Serum concentrations of 

androstenedione, dehydroepiandrosterone, and urinary 17-ketosteroids are within the reference ranges. Ultrasonography of the 

pelvis shows a 12-cm ovarian mass. Which of the following best describes this mass?  

  

(A) Granulosa tumor  

(B) Ovarian carcinoid  

(C) Sertoli-Leydig tumor  

(D) Teratoma  

(E) Thecoma  

  

  

16. A 45-year-old woman with systemic sclerosis (scleroderma) comes to the physician because of a 3-week history of progressive 

shortness of breath and nonproductive cough. Her temperature is 36.9°C (98.4°F), pulse is 82/min, respirations are 20/min, and 

blood pressure is 136/85 mm Hg. Crackles are heard in both lower lung fields. Pulmonary function tests show total lung capacity 

is 80% of predicted, and diffusing capacity for carbon monoxide, corrected for alveolar volume, is 65% of predicted. Histologic 

examination of a lung biopsy specimen is most likely to show which of the following findings?  

  

(A) Diffuse interstitial fibrosis  

(B) Intra-alveolar exudates  

(C) Multiple thromboemboli  

(D) Necrotizing vasculitis  

(E) Non-necrotizing interstitial granulomas  

  

  

17. A new blood test to detect prostate cancer is evaluated in 300 male volunteers. A needle biopsy of the prostate gland is done on 

all men with serum prostate-specific antigen concentrations greater than 5 ng/mL (N<4). One hundred men undergo biopsy 

procedures; 90 are found to have prostate cancer, and five are found to have chronic prostatitis. Which of the following is 

necessary to calculate the sensitivity of this test?  

  

(A) Incidence of chronic prostatitis in the general population  

(B) Number of men with test results greater than 5 ng/mL and a normal biopsy specimen  

(C) Prevalence of chronic prostatitis in the general population  

(D) Prostate biopsies of men with test results equal to or below 5 ng/mL  

  

  

18. A 62-year-old woman comes to the physician because of low back pain for 1 week. Menopause occurred 10 years ago. Physical 

examination shows localized tenderness over the lumbar spine after movement. X-rays of the spine show a compression fracture 

of L1-2. A DEXA scan shows decreased bone mineral density. Serum calcium and phosphorus concentrations and serum 

alkaline phosphatase activity are within the reference ranges. A bisphosphonate drug is prescribed. The expected beneficial 

effect of this drug is most likely due to which of the following actions?  

  

(A) Decreased insulin-like growth factor-1 concentration  

(B) Decreased osteoclast activity  

(C) Decreased osteoprotegerin production  

(D) Increased 1,25-dihydroxycholecalciferol concentration  

(E) Increased osteoblast activity  

(F) Increased receptor activator of NF-κB ligand (RANKL) production  

  

  



 

12  

  

19. A 26 old woman is brought to the emergency department 3 hours after ingesting approximately 50 tablets of aspirin in a suicide 

attempt. She is nauseated, confused, and sleepy. Her pulse is 130/min, respirations are 30/min, and blood pressure is 100/60 

mm Hg. Which of the following sets of laboratory values is most likely on evaluation of blood obtained before treatment?  

  

   Serum  Arterial Blood  

   HCO3
−  pH  PCO2  

(A) ↑  ↓  ↑  

(B) ↓  ↓  ↓  

(C) ↑  ↑  ↓  

(D) ↓  ↓  ↑  

(E) ↑  ↑  ↑  

  

 
  

20. An investigator is studying the incidence of the common cold among medical students at various time points during the school 

year. Results show an increased incidence of upper respiratory tract infections among these students during finals week. It is 

hypothesized that the stress of studying for examinations adversely affects the immune system, making the students more 

susceptible to infection. Which of the following laboratory findings in these students during examination week is most likely 

to support this hypothesis?  

  

(A) Decreased AM serum cortisol concentration  

(B) Decreased macrophage activity  

(C) Increased basophil count  

(D) Increased lymphocyte count  

(E) Increased natural killer cell activity  

  

  

21. A 63-year-old man is brought to the emergency department because of a 4-day history of increasingly severe left leg pain and 

swelling of his left calf. He also has a 1-month history of increasingly severe upper midthoracic back pain. During this time, 

he has had a 9-kg (20-lb) weight loss despite no change in appetite. He has no history of major medical illness. His only 

medication is ibuprofen. He is 180 cm (5 ft 11 in) tall and weighs 82 kg (180 lb); BMI is 25 kg/m2. His vital signs are within 

normal limits. On examination, lower extremity pulses are palpable bilaterally. The remainder of the physical examination 

shows no abnormalities. An x-ray of the thoracic spine shows no abnormalities. A CT scan of the abdomen shows a 3-cm mass 

in the body of the pancreas; there are liver metastases and encasement of the superior mesenteric artery. Ultrasonography of 

the left lower extremity shows a femoropopliteal venous clot. Which of the following is the most likely cause of this patient’s 

symptoms?  

  

(A) Carcinoid syndrome  

(B) Hypercoagulability from advanced malignancy  

(C) Multiple endocrine neoplasia  

(D) Splenic artery aneurysm and embolic disease of the left lower extremity  

(E) Superior mesenteric artery syndrome  

  

  

22. A 35-year-old man comes to the physician because of pain and swelling of his right arm where he scraped it on a tree branch 2 

days ago. His temperature is 38.3°C (101°F). Examination of the right forearm shows edema around a fluctuant erythematous 

lesion at the site of trauma. The area is extremely tender to palpation. Which of the following is most likely the primary 

mechanism of the development of edema in this patient?  

  

(A) Degranulation of eosinophils  

(B) Disruption of vascular basement membranes  

(C) Increased hydrostatic pressure  



  

   -year- 

13  

  

(D) Release of thromboxane  

(E) Separation of endothelial junctions  

  

  

  

  

23. A 4-year-old boy from Brazil is brought to the physician because of a 1-week history of painless swelling of his jaw and pressure 

around his eyes. He is at the 80th percentile for height and weight. Physical examination shows a single 12 × 10-cm lesion in 

the right side of the jaw with diffuse limits and irregular edges. Photomicrographs of an incisional biopsy specimen of the 

lesion are shown. Based on these findings, which of the following processes is most likely occurring in the region indicated by 

the arrows?  

  

(A) Apoptosis  

(B) Necrosis  

(C) Oncosis  

(D) Ostosis  

(E) Symptosis  

  
  

24. A 33-year-old woman comes to the physician because of a 2-day history of mild nausea, increased urinary urgency and 

frequency, and constipation. She also has had a 4.5-kg (10-lb) weight loss during the past 2 weeks and a 3-week history of 

vaginal bleeding. Pelvic examination shows a nodular cervix with an irregular, friable posterior lip, and a rock-hard, irregular, 

immobile pelvic mass that extends across the pelvis. Examination of biopsy specimens from the cervix and anterior wall of the 

vagina show well-differentiated keratinizing squamous cell carcinoma. Which of the following best describes the pathogenesis 

of this patient's disease?  

  

(A) Inactivation of cellular p53  

(B) Insertion of viral promotors adjacent to cellular growth factor genes  

(C) Specialized transduction  

(D) Transactivation of cellular growth factor genes by TAX  

(E) Translocation of CMYC to an Ig gene promoter  

  

  

25. A 27-year-old man is admitted to the hospital 45 minutes after being involved in a motor vehicle collision. Physical examination 

shows a sluggish response to stimuli. Neurologic examination shows no other abnormalities. A skull x-ray shows a linear, 

nondepressed basal skull fracture. Two weeks later, the patient develops polyuria and polydipsia. Laboratory studies show a 

serum glucose concentration within the reference range, increased serum osmolality, and decreased urine osmolality. Following 

the administration of desmopressin, urine osmolality increases. The beneficial effect of this drug is most likely due to activation 

of which of the following?  

  

(A) Adenylyl cyclase  

(B) Ca2+ channels  

(C) Janus kinase  

(D) Serine kinase  

(E) Tyrosine kinase  
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26. A 30-year-old man is admitted to the hospital for evaluation. He has a 6-week history of colicky abdominal pain and diarrhea 

with occasional blood. Three days after admission, he suddenly develops peritonitis and sepsis. Despite appropriate care, he 

dies. At autopsy, examination shows a fibrinous exudate over the peritoneal and serosal surfaces, and a punctate opening is seen 

in the wall of a thickened loop of small intestine. Several lengths of the small and large intestines are also thickened and adherent 

to one another, with marked areas of narrowing. Photomicrographs of a section of the colon are shown. Which of the following 

is the most likely diagnosis?  

  

(A) Colon cancer  

(B) Crohn disease  

(C) Diverticulitis  

(D) Ischemic necrosis  

(E) Ulcerative colitis  

  
  

27. A couple comes for preconceptional genetic counseling because they both have a family history of α-thalassemia. The woman 

has a minimally decreased hemoglobin concentration. Genetic studies show a single gene deletion. The man has microcytic 

anemia and a two-gene deletion. If the two-gene deletion is in trans (one deletion on the maternal gene and one deletion on the 

paternal gene), which of the following percentages of their offspring will have a two-gene deletion?  

  

(A) 0%  

(B) 25%  

(C) 50%  

(D) 75%  

(E) 100%  

  

  

28. A healthy 22-year-old man participates in a study of glucose metabolism. At the beginning of the study, his serum glucose 

concentration is within the reference range. He consumes an 800-calorie meal consisting of protein, fat, and carbohydrates. He 

then sleeps through the night without additional food or drink. Twelve hours later, his serum glucose concentration remains 

within the reference range. Which of the following mechanisms is most likely involved in maintaining this man's serum glucose 

concentration?  

  

(A) Continued gut absorption of calories from the ingested meal  

(B) Glucose release from skeletal muscle  

(C) Glycogenolysis in the liver  

(D) Increased leptin release from adipose tissues  

(E) Inhibition of glucagon release by the pancreas  

  

  

  

  

29. A 63-year-old homeless man is brought to the emergency department 1 hour after police found him unresponsive. His 

respirations are 30/min. Crackles are heard over the left upper and the entire right lung fields. Despite appropriate lifesaving 

measures, he dies. A photomicrograph of a section of the right lung obtained at autopsy is shown. Which of the following 

mediators is the most likely cause of the position of the cell indicated by the arrow?  

  

(A) Bradykinin  

(B) C5a  

(C) Histamine  

(D) Nitrous oxide  

(E) Prostaglandins  
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30. A 16-year-old boy is brought to the physician because of a 3-day history of abdominal pain and vomiting; he also has had 

decreased appetite during this period. The pain was initially on the right but now has become generalized. His temperature is 

38.8°C (101.8°F), pulse is 100/min, respirations are 20/min, and blood pressure is 143/83 mm Hg. Abdominal examination 

shows guarding with diffuse rebound tenderness. There are no palpable masses. A CT scan of the abdomen shows a perforated 

appendix. Examination of peritoneal fluid from this patient will most likely show which of the following organisms?  

  

(A) Candida albicans  

(B) Citrobacter freundii  

(C) Escherichia coli  

(D) Staphylococcus aureus  

(E) Streptococcus pneumoniae  

  

  

31. A 16-year-old boy is admitted to the emergency department because of a knife wound to the left side of his chest. An x-ray of 

the chest shows an air-fluid level in the left side of the chest, partial collapse of the left lung, and elevation of the stomach 

bubble. The mediastinum is in the midline. Which of the following is the most likely diagnosis?  

  

(A) Hemopneumothorax, not under tension  

(B) Hemothorax, not under tension  

(C) Pneumothorax, not under tension  

(D) Tension hemopneumothorax  

(E) Tension hemothorax  

(F) Tension pneumothorax  

  

  

  

  

32. A 20-year-old woman comes to the physician because of a 5-year history of heavy bleeding with menses that often requires her 

to change her sanitary pads three times hourly. Menses occur at regular 28-day intervals. She recently sustained a minor cut to 

her finger, and the bleeding took longer to stop than usual. She has not had easy bruising or change in weight. She only takes 

an oral contraceptive, but she has not been sexually active for the past 6 months. Her temperature is 37.5°C (99.5°F), pulse is 

72/min, respirations are 12/min, and blood pressure is 120/66 mm Hg. Physical examination shows mildly pale conjunctivae. 

Pelvic examination shows no abnormalities. Laboratory studies show:  

  

 Hemoglobin  10.5 g/dL  

 Hematocrit  31.3%  

 Mean corpuscular hemoglobin concentration  28% Hb/cell  

 Mean corpuscular volume  70 μm3  

 Leukocyte count  5500/mm3  

 Platelet count  275,000/mm3  

 Platelet aggregation studies  normal  

 Prothrombin time  10.5 sec (INR=1.0)  

 Partial thromboplastin time  28 sec  

  

(A) Pap smear shows no abnormalities. Which of the following hematologic disorders is the most likely 

cause of this patient's menorrhagia?  

  

(A) Afibrinogenemia  

(B) Hemophilia A  

(C) Intravascular coagulation  

(D) Vitamin K deficiency  

(E) von Willebrand disease  
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33. A 2-year-old boy is brought to the physician for a well-child examination. He was delivered at term after an uncomplicated 

pregnancy. His birth weight was 3500 g (7 lb 11 oz), and Apgar scores were 8 and 10 at 1 and 5 minutes, respectively. At the 

age of 15 months, physical examination showed no abnormalities, but he was not yet talking. Both of his parents had learning 

difficulties in school, and his mother stopped attending after the 10th grade. He has a maternal uncle with cognitive disabilities. 

He is at the 25th percentile for height, 15th percentile for weight, and 90th percentile for head circumference. He appears 

irritable, he resists making eye contact, and he is flapping his hands. Which of the following is the most likely cause of this 

patient's condition?  

  

(A) Creation of an alternative splice site  

(B) Frameshift mutation  

(C) Missense mutation  

(D) Nonsense mutation  

(E) Trinucleotide repeat expansion  

  

  

34. A 31-year-old woman with type 2 diabetes mellitus comes to the physician because of an oozing, foul-smelling wound on her 

foot for 2 days. Physical examination shows a 4-cm, necrotizing wound with a purplish black discoloration over the heel. 

Crepitant bullae producing profuse amounts of serous drainage are seen. A Gram stain of a tissue biopsy specimen shows gram-

positive rods. The causal organism most likely produces which of the following virulence factors?  

  

(A) Endotoxin  

(B) Fimbriae  

(C) Pneumolysin  

(D) Polysaccharide capsule  

(E) α-Toxin  

  

  

35. A 10-month-old boy is brought to the physician because of a 4-day history of fever and cough. His illness began with lowgrade 

fever and copious, clear nasal discharge. Two days ago he developed a moist, nonproductive cough and rapid breathing. He has 

received all scheduled childhood immunizations. He attends a large day-care center and has three schoolaged siblings. His 

temperature is 38°C (100.4°F), pulse is 101/min, respirations are 38/min, and blood pressure is 85/60 mm Hg. Physical 

examination shows nasal flaring and rhinorrhea. Chest examination shows intercostal retractions along with bilateral, diffuse 

wheezes and expiratory rhonchi. The infectious agent of this patient's condition most likely has which of the following properties?  

  

(A) DNA genome  

(B) Double-stranded nucleic acid genome  

(C) Mature virion lacking viral polymerase  

(D) Mediation of cell entry via a fusion protein (E) Viability on surfaces for several weeks  

  

  

36. A 17-year-old girl is brought to the emergency department 15 minutes after being stung by a bee. She has mild lightheadedness 

but no difficulty swallowing. Her temperature is 37.1°C (98.8°F), pulse is 100/min, respirations are 30/min, and blood pressure 

is 115/70 mm Hg. Physical examination shows no urticaria. Bilateral wheezing is heard on auscultation of the chest. Which of 

the following types of drugs is the most appropriate pharmacotherapy for this patient?  

  

(A) α1-Adrenergic agonist  

(B) α2-Adrenergic agonist  

(C) α1-Adrenergic antagonist (D) β2-Adrenergic agonist  

(E) β2-Adrenergic antagonist  
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37. A 30-year-old woman, gravida 2, para 0, aborta 1, at 28 weeks' gestation comes to the office for a prenatal visit. She has had 

one previous pregnancy resulting in a spontaneous abortion at 12 weeks' gestation. Today, her vital signs are within normal 

limits. Physical examination shows a uterus consistent in size with a 28-week gestation. Fetal ultrasonography shows a male 

fetus with no abnormalities. Her blood group is O, Rh-negative. The father's blood group is B, Rh-positive. The physician 

recommends administration of Rho(D) immune globulin to the patient. This treatment is most likely to prevent which of the 

following in this mother?  

  

(A) Development of natural killer cells  

(B) Development of polycythemia  

(C) Formation of antibodies to RhD  

(D) Generation of IgM antibodies from fixing complement in the fetus  

(E) Immunosuppression caused by RhD on erythrocytes from the fetus  

  

  

38. A 52-year-old woman begins pharmacotherapy after being diagnosed with type 2 diabetes mellitus. Four weeks later, her hepatic 

glucose output is decreased, and target tissue glucose uptake and utilization are increased. Which of the following drugs was 

most likely prescribed for this patient?  

  

(A) Acarbose  

(B) Glyburide  

(C) Metformin  

(D) Nateglinide  

(E) Repaglinide  

  

  

39. A sexually active 23-year-old man with multiple sex partners has dysuria and a yellow urethral exudate. Gram stain of the 

exudate shows numerous neutrophils, many that contain intracellular gram-negative diplococci. He has had three similar 

episodes of urethritis over the past 2 years. Which of the following properties of the infecting organism best explains the 

reinfection?  

  

(A) Antigenic variation  

(B) Catalase  

(C) Inhibition of B-lymphocyte function  

(D) Inhibition of T-lymphocyte function  

(E) Polysaccharide capsule  

  

  

40. A 17-year-old girl is brought to the physician by her mother because she has not had a menstrual period for 6 months. The 

patient is unconcerned about the lack of menses. Menarche occurred at the age of 12 years, and menses had occurred at regular 

28-day intervals until they became irregular 1 year ago. She is a member of her high school gymnastics team. She appears 

emaciated. She is 163 cm (5 ft 4 in) tall and weighs 40 kg (88 lb); BMI is 15 kg/m2. Her pulse is 54/min, and blood pressure is 

80/50 mm Hg. Which of the following is the most likely cause of this patient's amenorrhea?  

  

(A) Hyperthyroidism  

(B) Hypogonadotropic hypogonadism  

(C) Hypothyroidism  

(D) Polycystic ovarian syndrome  

(E) Prolactinoma  
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USMLE STEP 1 SAMPLE TEST QUESTIONS  

  

BLOCK 2, ITEMS 41-80  

  

  

41. A 49-year-old woman comes to the physician for a follow-up examination. She has a strong family history of coronary artery 

disease. Her blood pressure has ranged from 150/95 mm Hg to 130/85 mm Hg during the previous three visits within the past 2 

months. Her blood pressure today is 140/90 mm Hg. Physical examination shows no other abnormalities. Laboratory studies 

show:  

  

 Cholesterol, total  290 mg/dL  

   HDL-cholesterol  40 mg/dL  

   LDL-cholesterol  190 mg/dL  

 Triglycerides  350 mg/dL  

  

Treatment with atorvastatin and losartan is initiated. Which of the following serum findings is most likely to occur in this patient?  

  

   HDL-cholesterol  Triglycerides  

(A) Decreased decreased (B) Decreased increased  

(C) Increased  decreased  

(D) Increased  increased  

(E) No change  no change  

  

  
42. A 15-year-old girl comes to the physician because of a 3-month history of acne. Breast and pubic hair development began at the 

age of 12 years. Menarche occurred at the age of 14 years. Physical examination shows scattered open and closed comedones 

over the cheeks and forehead. Breast and pubic hair development are Tanner stage 5. Which of the following is the most likely 

underlying cause of this patient's acne?  

  

(A) Decreased parasympathetic stimulation to the sebaceous glands  

(B) Increased estrogen stimulation of the sebaceous glands  

(C) Increased responsiveness of the sebaceous glands to follicle-stimulating hormone  

(D) Increased sympathetic stimulation to the sebaceous glands (E) Stimulation of the sebaceous glands by androgens  

  

  

43. A previously healthy 40-year-old man is brought to the emergency department because of constant substernal chest pain for 12 

hours that is exacerbated by coughing and inspiration. The pain is relieved with sitting up and leaning forward. There is no 

family history of heart disease. His temperature is 38°C (100.4°F), pulse is 120/min, and blood pressure is 110/60 mm Hg. The 

lungs are clear to auscultation. Cardiac examination shows distant heart sounds. An ECG shows diffuse ST-segment elevation 

in all leads. An x-ray of the chest shows normal findings. The most likely cause of his condition is injury to which of the 

following tissues?  

  

(A) Aortic intima  

(B) Esophageal sphincter  

(C) Myocardium  

(D) Pericardium  

(E) Pleura  
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44. A 55 old man is brought to the emergency department because of shortness of breath and confusion for 4 hours. He has 

hypertension and chronic kidney disease requiring hemodialysis. An ECG shows low voltage with electrical alternans. Physical 

examination is most likely to show which of the following findings?  

  

   Blood Pressure    Jugular Venous  Pulsus  

   (mm Hg)  Pulse (/min)  Pressure  Paradoxus  

(A) 85/60  120  increased  increased  

(B) 85/60  120  increased  normal  

(C) 85/60  120  normal  normal  

(D) 120/80  80  increased  increased  

(E) 120/80  80  normal   increased  

(F) 120/80  80  normal  normal  

  

  
45. A 54-year-old woman comes to the emergency department because of severe jaw pain since undergoing a painful dental 

procedure 1 day ago. The patient was prescribed codeine after the procedure and instructed to take the medication every 4 hours, 

but she has continued pain despite adherence to this analgesic regimen. Other members of her family also have experienced 

poor pain control with codeine. Which of the following is the most likely explanation for this therapeutic failure?  

  

(A) Decreased absorption of codeine  

(B) Decreased metabolism of codeine to morphine  

(C) Deficiency of κ receptors  

(D) Increased plasma protein-binding of codeine  

(E) Increased renal clearance of codeine  

  

  

46. A 14-year-old girl with a 9-year history of type 1 diabetes mellitus is brought to the physician by her mother for a follow-up 

examination. She has been admitted to the hospital twice in the past 3 months because of diabetic ketoacidosis. She previously 

had been compliant with monitoring her blood glucose concentration and with her diet and insulin regimen. She acknowledges 

that, when she is with her peers, she eats whatever she wants and does not check her blood glucose concentration. She adds, 

"I'm embarrassed to inject myself in front of them." The physician is having a great deal of difficulty with her 15-year-old son 

who has been truant from school and sneaking out of the house. She says to the patient, "You should be ashamed for not taking 

care of yourself. We've all worked so hard to keep you healthy." Which of the following terms best describes the physician's 

reaction to the patient?  

  

(A) Countertransference  

(B) Identification with the aggressor  

(C) Projection  

(D) Splitting  

(E) Sublimation  

  

  

47. A 23-year-old woman with bone marrow failure is treated with a large dose of rabbit antithymocyte globulin. Ten days later, 

she develops fever, lymphadenopathy, arthralgias, and erythema on her hands and feet. Which of the following is the most 

likely cause of these symptoms?  

  

(A) Cytokine secretion by natural killer cells  

(B) Eosinophil degranulation  

(C) Immune complex deposition in tissues  

(D) Polyclonal T-lymphocyte activation  

(E) Widespread apoptosis of B lymphocytes  
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48. A 25 old man is brought to the emergency department because of a 6-day history of fever, severe muscle pain, and diffuse, 

painful swelling of his neck, underarms, and groin area. The symptoms began after returning from a camping trip in New 

Mexico. He appears ill and lethargic and can barely answer questions. His temperature is 39.2°C (102.5°F), pulse is 120/min, 

respirations are 22/min, and blood pressure is 110/70 mm Hg. Physical examination shows generalized scattered black maculae. 

Examination of the right upper extremity shows an erythematous, solid, tender mass on the underside of the upper extremity 

just above the elbow; the mass is draining blood and necrotic material. The most effective antibiotic for this patient’s disorder 

will interfere with which of the following cellular processes or enzymes?  

  

(A) Cell wall synthesis  

(B) DNA helicase  

(C) Glucuronosyltransferase  

(D) Proteasomal degradation  

(E) Ribosomal assembly  

(F) Tetrahydrofolate reductase  

  

  

49. A 42-year-old woman comes to the physician because of anxiety, tremor, and a 5-kg (11-lb) weight loss over the past 4 months 

despite good appetite. Physical examination shows fine thin hair, exophthalmos, goiter, and warm moist skin. Cardiac 

examination shows tachycardia and a widened pulse pressure. Which of the following sets of laboratory values is most likely 

in this patient's serum?  

  

   Thyroid-stimulating   Total Thyroxine   Free   Thyroid-binding   

   Hormone  (T4)  Thyroxine  Globulin  

(A) ↑  ↑  ↑  ↑  

(B) ↑  ↑  normal  ↓  

(C) ↑  normal  ↑  ↓  

(D) ↓  ↑  ↑  normal  

(E) ↓  normal  normal  ↑  

(F) ↓  normal  normal  normal  

  

  
50. A 29-year-old woman is prescribed carbamazepine for trigeminal neuralgia. She has a strong family history of osteoporosis. 

As a result, the physician also advises her to increase her intake of vitamin D. The most likely reason for this recommendation 

is that carbamazepine may affect which of the following pharmacokinetic processes?  

  

(A) Absorption  

(B) Distribution  

(C) Excretion  

(D) Metabolism  

(E) Protein binding  

  

  

51. Over 1 year, a study is conducted to assess the antileukemic activity of a new tyrosine kinase inhibitor in patients with chronic 

myeloid leukemia in blast crisis. All patients enrolled in the study are informed that they would be treated with the tyrosine 

kinase inhibitor. They are assigned to successive dose cohorts of 300 to 1000 mg/day of the drug. Six to eight patients are 

assigned to each dose. Treatment efficacy is determined based on the results of complete blood counts and bone marrow 

assessments conducted regularly throughout the study. This study is best described as which of the following?  

  

(A) Case-control study  

(B) Crossover study  

(C) Open-labeled clinical trial  

(D) Randomized clinical trial  

(E) Single-blind, randomized, controlled trial  
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52. A 64 old man with non-Hodgkin lymphoma comes to the physician because of a 3-week history of progressive numbness in 

his hands and feet and weakness in his legs when he stands. He received his third course of chemotherapy 4 weeks ago. Physical 

examination shows areflexia. Which of the following drugs is the most likely cause of these adverse effects?  

  

(A) Bleomycin  

(B) Cyclophosphamide  

(C) Cytarabine  

(D) Doxorubicin  

(E) Fluorouracil  

(F) Methotrexate  

(G) Vincristine  

  

  

53. During an experiment, drug X is added to a muscle bath containing a strip of guinea pig intestinal smooth muscle. Agonists are 

added to the bath, and the resultant effects on muscle tension are shown in the table.  

  

 Agonist  Muscle Tension Before Drug X (g)  Muscle Tension After Drug X (g)  

 Vehicle  6.0  6.1  

Acetylcholine 11.3  18.5 Norepinephrine 4.1  4.2  

  

Which of the following types of drugs is most likely to produce effects most similar to those of drug X?  

  

(A) α1-Adrenergic antagonist  

(B) β-Adrenergic antagonist  

(C) Cholinesterase inhibitor  

(D) Monoamine oxidase inhibitor  

(E) Muscarinic antagonist  

  

  
54. A 42-year-old man comes to the physician for a follow-up examination. Four months ago, he underwent repair of a Dupuytren 

contracture. Physical examination shows decreased range of motion in the affected hand. The patient is upset that his hand has 

not fully healed, and he files a malpractice suit against the physician. Which of the following is the most likely precipitating 

factor in this patient's decision to file a malpractice suit?  

  

(A) The patient's perception that the physician is incompetent  

(B) The patient's perception that the physician is uncaring  

(C) The patient's socioeconomic status  

(D) The physician's amount of experience in the medical field (E) The physician's inability to screen out problem patients  

  

  

55. A 72-year-old woman comes to the physician because of a 2-month history of painless swelling of both ankles. She also reports 

shortness of breath with exertion and when lying down. She has been awakened from sleep by shortness of breath. She has not 

had chest pain. Her pulse is 96/min and regular, respirations are 24/min, and blood pressure is 128/76 mm Hg. Jugular venous 

pressure is 15 cm H2O. Pulmonary examination shows crackles at both lung bases. Cardiac examination shows a regular rhythm 

and a soft S3. A grade 3/6 holosystolic murmur is heard best at the apex, radiating to the axilla. There is 2+ pitting edema of the 

lower legs and ankles. Which of the following is most likely to confirm the diagnosis?  

  

(A) Measurement of serum troponin I concentration  

(B) ECG  

(C) Exercise stress test  

(D) Echocardiography  

(E) Pulmonary artery catheterization  
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56. A 14 old boy is brought to the physician for a physical examination prior to participating in sports. He appears reluctant to 

remove his shirt for the examination, and says that he is embarrassed because he has grown breasts during the past year. He is 

at the 50th percentile for height and weight. Physical examination shows bilateral 1.5-cm fibroglandular masses located beneath 

the nipple-areolar complex and normal penis and testes. Pubic hair development is Tanner stage 3. Serum concentrations of 

gonadotropic hormones, estrogens, and testosterone are within the reference ranges. Which of the following is the most likely 

cause of this patient's breast enlargement?  

  

(A) Breast adenocarcinoma  

(B) Estradiol-secreting Leydig cell tumor  

(C) Peutz-Jeghers syndrome  

(D) Seminiferous tubule dysgenesis (Klinefelter syndrome)  

(E) Normal development  

  

  

57. A 5-year-old boy is admitted to the hospital because of a 1-week history of fever and increasingly severe abdominal discomfort. 

At the age of 7 months, he was treated for osteomyelitis caused by Aspergillus fumigatus. He has been admitted to the hospital 

three times during the past 4 years for severe pneumonia. He appears moderately ill. His temperature is 39°C (102.2°F). 

Abdominal examination shows an enlarged, tender liver. Ultrasonography of the abdomen shows an intrahepatic abscess. 

Culture of the abscess fluid grows Staphylococcus aureus. Further analysis shows failure of the neutrophils to undergo an 

oxidative burst when exposed to S. aureus. This patient has an increased susceptibility to infection as a result of which of the 

following abnormalities?  

  

(A) Deficient leukocyte production  

(B) Failure of leukocytes to migrate between endothelial cells  

(C) Failure of leukocytes to roll along the endothelial surface  

(D) Inability of leukocytes to ingest microorganisms  

(E) Inability of leukocytes to kill intracellular microorganisms  

  

  

58. A 22-year-old woman contacts a medical student and asks if he would like to join her for dinner. The student met the woman 

when he was assigned to her care during her 2-week hospitalization for treatment of major depressive disorder. He has not 

treated or seen the patient since she was discharged from the hospital. He is attracted to this former patient and would be 

interested in dating her. Which of the following is the most appropriate action by the medical student regarding this patient 's 

invitation?  

  

(A) He can date her because he was a medical student, not a physician, when he contributed to her care  

(B) He can date her because she is no longer his patient  

(C) He can date her, but only after at least 1 year has passed since he treated her  

(D) He cannot date her because she was once his psychiatric patient  

(E) He cannot date her unless she agrees never to seek care at his hospital in the future  

  

  

59. A 73-year-old woman comes to the physician because of a 2-month history of diffuse weakness and tingling of her arms and 

legs. Neurologic examination shows weakness of the extensor and flexor muscles of the lower extremities. Knee and ankle 

deep tendon reflexes are exaggerated. Sensation to vibration and position is decreased in all extremities, but the decrease is 

more prominent in the lower extremities than in the upper extremities. This patient most likely has a deficiency of which of the 

following vitamins?  

  

(A) Niacin  

(B) Vitamin B1 (thiamine)  

(C) Vitamin B2 (riboflavin)  

(D) Vitamin B6 (pyridoxine)  

(E) Vitamin B12 (cyanocobalamin)  
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60. A 45 old man comes to the physician because of right shoulder pain that began after he chopped wood 2 days ago. Examination 

of the right upper extremity shows no obvious bone deformities or point tenderness. The pain is reproduced when the patient 

is asked to externally rotate the shoulder against resistance; there is no weakness. In addition to the teres minor, inflammation 

of which of the following tendons is most likely in this patient?  

  

(A) Infraspinatus  

(B) Pectoralis  

(C) Subscapularis  

(D) Supraspinatus  

(E) Trapezius  

  

  

61. A 54-year-old man comes to the physician for a follow-up examination 10 days after undergoing a stereotactic brain operation 

to remove a small tumor. The operation was successful. During the procedure, he was under conscious sedation.  

The patient recalls that at one point during the operation he experienced a sudden, intense feeling of overwhelming fear. Which 

of the following areas of the brain was most likely stimulated at that time?  

  

(A) Amygdala  

(B) Hippocampus  

(C) Mammillary body  

(D) Prefrontal cortex  

(E) Thalamus  

  

  

62. A placebo-controlled clinical trial is conducted to assess whether a new antihypertensive drug is more effective than standard 

therapy. A total of 5000 patients with essential hypertension are enrolled and randomly assigned to one of two groups: 2500 

patients receive the new drug and 2500 patients receive placebo. If the alpha is set at 0.01 instead of 0.05, which of the following 

is the most likely result?  

  

(A) Significant findings can be reported with greater confidence  

(B) The study will have more power  

(C) There is a decreased likelihood of a Type II error  

(D) There is an increased likelihood of statistically significant findings (E) There is an increased likelihood of a Type I 

error  

  

  

63. A male stillborn is delivered at 32 weeks' gestation to a 30-year-old woman. The pregnancy was complicated by 

oligohydramnios. Examination of the stillborn shows the absence of a urethral opening. Which of the following additional 

findings is most likely in this stillborn?  

  

(A) Congenital diaphragmatic hernia  

(B) Intralobar sequestration  

(C) Pulmonary hypoplasia  

(D) Situs inversus  

(E) Tracheoesophageal fistula  

  

  

64. A 33-year-old man undergoes a radical thyroidectomy for thyroid cancer. During the operation, moderate hemorrhaging 

requires ligation of several vessels in the left side of the neck. Postoperatively, serum studies show a calcium concentration of 

7.5 mg/dL, albumin concentration of 4 g/dL, and parathyroid hormone concentration of 200 pg/mL. Damage to which of the 

following vessels caused the findings in this patient?  
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(A) Branch of the costocervical trunk  

(B) Branch of the external carotid artery  

(C) Branch of the thyrocervical trunk  

(D) Tributary of the internal jugular vein  

(E) Tributary of the left brachiocephalic vein  

(F) Tributary of the right brachiocephalic vein  
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65. A 42-year-old man comes to the physician for a follow-up examination 1 week after he passed a renal calculus. X-ray 

crystallographic analysis of the calculus showed calcium as the primary cation. Physical examination today shows no 

abnormalities. A 24-hour collection of urine shows increased calcium excretion. Which of the following is the most appropriate 

pharmacotherapy?  

  

(A) Carbonic anhydrase inhibitor  

(B) Na+–Cl− symport inhibitor  

(C) Na+–K+–2Cl− symport inhibitor  

(D) Osmotic diuretic  

(E) Renal epithelial sodium channel inhibitor  

  

  

66. A 55-year-old man comes to the physician because of a 2-week history of recurrent, widespread blister formation. Physical 

examination shows lesions that are most numerous in the flexural areas including the axillae and groin. The blisters do not 

break easily, and there are no oral lesions. These blisters are most likely the result of adhesion failure involving which of the 

following?  

  

(A) Basement membrane  

(B) Dermal papillae  

(C) Langerhans cells  

(D) Melanocytes  

(E) Merkel cells  

  

  

67. A 24-year-old man is brought to the emergency department 40 minutes after he was involved in a motor vehicle collision. He 

was the unrestrained driver. He is conscious. Physical examination shows numerous lacerations and ecchymoses over the face. 

His vision is normal. Ocular, facial, and lingual movements are intact. The gag reflex is present. Sensation to pinprick is absent 

over the right side of the face anterior to the right ear, extending down along the full extent of the mandible to the chin. Sensation 

also is absent over the right side of the tongue. X-rays of the skull show fractures of the orbit, zygomatic arch, and infratemporal 

fossa. The most likely cause of these findings is a fracture affecting which of the following locations?  

  

(A) Foramen lacerum  

(B) Foramen ovale  

(C) Foramen rotundum  

(D) Foramen spinosum  

(E) Jugular foramen  

  

  

68. A 55-year-old man who is a business executive is admitted to the hospital for evaluation of abdominal pain. He is polite to the 

physician but berates the nurses and other staff. The patient's wife and two of his three adult children arrive for a visit. The 

patient says with disgust that the missing child is and always has been worthless. Which of the following is the most likely 

explanation for this patient's behavior?  

  

(A) Countertransference  

(B) Projection  

(C) Projective identification  

(D) Reaction formation  

(E) Splitting  

  

  

  

  



 

26  

  

69. A 2-year-old boy with a history of recurrent skin abscesses develops posterior cervical lymphadenitis. Results of a flow 

cytometry assay measuring reduction of dihydrorhodamine to the fluorescent compound rhodamine (DHR) by resting or 

phorbol myristate acetate (PMA)-stimulated neutrophils are shown. Which of the following is the most likely causal organism?  

  

(A) Bacteroides fragilis  

(B) Mycobacterium tuberculosis  

(C) Pseudomonas aeruginosa  

(D) Staphylococcus aureus  

(E) Treponema pallidum  

  

  

  

  

70. An otherwise healthy 45-year-old man comes to the physician because of a 3-week history of progressive epigastric heartburn 

and a 4.5-kg (10-lb) weight loss. The pain tends to be more severe at night and occurs 1 to 3 hours after meals during the day. 

He has had similar episodes with lesser intensity during the past year. Abdominal examination shows tenderness to deep 

palpation. Test of the stool for occult blood is positive. Endoscopy shows a bleeding 3-cm ulcer in the antrum of the stomach. 

A photomicrograph of Steiner silver-stained tissue (400x) from a biopsy of the gastric mucosa adjacent to the ulcer is shown. 

Which of the following processes is most likely to be involved?  

  

(A) Elaboration of proteases and urease with local tissue destruction  

(B) Hyperacidity and gastric ulcer development  

(C) Ingestion of preformed toxins in contaminated well water  

(D) Spirochete invasion of gastric cells  

  

 
  

71. A 10-year-old girl is brought to the office by her mother because her school nurse thinks that she may have Marfan syndrome. 

She is at the 95th percentile for height and 25th percentile for weight. Physical examination shows a narrow palate with dental 

crowding, long slender extremities, and joint laxity. Molecular testing for FBN1 shows a single nucleotide difference that does 

not change the amino acid at that locus. Her mother is 163 cm (5 ft 4 in) tall. There is no clinical evidence of Marfan syndrome 

in the mother, but she has the same single nucleotide change as the patient. The same nucleotide change is found in 15 of 200 

individuals without Marfan syndrome. Which of the following best describes the single nucleotide change in the patient and 

her mother?  

  

(A) It is a disease-causing mutation in the patient and her mother  

(B) It is a polymorphism  

(C) It is a sequence variant of unknown significance  

(D) It will change the folding of the protein (E) It will result in a truncated protein  

  

  

72. A previously healthy 40-year-old woman is brought to the emergency department by her husband because of a 2-day history of 

fever, lethargy, and confusion. Her temperature is 38°C (100.4°F), pulse is 80/min, respirations are 18/min, and blood pressure 

is 140/90 mm Hg. Physical examination shows scattered petechiae and ecchymoses over the lower extremities. Neurologic 

examination shows moderate generalized motor weakness. She is oriented to person but not to place or time. Laboratory studies 

show:   

  

 Hemoglobin  9 g/dL  

 Hematocrit  27%  

 Leukocyte count   8000/mm3 with a normal differential  

 Platelet count  15,000/mm3  

 Prothrombin time  12 sec (INR=1.1)  

 Partial thromboplastin time  30 sec  

 Serum    

   Urea nitrogen  25 mg/dL  
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   Lactate dehydrogenase  1000 U/L  

  

(A) peripheral blood smear shows 3+ polychromasia and 3+ schistocytes. Urine and blood cultures grow 

no organisms. A chest x-ray shows no abnormalities. Which of the following is the most likely 

diagnosis?  

  

(A) Acute myeloid leukemia  

(B) Autoimmune hemolytic anemia  

(C) Thrombotic thrombocytopenic purpura  

(D) Toxic shock syndrome  

(E) von Willebrand disease  

  

  
73. A 17-year-old girl has never had a menstrual period. Physical examination shows a normal female body habitus, normal breast 

development, and normal appearing external genitalia. She has no axillary or pubic hair. The patient refuses to have a pelvic or 

rectal examination. Which of the following is the most likely explanation for the clinical presentation?  

  

(A) Androgen insensitivity  

(B) Congenital adrenal hyperplasia  

(C) Ectodermal dysplasia  

(D) A psychiatric disorder  

(E) A sex chromosome mosaicism  

  

  

74. A 12-year-old girl is brought to the physician because of a 2-month history of intermittent yellowing of the eyes and skin. 

Physical examination shows no abnormalities except for jaundice. Her serum total bilirubin concentration is 3 mg/dL, with a 

direct component of 1 mg/dL. Serum studies show a haptoglobin concentration and AST and ALT activities that are within the 

reference ranges. There is no evidence of injury or exposure to toxins. Which of the following additional findings is most likely 

in this patient?  

  

(A) Decreased activity of UDP glucuronosyltransferase  

(B) Gallstones  

(C) Increased hemolysis  

(D) Increased serum alkaline phosphatase activity  

(E) Ineffective erythropoiesis  

  

  

  

  

75. A 47-year-old woman comes to the emergency department because of a 2-week history of intermittent abdominal pain, nausea, 

and vomiting. She has had similar episodes sporadically during the past 4 years. Physical examination shows dehydration, 

jaundice, and upper abdominal distention. Laboratory studies show hyperbilirubinemia. A CT scan and upper gastrointestinal 

series of the abdomen with oral contrast are shown; the arrows indicate the abnormality. Which of the following is the most 

likely cause of these findings?  

  

(A) Annular pancreas  

(B) Cirrhosis of the liver  

(C) Duodenal constriction by the portal vein  

(D) Duodenal constriction by the superior mesenteric artery  

(E) Pyloric stenosis  

  

  
76. An 8-year-old boy is brought to the office by his mother because of a 3-day history of fever, sore throat, and itchy eyes. He just 

returned from a weeklong summer camp that included hiking trips and swimming lessons in the camp-owned swimming pool. 
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He has no history of major medical illness and receives no medications. He appears tired. His temperature is 39.4°C (102.9°F); 

other vital signs are within normal limits. Physical examination shows conjunctival injection and discharge and oropharyngeal 

erythema. The public health department reports an outbreak of similar symptoms among the other campers and camp volunteers. 

Which of the following is the most likely cause of this patient’s symptoms?  

  

(A) Adenovirus  

(B) Cytomegalovirus  

(C) Epstein-Barr virus  

(D) Influenza virus  

(E) West Nile virus  

  

  

  

  

  

  

  

77. A 36-year-old man with profound intellectual disability is brought to the physician by staff at his facility because of increasing 

abdominal girth during the past 2 weeks. He is unable to speak, and no medical history is currently available. Physical 

examination shows a protuberant abdomen with a fluid wave and shifting dullness. There are no signs of trauma to the area. 

Laboratory studies show no abnormalities. A CT scan of the abdomen is shown. Fluid is present in which of the following areas 

as indicated by the arrow?  

  

(A) Epiploic foramen  

(B) Gastrosplenic ligament  

(C) Hepatorenal pouch (of Morison)  

(D) Omental bursa (lesser sac)  

(E) Sulcus pericolicus  

  

 
  

78. A study is designed to evaluate the feasibility of acupuncture in children with chronic headaches. Sixty children with chronic 

headaches are recruited for the study. In addition to their usual therapy, all children are treated with acupuncture three times a 

week for 2 months. Which of the following best describes this study design?  

  

(A) Case-control  

(B) Case series  

(C) Crossover  

(D) Cross-sectional  

(E) Historical cohort  

(F) Randomized clinical trial  

  

  

79. A 56-year-old man comes to the emergency department because of a 4-day history of colicky right flank pain that radiates to 

the groin and hematuria. Ultrasound examination of the kidneys shows right-sided hydronephrosis and a dilated ureter. Which 

of the following is most likely to be found on urinalysis?  

  

(A) Erythrocyte casts  

(B) Glucose  

(C) Leukocyte casts  

(D) Oval fat bodies  

(E) Uric acid crystals  
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80. A 62-year-old man comes to the physician for a follow-up examination after he was diagnosed with chronic inflammatory 

interstitial pneumonitis. Following pulmonary function testing, a biopsy specimen of the affected area of the lungs is obtained. 

Compared with a healthy man, analysis of this patient's biopsy specimen is most likely to show which of the following patterns 

of changes in the cell populations of alveoli?  

  

   Type I Pneumocytes  Type II Pneumocytes  Fibroblasts  

(A) ↑  ↑  ↑  

(B) ↑  ↑  ↓  

(C) ↑  ↓  ↑  

(D) ↑  ↓  ↓  

(E) ↓  ↑  ↑  

(F) ↓  ↑  ↓  

(G) ↓  ↓  ↑  

(H) ↓  ↓  ↓  
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USMLE STEP 1 SAMPLE TEST QUESTIONS  

  

BLOCK 3, ITEMS 81-117  

  

  

81. Six healthy subjects participate in a study of muscle metabolism during which hyperglycemia and hyperinsulinemia is induced. 

Muscle biopsy specimens obtained from the subjects during the resting state show significantly increased concentrations of 

malonyl-CoA. The increased malonyl-CoA concentration most likely directly inhibits which of the following processes in these 

subjects?  

  

(A) Fatty acid oxidation  

(B) Fatty acid synthesis  

(C) Gluconeogenesis  

(D) Glycogenolysis  

(E) Glycolysis  

(F) Oxidative phosphorylation  

  

  

82. A 72-year-old woman who has smoked 20 cigarettes daily for the past 38 years begins using eyedrops for glaucoma. Three 

days later, she has a marked increase in shortness of breath while walking up a flight of stairs. Which of the following drugs is 

the most likely cause of the development of shortness of breath in this patient?  

  

(A) Acetazolamide  

(B) Apraclonidine  

(C) Epinephrine  

(D) Latanoprost  

(E) Timolol  

  

  

83. A 54-year-old man comes to the physician because of episodes of fainting for 3 months. He also has had difficulty performing 

daily tasks because he is easily fatigued. He had a myocardial infarction 12 years ago. His pulse is 40/min, respirations are 

18/min, and blood pressure is 138/85 mm Hg. Physical examination shows evidence of cannon a waves. An ECG shows a P-

wave rate of 90/min, and an R-wave rate of 40/min, with no apparent relation between the two. Which of the following is the 

most likely diagnosis?  

  

(A) First-degree atrioventricular block  

(B) Right bundle branch block  

(C) Second-degree atrioventricular block, type I  

(D) Second-degree atrioventricular block, type II  

(E) Third-degree atrioventricular block  

  

  

84. A 15-year-old boy is brought to the emergency department by his parents because of a 2-hour history of confusion and agitation. 

He also has had fever, headache, stiff neck, and vomiting since he returned from summer camp 2 days ago. His parents say he 

does not use illicit drugs. On arrival, he is combative and there is evidence of hallucinations. His temperature is 40°C (104°F), 

pulse is 80/min, respirations are 17/min, and blood pressure is 100/70 mm Hg. A lumbar puncture is performed. Results of 

cerebrospinal fluid analysis show cysts and trophozoites. The most likely portal of pathogen entry into this patient's central 

nervous system is which of the following?  

  

(A) Cavernous sinus  

(B) Facial nerve  

(C) Frontal sinus  

(D) Mastoid sinus  

(E) Olfactory nerve  
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(F) Trigeminal nerve  

  

  

85. A 42-year-old woman comes to the physician for a routine examination. She says that she has felt well except for occasional 

episodes of constipation, abdominal discomfort, and mild fatigue. She was treated for a renal calculus 10 years ago and was 

told she had a "lazy gallbladder." Her pulse is 82/min, and blood pressure is 150/80 mm Hg. Physical examination shows no 

other abnormalities. Laboratory studies show:  

  

 Erythrocyte count  3 million/mm3  

 Serum    

   K+  4.5 mEq/L  

   Cl–  107 mEq/L  

   Ca2+  12 mg/dL  

   Phosphorus  2.2 mg/dL  

   Alkaline phosphatase  95 U/L  

  

The most likely cause of this patient's condition is a small, well-defined nodule in which of the following locations?  

  

(A) Adrenal gland  

(B) Anterior pituitary gland  

(C) Gallbladder  

(D) Kidney  

(E) Parathyroid gland  

(F) Thymus  

  

 
  

86. A new severe respiratory illness caused by a newly identified virus is discovered. Which of the following properties of a killed 

vaccine relative to a live vaccine is the most appropriate rationale for developing a killed vaccine for this illness?  

  

(A) Avoids the concern for reversion to virulence  

(B) Develops more rapid protective immunity  

(C) Is less likely to require subsequent boosters for lifelong immunity  

(D) Is most likely to generate mucosal immunity  

(E) Requires little safety monitoring to ensure inactivation  

  

  

87. A 72-year-old woman comes to the physician because of a 3-day history of fever, shortness of breath, difficulty swallowing, 

chest pain, and cough. She is frail. Physical examination shows tachypnea and equal pulses bilaterally. Percussion of the chest 

shows dullness over the right lower lung field. Laboratory studies show arterial hypoxemia and decreased PCO2. A chest x-ray 

shows an area of opacification in the lower region of the right lung. Which of the following is the most likely cause of this 

patient's condition?  

  

(A) Alveolar proteinosis  

(B) Aspiration  

(C) Cigarette smoking  

(D) Emphysema  

(E) Vasculitis  

  

  

88. A 25-year-old woman comes to the office because of a 6-month history of increasingly severe low back pain and heavy menses. 

Her temperature is 37.1°C (98.8°F), pulse is 75/min, respirations are 13/min, and blood pressure is 115/79 mm Hg. Physical 

examination shows no abnormalities. An endometrial biopsy specimen shows regular tubular endometrial glands with abundant 
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mitotic figures in the endometrial glands and stroma. Which of the following proteins or enzymes regulate the progression of 

cells into this phase of this patient's menstrual cycle?  

  

(A) AMP-dependent kinases  

(B) Cyclin-dependent kinases  

(C) Hexokinases  

(D) Lipid kinases  

(E) Urokinases  

  

  

89. A 72-year-old woman is brought to the emergency department by her husband because of a 1-hour history of difficulty walking 

and speaking. The husband says that she was well last night but when she awoke this morning, she had difficulty getting out of 

bed and her speech was slurred. She has a 20-year history of type 2 diabetes mellitus well controlled with medication and diet. 

She is alert and oriented and is able to follow commands and respond verbally, but she has impaired speech. Her pulse is 80/min, 

respirations are 16/min, and blood pressure is 142/88 mm Hg. Physical examination shows leftsided hemiparesis. The tongue 

deviates to the right when protruded. Sensation to pinprick and temperature is normal, and proprioception and sensation to light 

touch are absent over the left upper and lower extremities. Which of the following labeled sites in the photograph of a cross 

section of a normal brain stem is most likely damaged in this patient?  

 

90. A 4-year-old boy is brought to the physician because of slow growth during the past year. He has had recurrent urinary tract 

infections since the age of 1 year. He is at the 10th percentile for height and 25th percentile for weight. Physical examination 

shows pallor. Laboratory studies show a normochromic, normocytic anemia and increased serum concentrations of urea 

nitrogen and creatinine. Urinalysis shows a low specific gravity. Which of the following sets of additional serum findings is 

most likely in this patient?  

  

   Calcium  Inorganic Phosphorus  1,25-Dihydroxycholecalciferol  Erythropoietin  

(A) ↑  ↑  ↑  ↓  

(B) ↑  ↑  ↓  ↓  

(C) ↑  ↓  ↓  ↑  

(D) ↓  ↑  ↑  ↓  

(E) ↓  ↑  ↓  ↓  

(F) ↓  ↓  ↑  ↑  

  

  

  

91. A 42-year-old woman is brought to the emergency department because of double vision that began 20 minutes after she fell 

from her horse and landed on the left side of her face. Examination of the face shows ecchymoses over the left zygomatic arch. 

A CT scan of the head is shown. Which of the following arteries is at greatest risk for injury in this patient?  

  

(A) Facial  

(B) Frontal  

(C) Infraorbital  

(D) Lacrimal  

(E) Ophthalmic  

  

  
92. A previously healthy 24-year-old woman who is a college student comes to the office because of a 6-month history of abdominal 

bloating, upper abdominal discomfort, and constipation. The symptoms are more severe when she is preparing for examinations 

but improve after bowel movements. She takes no medications. She does not smoke or use illicit drugs. She drinks alcoholic 

beverages occasionally. She is 160 cm (5 ft 3 in) tall and weighs 57 kg (125 lb); BMI is 22 kg/m2. Her pulse is 72/min, and 

blood pressure is 100/72 mm Hg. Physical examination, including digital rectal examination, shows no other abnormalities. A 

complete blood count and serum electrolyte concentrations are within the reference ranges. A urease breath test result is negative. 

Upper and lower endoscopies show no abnormalities. Which of the following is the most appropriate pharmacotherapy for this 

patient?  
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(A) Azathioprine  

(B) Infliximab  

(C) Lubiprostone  

(D) Mesalamine  

(E) Sulfasalazine  

  

  

93. A 32-year-old man is brought to the emergency department 30 minutes after being struck by a car while driving his motorcycle. 

He reports severe pelvic pain. On examination, there is bruising of the perineum and pain is elicited with motion of his pelvis. 

Blood is noted at the urethral meatus. There is no other penile trauma. A plain x-ray shows a fracture of the superior pubic 

ramus and retrograde urethrography is done to evaluate for a urethral disruption. Which of the following portions of the urethra 

would be at greatest risk for injury in this patient?  

  

(A) Intramural (pre-prostatic)  

(B) Membranous  

(C) Prostatic  

(D) Spongy  

  

  

  

94. A 2-year-old boy is brought to the office by his mother because of a 1-day history of severe pain, swelling, and redness of his 

left thumb. The mother does not recall any trauma to the area. She says he has been eating poorly during this period, but 

otherwise he has been behaving normally. He has no history of major medical illness and receives no medications. He appears 

tearful. He is at the 90th percentile for length and 80th percentile for weight. His temperature is 37.7°C (99.8°F), pulse is 

100/min, respirations are 20/min, and blood pressure is 100/50 mm Hg. Physical examination shows an oral vesicle, cervical 

lymphadenopathy, and the findings in the photograph. Which of the following types of infectious agents is the most likely cause 

of the findings in this patient’s finger?  

  

(A) DNA virus  

(B) Gram-negative bacterium  

(C) Gram-positive bacterium  

(D) RNA virus  

(E) Yeast  

  

 
  

95. A 46-year-old woman with active ankylosing spondylitis comes to the office for a follow-up examination. The use of various 

conventional nonsteroidal anti-inflammatory drugs has been ineffective. Sulfasalazine treatment also has not resulted in 

improvement. The most appropriate next step in treatment is administration of a drug that inhibits which of the following?  

  

(A) CD20  

(B) Cyclooxygenase-2  

(C) Cytotoxic T-lymphocyte antigen 4  

(D) Epidermal growth factor (E) Interleukin-1 (IL-1)  

(F) Tumor necrosis factor α  

  

  

96. During a study of renal glomeruli, a healthy animal kidney is kept in a vascular bath preparation at a constant afferent arterial 

pressure of 100 mm Hg. If the efferent arteriole is constricted with a vascular clamp, which of the following Starling forces is 

most likely to change in the glomeruli?  

  

(A) Decreased filtration coefficient (Kf)  

(B) Decreased hydrostatic pressure  

(C) Decreased oncotic pressure  

(D) Increased hydrostatic pressure  
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(E) Increased oncotic pressure  

  

97. A 67-year-old woman is brought to the emergency department 30 minutes after she had a generalized tonic-clonic seizure. Her 

family says that she seemed mildly confused before her eyes rolled backward and she had the onset of uncontrollable jerking 

movements of her arms and legs and loss of consciousness. During the seizure, she passed urine and bit her tongue. At the 

scene, her vital signs were within normal limits. She has a 6-month history of a 7-kg (15-lb) weight loss despite no changes in 

appetite. She received the diagnosis of small cell carcinoma of the lung last week and has not begun treatment. She has 

hypertension well controlled with lisinopril. On arrival, she is awake but does not respond to verbal stimuli. She is not in 

distress. Her temperature is 37°C (98.6°F), pulse is 70/min, and blood pressure is 130/88 mm Hg while supine. Examination 

shows no abnormalities. Laboratory studies show:  

  

 Serum    

   Na+  115 mEq/L  

   K+  4 mEq/L  

   Cl−  81 mEq/L  

   HCO3
−  25 mEq/L  

   Urea nitrogen  9 mg/dL  

   Glucose  102 mg/dL  

   Creatinine  0.6 mg/dL  

 Urine    

   Sodium  60 mEq/L  

   Potassium  20 mEq/L  

   Osmolality  900 mOsmol/kg H2O  

  

Which of the following is the most likely diagnosis?  

  

(A) Adrenal insufficiency  

(B) Diuretic abuse  

(C) Heart failure  

(D) Syndrome of inappropriate secretion of ADH (vasopressin) (E) Water intoxication  

  

  
98. A 23-year-old woman comes to the physician for genetic counseling prior to conception. Her brother and maternal uncle had 

Duchenne muscular dystrophy (DMD) and died at the ages of 28 and 17 years, respectively. Genetic analysis was not performed 

on either relative prior to death. Serum studies show a muscle creatine kinase concentration of 120 U/L (N=22– 198). The 

patient's 50-year-old mother has a serum muscle creatine kinase concentration of 300 U/L. Which of the following is the most 

appropriate assessment of this patient's carrier status for this disease?  

  

(A) The patient has a 50% risk for developing DMD  

(B) The patient has a 50% risk of having a child with DMD  

(C) The patient is a carrier of the disease based on her family history of DMD  

(D) The patient is not a carrier of the DMD based on her normal creatine kinase concentration  

(E) The patient's DMD carrier status is uncertain because of random X inactivation  

  

  

99. A randomized controlled trial is conducted to assess the risk for development of gastrointestinal adverse effects using 

azithromycin compared with erythromycin in the treatment of pertussis in children. Of the 100 children with pertussis enrolled, 

50 receive azithromycin, and 50 receive erythromycin. Results show vomiting among 5 patients in the azithromycin group, 

compared with 15 patients in the erythromycin group. Which of the following best represents the absolute risk reduction for 

vomiting among patients in the azithromycin group?  

  

(A) 0.1  

(B) 0.2  

(C) 0.33  

(D) 0.67  
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(E) 0.8  

  

  

100. A 35-year-old woman comes to the office because of a 3-day history of severe right back pain. She has not had any fever, chills, 

or weight loss. She has no history of major medical illness. Musculoskeletal and neurologic examinations show no 

abnormalities. When told that her examination is normal, the patient becomes tearful and demands an MRI of her back because 

her mother just died from breast cancer metastatic to bone and she fears that she may also have cancer. The patient already 

contacted her insurance company, who told her that if she has neurologic abnormalities an MRI may be covered by her plan. 

The patient asks the physician to order the MRI indicating that she has neurologic findings. Which of the following is the most 

appropriate initial action by the physician?  

  

(A) Advise the patient to change insurance companies as soon as she is able so that she can receive more comprehensive 

medical care  

(B) Explain that the patient does not need the MRI and that it is not appropriate to misrepresent her examination findings 

(C) Immediately inform the patient's insurance company about what the patient has asked the physician to do (D) 

Order the MRI as the patient requests  

(E) Recommend that the patient pay for the MRI out-of-pocket in order to ease her worry  

  

  

101. A 6-day-old breast-fed boy is brought to the emergency department by his mother because of poor weight gain and irritability 

since delivery, and a 2-hour history of vomiting. Physical examination shows jaundice and hepatomegaly. A reducing substance 

test result of the urine is positive, and a glucose oxidase test result is negative. The concentration of which of the following 

metabolites in liver is most likely increased in this patient?  

  

(A) Fructose 1,6-bisphosphate  

(B) Galactose 1-phosphate  

(C) Glucose 1-phosphate  

(D) Glucose 6-phosphate  

  

  

102. A 14-year-old boy is brought to the physician because of a 2-day history of a sore throat and fever that peaks in the late afternoon. 

He also has a 1-week history of progressive fatigue. He recently began having unprotected sexual intercourse with one partner. 

He appears ill. His temperature is 39°C (102.2°F). Physical examination shows cervical lymphadenopathy and pharyngeal 

erythema with a creamy exudate. Which of the following is the most likely diagnosis?  

  

(A) Candidiasis  

(B) Herpangina  

(C) Infectious mononucleosis  

(D) Mumps  

(E) Syphilis  

  

  

103. In a cohort study of elderly women, the relative risk ratio for hip fractures among those who exercise regularly is 1.2 (95% 

confidence interval of 1.1 to 1.8). Which of the following is the most appropriate conclusion about the effect of regular exercise 

on the risk for hip fracture?  

  

(A) Statistically nonsignificant increase in risk  

(B) Statistically nonsignificant overall decrease in risk  

(C) Statistically significant overall decrease in risk (D) Statistically significant overall increase in risk  

  

  

  

104. A 12-year-old boy is brought to the physician by his mother because of a 1-month history of pain below the left knee. His 

mother says, "He can usually walk around, but he hasn't been able to play in any of his soccer games since this all began." 
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Examination of the left knee shows warmth, swelling, and tenderness. An x-ray of the knee is shown. Which of the following 

structures is attached to the abnormal anterior tibial area?  

  

(A) Anterior cruciate ligament  

(B) Gastrocnemius muscle  

(C) Patellar ligament  

(D) Popliteus muscle  

(E) Posterior cruciate ligament  

(F) Soleus muscle  

  

  
105. A 22-year-old woman comes to the office because of a 3-day history of cold symptoms and a 1-week history of progressive 

fatigue. Six weeks ago, she received a kidney transplant from a living, related donor. Immediately after the operation, she 

received monoclonal anti-CD3 therapy. Current medications are azathioprine, cyclosporine, and prednisone. Her temperature 

is 39°C (102.2°F). Physical examination shows a well-healed surgical scar. Serum studies show that her urea nitrogen and 

creatinine concentrations have tripled. A diagnosis of allograft rejection is suspected. In addition, this patient's clinical 

presentation is best explained by an infection with which of the following agents?  

  

(A) Adenovirus  

(B) BK virus  

(C) Epstein-Barr virus  

(D) Herpes simplex virus  

(E) Varicella-zoster virus  

  

  

106. A new test to detect the presence of malarial antibodies by ELISA is evaluated in 100 patients with active untreated malaria 

proven by demonstration of blood-borne parasites and in 100 patients with no history of infection. Results of testing are shown:  

  

     Malaria    

     Present  Absent    

Positive 80  

ELISA Test Results  

Negative 120  

     100  100  200  

  

Which of the following is the specificity of this test?  

  

(A) 65%  

(B) 71%  

(C) 75%  

(D) 94%  

(E) 95%  

  

  
107. A 30-year-old woman comes to the physician because of a 2-day history of abdominal pain. She has a history of recurrent upper 

respiratory tract infections, sinusitis, and pancreatitis. She has thick nasal secretions. She says that her sweat is salty and 

crystallizes on her skin. Her vital signs are within normal limits. Physical examination shows epigastric tenderness.  

Genetic testing for the 36 most common mutations shows a detectable mutation (G551D) in one allele of the CFTR gene. 

Which of the following best explains this patient's clinical phenotype?  

  

(A) Loss of heterozygosity of the CFTR gene has occurred in the pancreas  

(B) Only one G551D allele is needed in CFTR  

(C) The patient is a CFTR obligate carrier  

(D) The patient's CFTR mutation is unrelated to her clinical phenotype  

75  5  

25  95  
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(E) The second CFTR mutation was not detected by the testing obtained  

  

  

108. A 52-year-old man is brought to the emergency department 30 minutes after he had an episode of chest pain radiating to his 

jaw while shoveling snow. His pulse is 80/min, and blood pressure is 130/70 mm Hg. The lungs are clear to auscultation. 

Cardiac examination shows an S4. While undergoing an ECG, the patient says that he feels the chest pain returning. The most 

appropriate immediate treatment is a drug with which of the following mechanisms of action?  

  

(A) Increases cAMP concentration  

(B) Increases nitric oxide concentration  

(C) Inhibits potassium flux  

(D) Inhibits sodium flux  

  

  

109. A technician wants to determine whether cytomegalovirus (CMV) DNA is present in the blood of a bone marrow transplant 

recipient. DNA purified from the leukocytes of the patient is reacted in a mixture containing oligonucleotides specific for CMV 

DNA, thermostable DNA polymerase, and nucleotides. Repetitive cycles of heating and cooling are performed, and the reaction 

product is detected by gel electrophoresis. The technician most likely used which of the following laboratory procedures on 

this patient's blood?  

  

(A) Northern blotting  

(B) Polymerase chain reaction  

(C) Reverse transcription  

(D) Southern blotting  

(E) Western blotting  

  

  

  

  

110. A 16-year-old boy comes to the physician because of a rash on his left inner thigh that first appeared 2 days after he returned 

from a hunting trip with friends in Minnesota. A photograph of the rash is shown. Without treatment, this patient is at increased 

risk for which of the following?  

  

(A) Carditis  

(B) Glomerulonephritis  

(C) Hepatitis  

(D) Pancreatitis  

(E) Thrombocytopenia  

  

  
111. After being severely beaten and sustaining a gunshot wound to the abdomen, a 42-year-old woman undergoes resection of a 

perforated small bowel. During the operation, plastic reconstruction of facial fractures, and open reduction and internal fixation 

of the left femur are also done. Thirty-six hours postoperatively, she is awake but not completely alert. She is receiving 

intravenous morphine via a patient-controlled pump. She says that she needs the morphine to treat her pain, but she is worried 

that she is becoming addicted. She has no history of substance use disorder. She drinks one to two glasses of wine weekly. 

Which of the following initial actions by the physician is most appropriate?  

  

(A) Reassure the patient that her chance of becoming addicted to narcotics is minuscule  

(B) Maintain the morphine, but periodically administer intravenous naloxone  

(C) Switch the patient to oral acetaminophen as soon as she can take medication orally  

(D) Switch the patient to intramuscular lorazepam  

(E) Switch the patient to intravenous phenobarbital  
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112. A 51-year-old man comes to the office because of a 6-month history of a lump on his tongue that is interfering with his speech 

and eating; he also has had a 6.8-kg (15-lb) weight loss during this period. He has smoked 1 pack of cigarettes daily and has 

consumed six 12-oz bottles of beer on weekend nights during the past 30 years. His vital signs are within normal limits. Physical 

examination shows a 1.5-cm mass on the apex of the tongue. Further evaluation of the mass confirms squamous cell carcinoma. 

It is most appropriate to evaluate which of the following lymph nodes first for evidence of metastasis in this patient?  

  

(A) Inferior deep cervical  

(B) Parotid  

(C) Retropharyngeal  

(D) Submental  

(E) Superior deep cervical  

  

  

113. A 31-year-old woman comes to the physician because of a 2-week history of malaise, nausea, vomiting, and decreased appetite. 

She is a known user of intravenous heroin. She appears chronically ill. She is 165 cm (5 ft 5 in) tall and weighs 47 kg (103 lb); 

BMI is 17 kg/m2. Her temperature is 36.7°C (98.1°F), pulse is 90/min, respirations are 18/min, and blood pressure is 114/68 

mm Hg. Physical examination shows scleral icterus and a liver span of 16 cm. The spleen is not palpable. Serum studies show:  

  

 Total bilirubin  3.2 mg/dL  

 AST  774 U/L  

 ALT  820 U/L  

 HIV antibody  negative  

 Hepatitis B surface antigen  negative  

 Hepatitis B surface antibody  positive  

 Anti-hepatitis B core antibody  positive  

 Hepatitis B DNA  negative  

 Anti-hepatitis C virus  positive  

 Hepatitis C RNA  positive  

  

Which of the following is the most likely outcome of this patient's infection?  

  

(A) Complete resolution of infection  

(B) Latent infection with intermittent viremia  

(C) Lifelong persistent infection  

(D) Patient death from acute infection  

  
  

114. A 57-year-old man receives radiation therapy for a squamous cell carcinoma of the lung. Despite therapy, the tumor 

progressively increases in size, and he dies 6 months later. His tumor cells contain a point mutation in the p53 gene (TP53), 

leading to an inactive gene product. Based on this finding, the progressive tumor growth despite irradiation therapy is most 

likely to be related to a defect in cell cycle arrest in which of the following phases of the cell cycle?  

  

(A) G0  

(B) G1  

(C) G2  

(D) M  

(E) S  

  

  

115. A 55-year-old man comes to the physician for a routine physical examination. He is currently taking no medications. His pulse 

is 80/min, and blood pressure is 165/95 mm Hg. Physical examination shows no other abnormalities. The presence of which of 

the following mechanisms is most likely to increase this patient's blood pressure further?  

  

(A) Decreased cardiac output  
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(B) Decreased pulse  

(C) Decreased stroke volume  

(D) Increased peripheral vascular resistance  

(E) Increased pulmonary artery pressure  

  

  

116. A 53-year-old man comes to the physician because of a 6-month history of intermittent blood in his stool. He has had no pain 

with defecation. Physical examination shows a 1-cm, visible anal mass located below the dentate line. A biopsy of the mass is 

scheduled. If the mass if found to be malignant, it is most appropriate to evaluate which of the following lymph nodes for 

possible metastasis?  

  

(A) Internal iliac  

(B) Popliteal  

(C) Sacral  

(D) Superficial inguinal  

(E) Superior rectal  

  

  

117. A 59-year-old man is brought to the emergency department because of a 4-day history of nausea, vomiting, and diarrhea. He 

also has been confused and agitated during this period. He has a history of mild hypertension. His current medication is a 

diuretic. His temperature is 37°C (98.6°F), pulse is 108/min, respirations are 26/min, and blood pressure is 70/47 mm Hg. 

Physical examination shows delayed capillary refill of the lips and nail beds and cool extremities. His oxyhemoglobin saturation 

in a central vein is 60% (N=70–75). These findings are most consistent with which of the following types of shock?  

  

(A) Cardiogenic  

(B) Distributive  

(C) Hypovolemic  

(D) Obstructive  

(E) Septic  
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USMLE Step 2 CK Test Question Formats

Single-Item Questions

This is the traditional, most frequently used multiple-choice format. It consists of a vignette and question followed by three
to 26 options that are in alphabetical or logical order. The response options in this format are lettered (e.g., A, B, C,
D, E). You are required to select the one best answer to the question. Other options may be partially correct, but there is
only ONE BEST answer.

Strategies for Answering Single One-Best-Answer Questions:

• Read each question carefully. It is important to understand what is being asked.
• Try to generate an answer and then look for it in the response option list.
• Alternatively, read each response option carefully, eliminating those that are clearly incorrect.
• Of the remaining response options, select the one that is most correct.
• If unsure about an answer, it is better to guess since unanswered questions are automatically counted as wrong

answers.

Example Item: Single Question

A 32-year-old woman with type 1 diabetes mellitus has had progressive renal failure over the past 2 years. She has not yet started
dialysis. Examination shows no abnormalities. Her hemoglobin concentration is 9 g/dL, hematocrit is 28%, and mean corpuscular
volume is 94 μm3. A blood smear shows normochromic, normocytic cells. Which of the following is the most likely cause?

(A) Acute blood loss (G) Polycythemia vera
(B) Chronic lymphocytic leukemia (H) Sickle cell disease
(C) Erythrocyte enzyme deficiency (I) Sideroblastic anemia
(D) Erythropoietin deficiency (J) β-Thalassemia trait
(E) Immunohemolysis
(F) Microangiopathic hemolysis

(Answer: D)
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Sequential Item Sets

A single patient-centered vignette may be associated with two or three consecutive questions about the information
presented. Each question is associated with the initial patient vignette but is testing a different point. You are required to
select the ONE BEST answer to each question. These questions are designed to be answered in sequential order. You must
click “Proceed to Next Item” to view the next item in the set; once you click on this button, the next question will be
displayed, and you will not be able to change the answer to the previous question.

Example Items: Sequential Questions

A 35-year-old woman is brought to the emergency department because of worsening pain and swelling of her right knee for the past 2
days. She has been taking acetaminophen for the knee pain during the past 2 days, but the pain is worse today. She has not had any
trauma to the knee or any previous problems with her joints. She is otherwise healthy and she currently takes an oral contraceptive. She
is sexually active and has a 10-year-old son who lives with her. She is a receptionist at a local hotel and she tells you she must stand
often while working. She is 160 cm (5 ft 3 in) tall and weighs 52 kg (115 lb); BMI is 20 kg/m2. Temperature is 37.9°C (98.9°F). The
right knee is erythematous, swollen, and tender; there is pain on movement. No other joints are affected. X-ray of the knee shows an
effusion but no structural abnormalities of the joint.

Which of the following is the most appropriate next step in diagnosis?

(A) Arthrocentesis of the knee
(B) Blood cultures
(C) Complete blood count
(D) MRI of the knee
(E) Urine cultures

(Answer: A)
Arthrocentesis is done. The synovial fluid is cloudy. Gram stain is negative. Analysis of the synovial fluid shows a leukocyte
count of 120,000/mm3 and 90% neutrophils. Which of the following is the most appropriate additional test on the synovial

fluid?

(A) Culture for bacteria
(B) Glucose measurement
(C) Polarized light microscopy
(D) Protein level

(Answer: A)

Abstract Set Format

The abstract item format includes a summary of an experiment or clinical investigation presented in a manner commonly
encountered by a physician, eg, as an abstract that accompanies a research report in a medical journal. Examinees must
interpret the abstract in order to answer questions on various topics, including

• Decisions about care of an individual patient
• Biostatistics/epidemiology
• Pharmacology/therapeutics
• Use of diagnostic studies

NOTE: When additional question formats are added to the examination, notice will be provided on the
USMLE website (www.usmle.org). You must monitor the website to stay informed about the types of
questions that occur in the examination, and you must practice with the downloadable sample test questions
available on the USMLE website in order to be fully prepared for the examination.
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Introduction to USMLE Step 2 CK Sample Test Questions

The following pages include 120 sample test questions. Most of these practice questions are the same as those on the
USMLE website.

ONLINE:

Please note that reviewing the sample questions as they appear on pages 8–45 is not a substitute for practicing on the
website.

1. You should run the Step 2 CK examination tutorial and practice test questions that are provided on the USMLE
website well before your test date.

2. The sample materials available on the USMLE website include additional questions and formats that do not appear
in this booklet, such as an abstract question set, items with associated audio or video findings, and a sequential set
of questions.

CONTENT:

You should become familiar with all test question formats that will be used in the actual examination.

Although the sample questions exemplify content on the examination, they may not reflect the content coverage on
individual examinations.

In the actual examination, questions will be presented in random order. The questions will be presented one at a time in a
format designed for easy on-screen reading, including a Normal Laboratory Values button (Table included here on pages
6–7). Photographs, charts, and x-rays in this booklet are not of the same quality as the pictorials used in the actual
examination. In addition, you will be able to adjust the brightness and contrast of the computer screen.

TIMING:

To take the following sample test questions as they would be timed in the actual examination, you should allow a
maximum of one hour for each block, for a total of three hours. Please be aware that most examinees perceive the time
pressure to be greater during an actual examination.

An answer sheet for recording answers for this practice is provided on page 46. An answer key is provided on page 47. In
the actual examination, answers will be selected on the screen; no answer form will be provided.
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LABORATORY VALUES
* Included in the Biochemical Profile (SMA-12)

REFERENCE RANGE SI REFERENCE INTERVALS
BLOOD, PLASMA, SERUM
* Alanine aminotransferase (ALT), serum................8-20 U/L..................................................... 8-20 U/L

Amylase, serum......................................................25-125 U/L................................................. 25-125 U/L
* Aspartate aminotransferase (AST), serum .............8-20 U/L..................................................... 8-20 U/L

Bilirubin, serum (adult) Total // Direct .................. 0.1-1.0 mg/dL // 0.0-0.3 mg/dL  ................. 2-17 μmol/L // 0-5 μmol/L 
* Calcium, serum (Ca2+) ...........................................8.4-10.2 mg/dL........................................... 2.1-2.8 mmol/L
* Cholesterol, serum .................................................Rec:<200 mg/dL ....................................... <5.2 mmol/L

Cortisol, serum ....................................................... 0800 h: 5-23 μg/dL // 1600 h: 3-15 μg/dL 138-635 nmol/L // 82-413 nmol/L 
2000 h: < 50% of 0800 h ............................ Fraction of 0800 h: < 0.50

Creatine kinase, serum ...........................................Male: 25-90 U/L ....................................... 25-90 U/L
Female: 10-70 U/L ........................................10-70 U/L

* Creatinine, serum ................................................... 0.6-1.2 mg/dL  ............................................ 53-106 μmol/L  
Electrolytes, serum
Sodium (Na+) .............................................................136-145 mEq/L..............................................136-145 mmol/L

* Potassium (K+) .......................................................3.5-5.0 mEq/L ............................................ 3.5-5.0 mmol/L
Chloride (Cl–).............................................................95-105 mEq/L ...............................................95-105 mmol/L
Bicarbonate (HCO3–) .................................................22-28 mEq/L..................................................22-28 mmol/L
Magnesium (Mg2+) ....................................................1.5-2.0 mEq/L................................................0.75-1.0 mmol/L
Estriol, total, serum (in pregnancy)
24-28 wks // 32-36 wks ..........................................30-170 ng/mL // 60-280 ng/mL ................. 104-590 nmol/L // 208-970 nmol/L
28-32 wks // 36-40 wks .............................................40-220 ng/mL // 80-350 ng/mL ...................140-760 nmol/L // 280-1210 nmol/L
Ferritin, serum ........................................................ Male: 15-200 ng/mL  ................................. 15-200 μg/L 

Female: 12-150 ng/mL ..................................12-150 μg/L 
Follicle-stimulating hormone, serum/plasma .........Male: 4-25 mIU/mL................................... 4-25 U/L

Female: premenopause 4-30 mIU/mL ....... 4-30 U/L
midcycle peak 10-90 mIU/mL ................ 10-90 U/L
postmenopause 40-250 mIU/mL ............. 40-250 U/L

Gases, arterial blood (room air)
pH .................................................................................7.35-7.45 ..........................................................[H+] 36-44 nmol/L
PCO2 .............................................................................................................................33-45 mm Hg....................................................4.4-5.9 kPa
PO2 ...................................................................................................................... 75-105 mm Hg...............................................10.0-14.0 kPa

* Glucose, serum.......................................................Fasting: 70-110 mg/dL............................... 3.8-6.1 mmol/L
2-h postprandial: < 120 mg/dL .................. < 6.6 mmol/L

Growth hormone - arginine stimulation ................. Fasting: < 5 ng/mL ..................................... < 5 μg/L 
provocative stimuli: > 7 ng/mL................ > 7 μg/L 

Immunoglobulins, serum
IgA.................................................................................76-390 mg/dL...................................................0.76-3.90 g/L
IgE..................................................................................0-380 IU/mL ....................................................0-380 kIU/L
IgG ................................................................................650-1500 mg/dL...............................................6.5-15 g/L
IgM ...............................................................................40-345 mg/dL ..................................................0.4-3.45 g/L
Iron ......................................................................... 50-170 μg/dL  ............................................. 9-30 μmol/L 
Lactate dehydrogenase, serum ...............................45-90 U/L................................................... 45-90 U/L
Luteinizing hormone, serum/plasma ......................Male: 6-23 mIU/mL................................... 6-23 U/L

Female: follicular phase 5-30 mIU/mL....... 5-30 U/L
midcycle 75-150 mIU/mL..........................75-150 U/L
postmenopause 30-200 mIU/mL ............. 30-200 U/L

Osmolality, serum ..................................................275-295 mOsmol/kg H2O .......................... 275-295 mOsmol/kg H2O
Parathyroid hormone, serum, N-terminal...............230-630 pg/mL .......................................... 230-630 ng/L

* Phosphatase (alkaline), serum (p-NPP at 30°C) ....20-70 U/L................................................... 20-70 U/L
* Phosphorus (inorganic), serum ..............................3.0-4.5 mg/dL ............................................ 1.0-1.5 mmol/L

Prolactin, serum (hPRL)  ....................................... < 20 ng/mL ................................................. < 20 μg/L 
* Proteins, serum

Total (recumbent) ......................................................6.0-7.8 g/dL....................................................60-78 g/L
Albumin.........................................................................3.5-5.5 g/dL ......................................................35-55 g/L
Globulin ........................................................................2.3-3.5 g/dL ......................................................23-35 g/L
Thyroid-stimulating hormone, serum or plasma .... 0.5-5.0 μU/mL ........................................... 0.5-5.0 mU/L 
Thyroidal iodine (123I) uptake ................................8%-30% of administered dose/24 h ........... 0.08-0.30/24 h
Thyroxine (T4), serum ............................................ 5-12 μg/dL  ................................................ 64-155 nmol/L 
Triglycerides, serum...............................................35-160 mg/dL............................................. 0.4-1.81 mmol/L
Triiodothyronine (T3), serum (RIA) ......................115-190 ng/dL............................................ 1.8-2.9 nmol/L
Triiodothyronine (T3) resin uptake.........................25%-35% ................................................... 0.25-0.35

* Urea nitrogen, serum..............................................7-18 mg/dL ................................................ 1.2-3.0 mmol/L
* Uric acid, serum.....................................................3.0-8.2 mg/dL ............................................ 0.18-0.48 mmol/L
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LABORATORY VALUES (continued from previous page)

REFERENCE RANGE SI REFERENCE INTERVALS
BODY MASS INDEX (BMI)

Body mass index ...................................................... Adult: 19-25 kg/m2

CEREBROSPINAL FLUID
Cell count ................................................................. 0-5/mm3............................................................0-5 x 106/L
Chloride ................................................................... 118-132 mEq/L ................................................118-132 mmol/L
Gamma globulin....................................................... 3%-12% total proteins ......................................0.03-0.12
Glucose ................................................................... 40-70 mg/dL.....................................................2.2-3.9 mmol/L
Pressure ................................................................... 70-180 mm H2O ...............................................70-180 mm H2O
Proteins, total .......................................................... <40 mg/dL .......................................................<0.40 g/L

HEMATOLOGIC
Bleeding time (template) ......................................... 2-7 minutes.......................................................2-7 minutes
Erythrocyte count ..................................................... Male: 4.3-5.9 million/mm3 ...............................4.3-5.9 x 1012/L

Female: 3.5-5.5 million/mm3 ............................3.5-5.5 x 1012/L
Erythrocyte sedimentation rate (Westergren)........... Male: 0-15 mm/h..............................................0-15 mm/h

Female: 0-20 mm/h ..........................................0-20 mm/h
Hematocrit ............................................................... Male: 41%-53% ...............................................0.41-0.53

Female: 36%-46%............................................0.36-0.46
Hemoglobin A1c.................................................................................... < 6% .................................................................< 0.06
Hemoglobin, blood................................................... Male: 13.5-17.5 g/dL........................................2.09-2.71 mmol/L

Female: 12.0-16.0 g/dL ....................................1.86-2.48 mmol/L
Hemoglobin, plasma ................................................ 1-4 mg/dL.........................................................0.16-0.62 mmol/L
Leukocyte count and differential
Leukocyte count .......................................................... 4500-11,000/mm3 ............................................... 4.5-11.0 x 109/L

Segmented neutrophils......................................... 54%-62%..........................................................0.54-0.62
Bands ................................................................... 3%-5%..............................................................0.03-0.05
Eosinophils .......................................................... 1%-3%..............................................................0.01-0.03
Basophils ............................................................. 0%-0.75%.........................................................0-0.0075
Lymphocytes........................................................ 25%-33%..........................................................0.25-0.33
Monocytes ........................................................... 3%-7%..............................................................0.03-0.07

Mean corpuscular hemoglobin ................................. 25.4-34.6 pg/cell...............................................0.39-0.54 fmol/cell
Mean corpuscular hemoglobin concentration ......... 31%-36% Hb/cell ............................................4.81-5.58 mmol Hb/L
Mean corpuscular volume ........................................ 80-100 μm3 .......................................................80-100 fL
Partial thromboplastin time (activated) ................... 25-40 seconds...................................................25-40 seconds
Platelet count............................................................ 150,000-400,000/mm3 ......................................150-400 x 109/L
Prothrombin time ..................................................... 11-15 seconds...................................................11-15 seconds
Reticulocyte count.................................................... 0.5%-1.5%........................................................0.005-0.015
Thrombin time.......................................................... <2 seconds deviation from control ...................<2 seconds deviation from control
Volume
Plasma ...................................................................... Male: 25-43 mL/kg...........................................0.025-0.043 L/kg

Female: 28-45 mL/kg .......................................0.028-0.045 L/kg
Red cell..................................................................... Male: 20-36 mL/kg ..........................................0.020-0.036 L/kg

Female: 19-31 mL/kg .......................................0.019-0.031 L/kg
SWEAT

Chloride.................................................................... 0-35 mmol/L ....................................................0-35 mmol/L
URINE

Calcium .................................................................... 100-300 mg/24 h ..............................................2.5-7.5 mmol/24 h
Chloride.................................................................... Varies with intake.............................................Varies with intake
Creatinine clearance ................................................. Male: 97-137 mL/min

Female: 88-128 mL/min
Estriol, total (in pregnancy)
30 wks .......................................................................... 6-18 mg/24 h ....................................................... 21-62 μmol/24 h 
35 wks .......................................................................... 9-28 mg/24 h ....................................................... 31-97 μmol/24 h 
40 wks .......................................................................... 13-42 mg/24 h ..................................................... 45-146 μmol/24 h 
17-Hydroxycorticosteroids ....................................... Male: 3.0-10.0 mg/24 h .................................... 8.2-27.6 μmol/24 h 

Female: 2.0-8.0 mg/24 h .................................. 5.5-22.0 μmol/24 h 
17-Ketosteroids, total ............................................... Male: 8-20 mg/24 h .......................................... 28-70 μmol/24 h 

Female: 6-15 mg/24 h ...................................... 21-52 μmol/24 h 
Osmolality ............................................................... 50-1400 mOsmol/kg H2O
Oxalate ..................................................................... 8-40 μg/mL ....................................................... 90-445 μmol/L 
Potassium ................................................................. Varies with diet ................................................Varies with diet
Proteins, total .......................................................... <150 mg/24 h ..................................................<0.15 g/24 h
Sodium ..................................................................... Varies with diet ................................................Varies with diet
Uric acid................................................................... Varies with diet ................................................Varies with diet
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Sample Questions

Block 1 (Questions 1-40)

1. A 16-year-old girl is brought to the physician because of intermittent pain and swelling of both ankles over the past month.
She is currently not in pain. When the pain occurs, it is so severe that she is unable to walk. There is no associated fever or
chills. She is sexually active and has had one sexual partner for 12 months. Her temperature is 37°C (98.6°F), pulse is 80/min,
and blood pressure is 145/87 mm Hg. Examination shows no abnormalities or tenderness of the ankle joints. There is a
nonpainful ulcer on the oral buccal mucosa. The lungs are clear to auscultation. Cardiac examination shows no abnormalities.
Laboratory studies show:

Leukocyte count 4000/mm3

Segmented neutrophils 65%
Eosinophils 3%
Lymphocytes 25%
Monocytes 7%

Platelet count 60,000/mm3

Erythrocyte sedimentation rate 100 mm/h
Serum

Antinuclear antibodies 1:320
Anti-DNA antibodies positive
Rapid plasma reagin 1:16
Rheumatoid factor negative

Urine
Protein 3+
RBC casts negative
RBC none
WBC 10–20/hpf

X-rays of the ankles show no abnormalities other than tissue swelling. Which of the following is the most likely diagnosis?

(A) Disseminated gonococcal disease
(B) Polyarticular arthritis
(C) Reactive arthritis
(D) Secondary syphilis
(E) Systemic lupus erythematosus

2. A 67-year-old woman comes to the physician for a follow-up examination. She had a pulmonary embolism and required
treatment in the hospital for 3 weeks. She had a retroperitoneal hemorrhage; anticoagulant therapy was temporarily
discontinued, and she underwent placement of an inferior vena cava (IVC) filter. She had a hematoma that was resolving on
discharge from the hospital 2 weeks ago. Today, she says she has had a persistent sensation of tingling and numbness of her
left thigh that she did not report in the hospital because she thought it would go away; the sensation has improved somewhat
during the past week. Her only medication is warfarin. Vital signs are within normal limits. Examination of the skin shows no
abnormalities. Muscle strength is normal. Sensation to light touch is decreased over a 5 x 5-cm area on the lateral aspect of the
left anterior thigh. Which of the following is the most likely cause of this patient's decreased sensation?

(A) Cerebral infarction during the hospitalization
(B) Complication of the IVC filter placement
(C) Compression of the lateral femoral cutaneous nerve
(D) Hematoma of the left thigh
(E) Spinal cord infarct
(F) Vitamin B12 (cobalamin) deficiency
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3. A 5-year-old boy is brought to the physician because of a 2-day history of fever and painful swelling of the left ankle. He has
had recurrent cervical lymphadenitis and pneumonia since infancy. Two years ago, a culture from an abscess in the cervical
region grew Staphylococcus aureus. His temperature is 38°C (100.4°F). Examination shows a tender, erythematous,
edematous left ankle; there is point tenderness over the medial malleolus. A bone scan shows increased uptake in the left
lower tibial metaphysis. Culture of bone aspirate grows Serratia marcescens. Nitroblue tetrazolium test shows no color
change. Which of the following is the most likely mechanism for these findings?

(A) Adenosine deaminase deficiency
(B) Consumption of complement
(C) Defective opsonization
(D) Destruction of CD4+ T lymphocytes
(E) Developmental arrest of maturation of B lymphocytes
(F) Dysmorphogenesis of the third and fourth pharyngeal pouches
(G) Impaired chemotaxis
(H) Impaired phagocytic oxidative metabolism

4. A 42-year-old woman is brought to the emergency department 10 minutes after being involved in a high-speed motor vehicle
collision in which she was a restrained passenger. On arrival, she has shortness of breath and abdominal pain. Her pulse is
135/min, respirations are 30/min, and blood pressure is 80/40 mm Hg. Breath sounds are decreased at the left lung base. An x-
ray of the chest shows opacification of the left lower lung field with loss of the diaphragmatic shadow. Placement of a chest
tube yields a small amount of air followed by greenish fluid. Which of the following is the most appropriate next step in
management?

(A) CT scan of the abdomen
(B) CT scan of the chest
(C) Thoracoscopy
(D) Laparotomy
(E) Thoracotomy

5. A 42-year-old woman comes to the physician for an annual pelvic examination and Pap smear. Over the past year, she has
had increasing fatigue and difficulty sleeping. She has two children who both attend college. She is currently looking for part-
time work outside the home. Her husband has been busy in a new start-up business. Examination shows no abnormalities.
Laboratory studies show:

Hemoglobin 15 g/dL

Mean corpuscular volume 95 μm3

Leukocyte count 6000/mm3 with a normal differential
Serum

Na+ 145 mEq/L
Cl− 102 mEq/L

K+ 4.5 mEq/L
HCO3 − 25 mEq/L
Urea nitrogen 18 mg/dL
Creatinine 1.0 mg/dL
Alkaline phosphatase 70 U/L
Aspartate aminotransferase (AST, GOT) 22 U/L
Alanine aminotransferase (ALT, GPT) 19 U/L
γ-Glutamyltransferase (GGT) 83 U/L (N=5–50 U/L)

Which of the following is the most likely explanation for this patient's laboratory abnormalities?

(A) Acetaminophen
(B) Alcohol
(C) Diphenhydramine
(D) Estrogen effect
(E) Ibuprofen
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6. A 37-year-old woman comes to the emergency department because of a 3-day history of increasingly severe abdominal pain,
nausea, and vomiting. Twelve years ago, she had a hysterectomy because of severe dysfunctional uterine bleeding. Her
temperature is 37°C (98.6°F), blood pressure is 106/70 mm Hg, pulse is 110/min, and respirations are 12/min. Examination
shows a distended, tympanic abdomen with diffuse tenderness but no guarding; bowel sounds are hypoactive. Her leukocyte
count is 10,000/mm3, and hematocrit is 44%. An x-ray of the abdomen is shown. Which of the following is the most
appropriate initial step in management?

(A) CT scan of the abdomen
(B) Intravenous neostigmine therapy
(C) Esophagogastroduodenoscopy
(D) Nasogastric intubation
(E) Laparotomy

7. A 9-year-old boy is brought to the physician because of progressive weakness and a purple-red discoloration over his cheeks
and upper eyelids over the past 8 weeks. His symptoms began shortly after a camping trip, and he now is unable to climb
stairs, walk long distances, comb his hair, or dress himself. His mother says that she was careful to apply his sunscreen on the
trip and can recall no tick bites or exposure to poisonous plants. His only medication is a topical corticosteroid for several dry,
scaly patches of the skin. He appears weak and lethargic. He is at the 75th percentile for height and 25th percentile for weight;
he has had no change in his weight since his last examination 9 months ago. His temperature is 37.7°C (99.8°F), blood
pressure is 110/68 mm Hg, pulse is 105/min, and respirations are 28/min. Examination of the skin shows a purple-red
discoloration over the cheeks and eyelids, periorbital edema, erythematous plaques and scales over the elbows and knees, and
flat-topped red papules over all knuckles. There is generalized weakness and atrophy of the proximal muscles. Which of the
following is the most likely diagnosis?

(A) Dermatomyositis
(B) Duchenne's muscular dystrophy
(C) Eczema
(D) Lyme disease
(E) Psoriasis
(F) Rocky Mountain spotted fever
(G) Seborrhea
(H) Systemic lupus erythematosus
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8. A 37-year-old man with type 1 diabetes mellitus is admitted to the hospital because of inadequate control of his glucose
concentrations for the past 2 months. Despite his poor control, he demands that he be discharged. He reports that he has had
a 3-month history of fatigue, irritability, and feelings of hopelessness. He says that he has been noncompliant with his
diabetic regimen, adding, "Sometimes I forget." He has been avoiding his family and friends because he is not in the mood to
see them but admits that he is lonely. He did not get out of bed for 2 days, which prompted his wife to call an ambulance and
have him admitted to the hospital. Prior to admission to the hospital, his only medication was insulin, although he often
missed doses. He does not drink alcohol. He is 168 cm (5 ft 6 in) tall and weighs 100 kg (220 lb); BMI is 36 kg/m2. His
temperature is 37°C (98.6°F), pulse is 68/min, respirations are 18/min, and blood pressure is 150/85 mm Hg. Physical
examination shows no abnormalities. On mental status examination, he is tired and has a restricted affect. There is no
evidence of suicidal ideation. Cognition is intact. His fasting serum glucose concentration is 120 mg/dL. Which of the
following is the most appropriate next step in management?

(A) Adhere to the patient's wishes and discuss home-care options
(B) Adhere to the patient's wishes on the condition that he agree to home nursing care
(C) Schedule neuropsychological testing
(D) Seek a court order to appoint a legal guardian
(E) Involuntarily hold the patient in the hospital

9. A 2-month-old boy is brought to the physician because of a 6-week history of persistent diarrhea and vomiting, most
pronounced after formula feedings. He has had a 113-g (4-oz) weight loss since birth. He currently weighs 3100 g (6 lb 13 oz)
and is 51 cm (20 in) in length. He appears irritable. Examination shows jaundice. The lungs are clear to auscultation. No
murmurs are heard. The liver is palpated 2 to 3 cm below the right costal margin, and the spleen is palpated 1 to 2 cm below
the left costal margin. Laboratory studies show:

Serum
Glucose 35 mg/dL
Bilirubin (total) 2.3 mg/dL

Urine
Glucose negative
Reducing substances 3+

Which of the following is the most likely mechanism of these findings?

(A) Decreased gluconeogenesis
(B) Decreased insulin secretion
(C) Increased glucagon secretion
(D) Increased gluconeogenesis
(E) Increased insulin secretion
(F) Insulin resistance

10. A previously healthy 22-year-old college student is brought to the emergency department by her parents 20 minutes after they
observed her having a seizure. After the seizure, she was confused and had difficulty thinking of some words. She has had a
headache, cough, and fever for 3 days treated with acetaminophen and dextromethorphan. Her temperature is 38.9°C (102°F).
Neurologic examination shows diffuse hyperreflexia. On mental status examination, she is confused and has short-term
memory deficits. She has difficulty naming objects and makes literal paraphasic errors. An MRI of the brain shows bitemporal
hyperintensities. A lumbar puncture is done; cerebrospinal fluid analysis shows an erythrocyte count of 340/mm3, a leukocyte
count of 121/mm3 (88% monocytes), and a protein concentration of 78 mg/dL. Which of the following is the most likely
diagnosis?

(A) Bacterial meningitis
(B) Dextromethorphan intoxication
(C) Herpes simplex encephalitis
(D) HIV encephalopathy
(E) Reye syndrome
(F) Syphilis



11. A 32-year-old woman comes to the physician because of fatigue for 6 months. She has had progressively severe dyspnea on
exertion for 6 weeks. She had an extensive abdominal operation 5 years ago for Crohn disease. She does not take any
medications. Her temperature is 37°C (98.6°F), pulse is 62/min, respirations are 18/min, and blood pressure is 110/65 mm Hg.
Examination of the thyroid gland, lungs, heart, abdomen, and extremities shows no abnormalities. Test of the stool for occult
blood is negative. Laboratory studies show:

Hemoglobin 8 g/dL

Mean corpuscular volume 70 μm3

Leukocyte count 9000/mm3

Platelet count 500,000/mm3

Which of the following is the most likely diagnosis?

(A) Acute leukemia
(B) Anemia of chronic disease
(C) Folic acid deficiency
(D) Iron deficiency
(E) Lyme disease
(F) Microangiopathic hemolytic anemia
(G) Pernicious anemia
(H) Sleep apnea

12. A previously healthy 37-year-old woman comes to the physician because of a 3-month history of episodes of severe anxiety,
shortness of breath, palpitations, and numbness in her hands and feet. Her vital signs are within normal limits. Physical
examination shows no abnormalities. Thyroid function studies and an ECG show no abnormalities. Which of the following is
the most appropriate pharmacotherapy?

(A) Lithium carbonate
(B) Methylphenidate
(C) Olanzapine
(D) Paroxetine
(E) Valproic acid

13. A 19-year-old college student comes to the physician because of progressive hair growth over her face and body since the age
of 16 years. She also has acne and oily skin. Menses have occurred at 30- to 90-day intervals since menarche at the age of 14
years. She has no history of serious illness and takes no medications. She is 168 cm (5 ft 6 in) tall and weighs 88 kg (193 lb);
BMI is 31 kg/m2. Her temperature is 37.2°C (99°F), pulse is 72/min, respirations are 16/min, and blood pressure is 120/80 mm
Hg. Physical examination shows coarse, pigmented hair over the chin and upper lip, around both nipples, and along the
midline of the lower abdomen. The remainder of the examination, including pelvic examination, shows no abnormalities.
Serum studies show:

Fasting glucose 95 mg/dL
Fasting insulin 7.5 μU/mL (N=11–240)
Dehydroepiandrosterone sulfate 3 μg/mL (N=0.5–5.4)
Follicle-stimulating hormone 8 mIU/mL
17α-Hydroxyprogesterone 160 ng/dL (N=20–300)
Luteinizing hormone 10 mIU/mL
Testosterone 4.2 nmol/L (N<3.5)

Which of the following is the most appropriate pharmacotherapy?

(A) Bromocriptine
(B) Clomiphene
(C) Combination oral contraceptive
(D) Dexamethasone
(E) Gonadotropin-releasing hormone agonist

1 2
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14. A 72-year-old woman with unresectable small cell carcinoma of the lung is brought to the emergency department after her
family found her unresponsive. During the past week, she has become progressively confused. On arrival, she does not
respond to command but withdraws all extremities to pain. Her temperature is 37°C (98.6°F), pulse is 80/min, respirations
are 12/min, and blood pressure is 130/70 mm Hg. The pupils are equal and reactive to light, and corneal reflexes are brisk;
there is spontaneous medial and lateral gaze. Laboratory studies show:

Hemoglobin 12.2 g/dL
Leukocyte count 6000/mm3

Serum
Na+ 118 mEq/L
Cl− 98 mEq/L

K+ 4.5 mEq/L
HCO3 − 26 mEq/L
Urea nitrogen 16 mg/dL
Glucose 95 mg/dL
Creatinine 0.8 mg/dL

Which of the following is the most likely mechanism of these findings?

(A) Adrenal insufficiency
(B) Inadequate renal blood flow
(C) Injury to the renal tubules
(D) Nonphysiologic ADH (vasopressin) secretion
(E) Nonphysiologic aldosterone secretion
(F) Physiologic ADH (vasopressin) secretion
(G) Physiologic aldosterone secretion

15. During the past month, a 37-year-old woman has had epigastric pain 2 to 3 hours after eating and at night; she has a feeling
of fullness and bloating even when she eats small amounts. For 2 days, she has been unable to keep any food "down" and has
had repetitive vomiting between meals. Six months ago, she was diagnosed with a peptic ulcer and was treated with a proton
pump inhibitor and antibiotics. After 2 weeks of treatment, her symptoms were alleviated, and she discontinued the
medication due to the quantity of pills she had to take. Placement of a Foley catheter yields no urine. This patient is most
likely to have which of the following electrolyte profiles?

Na+

(mEq/L)

K+

(mEq/L)
Cl−

(mEq/L)
HCO3−

(mEq/L)
(A) 130 2.8 88 32
(B) 130 4.2 100 24
(C) 130 4.4 100 14
(D) 148 2.3 96 24
(E) 148 4.8 110 24

16. A 36-year-old nulligravid woman with primary infertility comes for a follow-up examination. She has been unable to
conceive for 10 years; analysis of her husband's semen during this period has shown normal sperm counts. Menses occur at
regular 28-day intervals and last 5 to 6 days. She is asymptomatic except for severe dysmenorrhea. An endometrial biopsy
specimen 5 days before menses shows secretory endometrium. Hysterosalpingography 1 year ago showed normal findings.
Pelvic examination shows a normal vagina and cervix. Bimanual examination shows a normal-sized uterus and no palpable
adnexal masses. Rectal examination is unremarkable. Which of the following is the most likely diagnosis?

(A) Anovulation
(B) Endometriosis
(C) Intrauterine synechiae
(D) Male factor
(E) Tubal obstruction
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17. A 37-year-old woman comes to the physician because of a 1-day history of throbbing facial pain. She describes the pain as 7
out of 10 in intensity. Over the past 9 days, she has had nasal congestion, purulent nasal discharge, sore throat, and a
nonproductive cough. She does not smoke. Her husband and children have had no recent illness. Her temperature is 38.5°C
(101.3°F). Examination shows congested nasal mucosa and purulent discharge on the left. There is tenderness to palpation
over the left cheek and no transillumination over the left maxillary sinus. The tympanic membranes are normal, and there is
no erythema of the throat. Examination shows no cervical adenopathy. The lungs are clear to auscultation. Which of the
following is the most likely causal organism?

(A) Haemophilus influenzae type b
(B) Moraxella catarrhalis
(C) Staphylococcus aureus
(D) Streptococcus pneumoniae
(E) Streptococcus pyogenes (group A)

18. An 18-year-old man with a 12-year history of type 1 diabetes mellitus comes to the physician for a follow-up examination.
Medications include 25 U of NPH insulin and 10 U of regular insulin in the morning and 10 U of NPH insulin and 10 U of
regular insulin before dinner. His hemoglobin A1c was 14.5% 12 weeks ago. His current pulse is 80/min, respirations are
20/min, and blood pressure is 145/95 mm Hg. Examination shows scattered retinal microaneurysms bilaterally. The
remainder of the examination shows no other abnormalities. Laboratory studies show:

Hemoglobin A1c 13%
Serum

Na+ 130 mEq/L

K+ 3.2 mEq/L
Cl− 101 mEq/L

HCO3 − 23 mEq/L
Glucose 325 mg/dL
Creatinine 1.5 mg/dL
Cholesterol 350 mg/dL

Urine
Blood negative
Glucose 4+
Protein 1+
Ketones Negative

Which of the following is the most likely renal diagnosis?

(A) Cholesterol renal emboli
(B) Diabetic nephropathy
(C) Hypertensive glomerulosclerosis
(D) Hypokalemic nephropathy
(E) Sodium-losing nephropathy

19. A cohort study is conducted to compare the incidence of adverse effects of a recently approved antihypertensive
pharmacotherapy with that of conventional therapy. A total of 20,000 patients are enrolled. Twelve thousand are prescribed
the recently approved therapy, and 8,000 are prescribed conventional therapy. Patients in the study and control groups are
matched for baseline blood pressure, age, and gender. Data are collected from the records of the patients' ongoing clinical
care. Results show that those receiving the newly approved treatment have twice the incidence of fatigue compared with
those receiving the conventional treatment. The results are statistically significant (p=0.01). Which of the following potential
flaws is most likely to invalidate this study?

(A) Publication bias
(B) Selection bias
(C) Type I error
(D) Type II error
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20. A 6-year-old girl is brought to the physician because of a 1-month history of a recurrent pruritic rash on her arms. She was
born at term and has been healthy except for an episode of bronchiolitis 6 months ago treated with albuterol. A photograph of
the rash is shown. Which of the following is the most appropriate next step in management?

(A) Coal tar therapy
(B) Oral antibiotic therapy
(C) Topical antibiotic therapy
(D) Topical corticosteroid therapy
(E) Vitamin supplementation

21. A 17-year-old girl comes to the physician for an examination prior to entering college. She reports that she feels well but is
nervous about leaving home for the first time. She states that she has tried to diet to improve her appearance but that food
restriction often "backfires" because she becomes hungry and then engages in episodes of binge eating. She reports a loss of
control during these episodes, saying "It's like I stop thinking at all and before I know it, I have eaten two pizzas." She induces
vomiting several times during each binge and has developed a pattern of binging and purging every evening. She has no
history of serious illness and takes no medications. She is 165 cm (5 ft 5 in) tall and weighs 57 kg (125 lb); BMI is 21 kg/m2.
Vital signs are within normal limits. Physical examination shows dry mucous membranes, erosion of enamel on the lingual
surface of the front teeth, and hypertrophy of the parotid gland. Serum studies are most likely to show which of the following
sets of findings in this patient?

Potassium Bicarbonate
( A ) D e c r e a s e d d e c r e a s e d
( B ) D e c r e a s e d i n c r e a s e d
( C ) I n c r e a s e d d e c r e a s e d
( D ) I n c r e a s e d i n c r e a s e d
( E ) N o r m a l d e c r e a s e d
( F ) N o r m a l i n c r e a s e d

22. A previously healthy 27-year-old nulligravid woman comes to the emergency department because of a 2-day history of
moderate-to-severe pain and swelling of the left labia. She is sexually active and uses condoms inconsistently. Her
temperature is 37.2°C (99°F), pulse is 92/min, respirations are 18/min, and blood pressure is 115/75 mm Hg. Pelvic
examination shows a 4 x 3-cm, tender, fluctuant mass medial to the left labium majus compromising the introital opening.
Which of the following is the most appropriate next step in management?

(A) Administration of intravenous metronidazole
(B) Administration of intravenous penicillin G
(C) Ultrasound-guided needle aspiration of the mass
(D) Incision and drainage
(E) Vulvectomy



23. A 30-year-old woman comes to the physician because of intermittent throbbing headaches, sweating, and pallor over the past
3 months. She has had several blood pressure measurements that fluctuate from 110/80 mm Hg to 160/108 mm Hg. Her pulse
is 100/min, and blood pressure now is 138/88 mm Hg. Serum studies show:

Na+ 140 mEq/L
Cl− 110 mEq/L

K+ 4.5 mEq/L
HCO3 − 26 mEq/L
Urea nitrogen 14 mg/dL
Creatinine 1 mg/dL

Which of the following is the most likely location of the abnormality?

(A) Adrenal cortex
(B) Adrenal medulla
(C) Aorta
(D) Renal arterioles
(E) Renal glomeruli
(F) Thyroid gland

24. A 4-year-old boy is brought to the physician because of temperatures to 39.4°C (102.9°F) for 8 days. Examination shows
anterior cervical lymphadenopathy, nonexudative conjunctivitis bilaterally, a strawberry tongue, an erythematous truncal rash,
and edema of the hands and feet. Which of the following is the most appropriate pharmacotherapy to prevent complications of
this illness?

(A) Intravenous immune globulin
(B) Intravenous penicillin
(C) Intravenous prednisone
(D) Oral isoniazid
(E) Oral rifampin

25. A 57-year-old woman is brought to the emergency department 45 minutes after she fell after an episode of light-headedness.
She has a 6-month history of progressive fatigue, tingling sensations in her fingers and toes, and loss of balance. She
underwent a partial gastrectomy for peptic ulcer disease 10 years ago. She has type 2 diabetes mellitus. She has smoked one
pack of cigarettes daily for 40 years. Her only medication is insulin. She appears pale. Her temperature is 37°C (98.6°F), pulse
is 105/min, respirations are 20/min, and blood pressure is 124/76 mm Hg. The abdomen is soft with a well-healed surgical
scar. Sensation to vibration and position is absent over the upper and lower extremities. She has a broad-based gait.
Laboratory studies show:

Hemoglobin 8.3 g/dL
Mean corpuscular volume 105 μm3

Leukocyte count 4800/mm3

Platelet count 100,000/mm3

Serum
Bilirubin, total 2.1 mg/dL

Direct 0.2 mg/dL
Lactate dehydrogenase 320 U/L

Which of the following is the most likely explanation for these findings?

(A) Amyotrophic lateral sclerosis
(B) Diabetes mellitus
(C) History of gastrectomy
(D) Meniere disease
(E) Multiple sclerosis
(F) Vertebrobasilar deficiency
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26. A 67-year-old woman comes to the physician because of dizziness for 6 weeks. When she stands up suddenly, she becomes
light-headed and has to steady herself for approximately 1 to 2 minutes before she is able to walk. She has hypertension and
type 2 diabetes mellitus. Current medications include glyburide, a diuretic, a β-adrenergic blocking agent, and an angiotensin-
converting enzyme (ACE) inhibitor. Her pulse is 55/min. Her blood pressure is 110/70 mm Hg in the right arm and 70/50 mm
Hg in the left arm while supine; her blood pressure is 70/50 mm Hg in the right arm and 50/30 mm Hg in the left arm
immediately after standing. Neurologic examination shows no focal findings. An ECG shows sinus bradycardia with no
evidence of ischemia. Carotid duplex ultrasonography shows reverse flow in the left vertebral artery with no evidence of
occlusion. Which of the following is the most appropriate next step in management?

(A) Cardiac stress scintigraphy
(B) Adjusting her medication regimen
(C) Warfarin therapy
(D) Transesophageal echocardiography
(E) Coronary arteriography

27. Six hours after delivery, a 1200-g (2-lb 11-oz) newborn develops respiratory distress. She was born at 32 weeks' gestation.
Her pulse is 136/min, respirations are 60/min, and blood pressure is 60/30 mm Hg. Examination shows grunting and moderate
intercostal and subcostal retractions. The lungs are clear to auscultation. Umbilical artery blood gas analysis on 60% oxygen
shows:

pH 7.32

PCO2 32 mm Hg

PO2 60 mm Hg

An x-ray of the chest shows diffuse reticulogranular densities with an air bronchogram. Which of the following is the most
likely underlying mechanism?

(A) Abnormality of mucociliary function
(B) Aspiration of meconium into the lungs
(C) Blockage of airways with mucus
(D) Increased pulmonary capillary permeability
(E) Infection with group B streptococcus
(F) Pulmonary surfactant deficiency

28. A 70-year-old man comes to the physician because of fever, productive cough, and pleuritic chest pain for 1 day. Over the
past 2 years, he has had two similar episodes. He also has had persistent pain in the thoracic spine for 1 month. His
temperature is 39.2°C (102.6°F), pulse is 94/min, respirations are 22/min, and blood pressure is 110/60 mm Hg. There is
dullness to percussion and decreased breath sounds over the right base. Examination shows tenderness of the midthoracic
spine. Laboratory studies show:

Hematocrit 34%

Leukocyte count 15,000/mm3

Segmented neutrophils 81%
Bands 4%
Lymphocytes 15%

Serum calcium 10.9 mg/dL

X-rays of the chest show consolidation of the right lower lobe, lytic lesions at T8 and T10, and diffuse osteopenia. Which of
the following is the most likely diagnosis of this patient's back condition?

(A) HIV infection
(B) Multiple myeloma
(C) Prostate cancer
(D) Staphylococcal osteomyelitis
(E) Tuberculosis osteomyelitis



29. A 47-year-old man is brought to the emergency department 2 hours after the sudden onset of shortness of breath, severe chest
pain, and sweating. He has no history of similar symptoms. He has hypertension treated with hydrochlorothiazide. He has
smoked one pack of cigarettes daily for 30 years. His pulse is 110/min, respirations are 24/min, and blood pressure is 110/50
mm Hg. A grade 3/6, diastolic blowing murmur is heard over the left sternal border and radiates to the right sternal border.
Femoral pulses are decreased bilaterally. An ECG shows left ventricular hypertrophy. Which of the following is the most
likely diagnosis?

(A) Acute myocardial infarction
(B) Aortic dissection
(C) Esophageal rupture
(D) Mitral valve prolapse
(E) Pulmonary embolism

30. A previously healthy 34-year-old woman is brought to the physician because of fever and headache for 1 week. She has not
been exposed to any disease. She takes no medications. Her temperature is 39.3°C (102.8°F), pulse is 104/min, respirations
are 24/min, and blood pressure is 135/88 mm Hg. She is confused and oriented only to person. Examination shows jaundice
of the skin and conjunctivae. There are a few scattered petechiae over the trunk and back. There is no lymphadenopathy.
Physical and neurologic examinations show no other abnormalities. Test of the stool for occult blood is positive. Laboratory
studies show:

Hematocrit 32% with fragmented and nucleated erythrocytes

Leukocyte count 12,500/mm3

Platelet count 20,000/mm3

Prothrombin time 10 sec
Partial thromboplastin time 30 sec
Fibrin split products negative
Serum

Urea nitrogen 35 mg/dL
Creatinine 3.0 mg/dL
Bilirubin

Total 3.0 mg/dL
Direct 0.5 mg/dL

Lactate dehydrogenase 1000 U/L

Blood and urine cultures are negative. A CT scan of the head shows no abnormalities. Which of the following is the most
likely diagnosis?

(A) Disseminated intravascular coagulation
(B) Immune thrombocytopenic purpura
(C) Meningococcal meningitis
(D) Sarcoidosis
(E) Systemic lupus erythematosus
(F) Thrombotic thrombocytopenic purpura

31. A 67-year-old woman comes to the physician for her first influenza virus vaccination. She has a history of untreated
hypertension. Her blood pressure is 160/100 mm Hg, and pulse is 100/min. Shortly after administration of the influenza virus
vaccine, she develops shortness of breath, hives, and angioedema. Which of the following is most likely to have prevented this
reaction?

(A) Inquiry about an egg allergy
(B) Heterophile agglutination test
(C) Skin test with histamine reagent
(D) β-Adrenergic blocking agent therapy
(E) Amantadine therapy
(F) Insulin therapy
(G) Rimantadine therapy
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32. A previously healthy 42-year-old man is brought to the emergency department 1 day after the sudden onset of shortness of
breath and chest pain at rest; the pain is exacerbated by deep inspiration. His pulse is 100/min, respirations are 22/min, and
blood pressure is 140/90 mm Hg. Breath sounds are normal. The remainder of the examination shows no abnormalities.
Arterial blood gas analysis on room air shows:

pH 7.49
PCO2 30 mm Hg
PO2 64 mm Hg
O2 saturation 91%

An x-ray of the chest shows no abnormalities. Which of the following is the most likely mechanism of these findings?

(A) Carbon monoxide poisoning
(B) Congenital heart disease
(C) Depressed alveolar ventilation
(D) Interstitial edema
(E) Interstitial fibrosis
(F) Low oxygen-carrying capacity of the blood
(G) Ventilation-perfusion mismatch

33. A 57-year-old woman comes to the physician because of an 8-week history of difficulty sleeping, fatigue, and muscle
tension. During this period, she also has had memory lapses, difficulty concentrating, and has been reprimanded at work for
arriving late. Over the past 2 weeks, she has had three episodes of palpitations and shortness of breath that have awakened her
from sleep. Her pulse is 80/min, and blood pressure is 110/90 mm Hg. Physical examination shows no abnormalities. Mental
status examination shows a depressed mood and constricted affect. She says that she is no longer interested in activities that
she used to enjoy. She has suicidal ideation without a plan. Her hemoglobin concentration is 11 g/dL, and serum ferritin
concentration is 140 ng/mL. Which of the following is the most appropriate initial step in treatment?

(A) Acupuncture
(B) Diazepam therapy
(C) Donepezil therapy
(D) Ferrous sulfate therapy
(E) Ginkgo biloba extract therapy
(F) Paroxetine therapy

34. Two days after admission to the hospital for congestive heart failure, an 82-year-old man is unable to walk because of severe,
throbbing pain in his left foot. He has no history of similar episodes or recent trauma. He also has coronary artery disease and
hypertension. Current medications include atenolol, lisinopril, furosemide, and aspirin. He does not smoke or drink alcohol.
He is in moderate distress. His temperature is 38°C (100.4°F), pulse is 68/min and regular, respirations are 12/min, and blood
pressure is 138/88 mm Hg. Jugular venous pulsations are present 3 cm above the sternal angle. Crackles are heard at both lung
bases. A grade 2/6 systolic murmur is heard best at the left sternal border and second intercostal space. Examination of the
lower extremities shows pitting pedal edema. There is tenderness, erythema, and edema of the left great toe. Active and
passive range of motion of the first metacarpophalangeal joint produces pain; arthrocentesis of the joint is performed. Analysis
of joint fluid aspirate is most likely to show which of the following?

WBC Microscopic Examination
(/mm3) for Crystals Gram Stain

(A) 100 needle-shaped no organisms
(B) 100 none gram-positive cocci
(C) 100 none no organisms
(D) 100 rhomboid no organisms
(E) 20,000 needle-shaped no organisms
(F) 20,000 none gram-positive cocci
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35. A 62-year-old man comes to the physician because of a 3-month history of progressive fatigue and joint pain, a 2-month
history of sinus congestion, a 3-week history of cough, and a 1-week history of blood-tinged sputum. He has not had fever,
nausea, vomiting, or diarrhea. He has hypercholesterolemia, stable angina pectoris, and hypertension. Medications include
atorvastatin, labetalol, isosorbide, and aspirin. Over the past 3 weeks, he has been taking over-the-counter ibuprofen as needed
for the joint pain. His pulse is 84/min, respirations are 12/min, and blood pressure is 132/76 mm Hg. Examination shows clear
nasal discharge with no nasal or oral lesions. The joints are diffusely tender with no warmth or erythema; range of motion is
full. Laboratory studies show:

Hematocrit 36%

Mean corpuscular volume 83 μm3

Leukocyte count 14,000/mm3

Segmented neutrophils 74%
Eosinophils 1%
Lymphocytes 14%
Monocytes 11%

Platelet count
275,000/mm

3 Serum
Urea nitrogen 28 mg/dL
Creatinine 3.2 mg/dL
Antinuclear antibodies 1:256
Rheumatoid factor negative
Antineutrophil cytoplasmic antibodies positive

Urine
Blood 3+
Protein 3+
RBC 15–17/hpf
WBC 1–2/hpf
RBC casts rare

Which of the following is the most likely underlying mechanism of this patient's renal failure?

(A) Atheroembolic disease
(B) Cold agglutinins
(C) Interstitial nephritis
(D) Lyme disease
(E) Septic arthritis
(F) Vasculitis

36. A 52-year-old woman comes to the emergency department because of a 1-week history of low-grade fever and increasing
abdominal cramps that are exacerbated by bowel movements. She began a course of amoxicillin-clavulanate and
metronidazole 2 days ago but has had no relief of her symptoms. She has had intermittent constipation for the past 12 years.
She has not had nausea, vomiting, urinary symptoms, or bloody stools. She has a 3-year history of hypertension. She
underwent total abdominal hysterectomy and bilateral salpingo-oophorectomy 5 years ago because of leiomyomata uteri. She
is 165 cm (5 ft 5 in) tall and weighs 86 kg (190 lb); BMI is 32 kg/m2. Her temperature is 38.1°C (100.6°F), pulse is 75/min,
and blood pressure is 150/80 mm Hg. The lungs are clear to auscultation. Cardiac examination shows no abnormalities. The
abdomen is soft, and there is tenderness to palpation of the left lower quadrant with guarding but no rebound. Bowel sounds
are normal. The stool is brown, and test for occult blood is negative. Her hemoglobin concentration is 14.5 g/dL, leukocyte
count is 15,000/mm3, and platelet count is 280,000/mm3; serum studies and urinalysis show no abnormalities. Which of the
following is the most appropriate next step in diagnosis?

(A) Examination of the stool for ova and parasites
(B) Test of the stool for Clostridium difficile toxin
(C) Endoscopic retrograde cholangiopancreatography
(D) Pelvic ultrasonography
(E) CT scan of the abdomen with contrast
(F) Colonoscopy

2 0



37. A 32-year-old man comes to the physician because he has had difficulty focusing on tasks at work and at home during the
past 2 months. He works as an automobile mechanic. He has had a lot of energy for work but often is distracted to the point
that he does not complete assigned tasks. He frequently stops working on his own tasks to attempt to develop greater
efficiency in his shop. He states that he is delighted with his newfound energy and reports that he now needs only 4 hours of
sleep nightly. He has no history of psychiatric illness. He always performed well in school. He has a history of drinking
alcohol excessively and using methamphetamines and cocaine during his 20s, but he has not consumed alcohol or used illicit
drugs for the past 3 years. His temperature is 37°C (98.6°F), pulse is 60/min, and blood pressure is 125/80 mm Hg. Physical
examination shows no abnormalities. On mental status examination, he describes his mood as "good." He has a labile affect.
His speech is rapid in rate but normal in rhythm, and his thought process is organized. Short- and long-term memory are
intact. Attention and concentration are fair; he makes no errors when performing serial sevens, and he can repeat seven digits
forward and five in reverse sequence. He has had no delusions or hallucinations. Which of the following is the most likely
diagnosis?

(A) Antisocial personality disorder
(B) Attention-deficit/hyperactivity disorder
(C) Bipolar disorder
(D) Borderline personality disorder
(E) Major depressive disorder

38. A 32-year-old woman, gravida 3, para 2, at 41 weeks' gestation is admitted to the hospital in active labor. Pregnancy has been
complicated by mild asthma treated with inhaled bronchodilators. At the beginning of the second stage of labor, the cervix is
100% effaced and 10 cm dilated; the vertex is at -1 station. The fetal heart rate is reactive with no decelerations. After 10
minutes of pushing, there is a prolonged deceleration to 60/min. The patient has the acute onset of shortness of breath, rapidly
develops cyanosis, and becomes unresponsive. Her pulse and blood pressure cannot be detected. Immediate resuscitation is
started. Five minutes later, there is bleeding from the nose, mouth, and intravenous sites. Which of the following is the most
likely diagnosis?

(A) Amniotic fluid embolism
(B) Intracerebral hemorrhage
(C) Myocardial infarction
(D) Status asmaticus
(E) Toxic shock syndrome

39. A 3-year-old girl is brought to the physician because of fever and left ear pain for 3 days. She has been treated with
amoxicillin for the past 5 days for left otitis media. Her temperature is 38.5°C (101.3°F), pulse is 100/min, respirations are
20/min, and blood pressure is 80/60 mm Hg. Examination shows the left ear displaced forward and laterally from the head.
There is edema and tenderness behind the left ear. Otoscopic examination shows a red, dull, left tympanic membrane that
does not move. Which of the following is the most likely diagnosis?

(A) Acoustic neuroma
(B) Labyrinthitis
(C) Lateral sinus thrombosis
(D) Mastoiditis
(E) Rhabdomyosarcoma

40. A 60-year-old man has had painful skin with exfoliation of the skin and mucous membranes for 1 day. He has been taking
allopurinol and probenecid for 2 weeks because of gouty arthritis. There is diffuse exfoliation of the skin with oozing of
serous fluid. The mucous membranes of the mouth are erythematous and exfoliated. There are no target lesions. Which of the
following is the most likely diagnosis?

(A) Bullous pemphigoid
(B) Erythema multiforme
(C) Pemphigus erythematosus
(D) Staphylococcal scalded-skin syndrome
(E) Toxic epidermal necrolysis
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Sample Questions

Block 2 (Questions 41-80)

41. A hospitalized 57-year-old man has had severe progressive pain in his left knee since awakening 2 hours ago. He was
admitted to the hospital 2 days ago for an acute myocardial infarction. Cardiac catheterization showed occlusion of the left
anterior descending artery, and he underwent placement of a stent. Current medications include aspirin, metoprolol, lisinopril,
simvastatin, clopidogrel, and heparin. Vital signs are within normal limits. Examination of the knee shows a large effusion.
The knee is hot to touch and erythematous. He holds the knee in 30 degrees of flexion; the pain is exacerbated with further
flexion or extension. Laboratory studies show:

Hematocrit 40%
Leukocyte count 13,000/mm3

Serum
Ca2+ 9.2 mg/dL
Urea nitrogen 15 mg/dL
Creatinine 1.0 mg/dL
Albumin 3.6 g/dL

An x-ray of the left knee shows calcification of the synovium. Which of the following is the most likely diagnosis?

(A) Deep venous thrombosis
(B) Gonorrhea
(C) Gout
(D) Hemarthrosis
(E) Pseudogout
(F) Septic arthritis

42. A 47-year-old woman with end-stage renal disease comes to the physician because of increased shortness of breath since her
last hemodialysis 2 days ago. Her pulse is 88/min and regular, respirations are 26/min and slightly labored, and blood pressure
is 176/110 mm Hg. Examination shows jugular venous distention and pitting edema below the knees. Diffuse crackles are
heard. Cardiac examination shows no murmurs, rubs, or gallops. Laboratory studies show:

Serum
Na+ 138 mEq/L
Cl− 100 mEq/L

Arterial blood gas analysis on room air:

pH 7.30

PCO2 28 mm Hg
PO2 88 mm Hg
HCO3 − 14 mEq/L

Which of the following is the most likely acid-base status of this patient?

(A) Metabolic acidosis, respiratory compensation
(B) Metabolic acidosis, uncompensated
(C) Metabolic alkalosis, respiratory compensation
(D) Metabolic alkalosis, uncompensated
(E) Respiratory acidosis, renal compensation
(F) Respiratory acidosis, uncompensated
(G) Respiratory alkalosis, renal compensation
(H) Respiratory alkalosis, uncompensated
(I) Normal acid-base balance
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43. A 67-year-old man is brought to the emergency department because of a 1-week history of nausea, generalized weakness, and
malaise. He has congestive heart failure, hypertension, and coronary artery disease. Current medications include lisinopril,
digoxin, isosorbide, spironolactone, and metoprolol. His temperature is 37.2°C (99°F), pulse is 88/min, and blood pressure is
140/90 mm Hg. Examination shows a soft abdomen. There is 2+ edema in the lower extremities. Laboratory studies show:

Hematocrit 36%
Leukocyte count 10,000/mm3

Serum
Na+ 140 mEq/L

K+ 7.3 mEq/L
HCO3 − 18 mEq/L
Urea nitrogen 40 mg/dL
Creatinine 1.8 mg/dL
AST 20 U/L

Urinalysis shows no abnormalities. Which of the following is the most likely explanation for this patient's hyperkalemia?

(A) Adverse effect of medications
(B) Laboratory error
(C) Metabolic acidosis
(D) Renal failure
(E) Rhabdomyolysis

44. A 37-year-old woman with AIDS comes to the physician because of a 1-month history of progressive diarrhea and a 1.8-
kg (4-lb) weight loss. During the past week, she has had six large watery stools daily. She is currently receiving triple
antiretroviral therapy. She is employed as a flight attendant and works regularly on domestic flights throughout the USA. She
also flies to Asia at least once monthly. She is 163 cm (5 ft 4 in) tall and weighs 59 kg (130 lb); BMI is 22 kg/m2. Her
temperature is 37°C (98.6°F), pulse is 88/min, and blood pressure is 112/64 mm Hg. The abdomen is scaphoid. The remainder
of the examination shows no abnormalities. Her CD4+ T-lymphocyte count is 400/mm3 (Normal≥500). Which of the 
following is the most likely causal organism?

(A) Cryptosporidium parvum
(B) Cytomegalovirus
(C) Mycobacterium avium-intracellulare complex
(D) Salmonella enteritidis
(E) Strongyloides stercoralis

45. A previously healthy 19-year-old college student comes to student health services 24 hours after the onset of headache, stiff
neck, and sensitivity to light. She does not recall any sick contacts. She had chickenpox at the age of 7 years. Her most recent
examination 1 year ago included PPD skin testing and showed no abnormalities. She takes a daily multivitamin and an herbal
weight-loss preparation. She received all appropriate immunizations during childhood but has not received any since then.
She does not smoke, drink alcohol, or use illicit drugs. There is no family history of serious illness. She appears lethargic.
Her temperature is 39.1°C (102.4°F), pulse is 112/min, respirations are 20/min, and blood pressure is 100/68 mm Hg.
Examination shows diffuse petechiae. Kernig and Brudzinski signs are present. The remainder of the examination shows no
abnormalities. A lumbar puncture is performed. Cerebrospinal fluid (CSF) analysis shows numerous segmented neutrophils
and a decreased glucose concentration. A Gram stain of the CSF shows gram-negative cocci. Which of the following is the
most appropriate pharmacotherapy?

(A) Ceftriaxone
(B) Clindamycin
(C) Erythromycin
(D) Metronidazole
(E) Vancomycin



2 4

46. A 64-year-old woman comes to the physician because of a 5-month history of increasing shortness of breath, sore throat, and
a cough productive of a small amount of white phlegm. Over the past week, she has had nausea related to excess coughing.
Over the past year, she has had a 3.2-kg (7-lb) weight loss. She has asthma treated with theophylline and inhaled β-adrenergic 
agonists and corticosteroids. She has smoked one pack of cigarettes daily for 44 years and drinks one alcoholic beverage daily.
She appears thin. Examination shows a 2-cm, nontender lymph node in the right supraclavicular area. Examination shows no
other abnormalities. An x-ray of the chest shows a large right lower lobe density. A CT scan of the chest shows a 7.5 x 7.5 x
6-cm right lower lobe mass with some scattered calcifications. The lesion abuts the posterior chest wall without clear invasion.
There are right lower peritracheal, precarinal, right hilar, and subcarinal lymph nodes. There is a 1.5-cm mass in the right
adrenal gland. A biopsy specimen of the lung mass is most likely to show which of the following?

(A) B-cell lymphoma
(B) Lung abscess
(C) Mesothelioma
(D) Metastatic adenocarcinoma of the breast
(E) Multiple endocrine neoplasia
(F) Non-small cell lung carcinoma
(G) Sarcoidosis
(H) Tuberculosis

47. A healthy 4-year-old girl is brought for a well-child examination. A grade 2/6 systolic ejection murmur is heard along the
upper left sternal border. S2 is widely split and does not vary with respiration. A soft mid-diastolic murmur is heard along the
lower left sternal border. Examination shows no other abnormalities. Which of the following is the most likely diagnosis?

(A) Aortic stenosis
(B) Atrial septal defect
(C) Coarctation of the aorta
(D) Mitral valve prolapse
(E) Patent ductus arteriosus
(F) Pulmonary stenosis
(G) Tetralogy of Fallot
(H) Transposition of the great arteries
(I) Ventricular septal defect
(J) Normal heart

48. A previously healthy 47-year-old man comes to the physician because of a 6.8-kg (15-lb) weight loss over the past 6 months.
He spent 2 weeks in Mexico 3 months ago. Since returning, he has noticed that his stools have changed in size and
consistency. He has not had fever, night sweats, or change in appetite. He takes no medications. He has smoked one pack of
cigarettes daily for 20 years. He appears healthy and well nourished. His temperature is 37°C (98.6°F), pulse is 105/min,
respirations are 16/min, and blood pressure is 130/78 mm Hg. Examination shows pale conjunctivae. The abdomen is soft
with no organomegaly. Rectal examination shows a normal prostate with no masses. Test of the stool for occult blood is
positive. Laboratory studies show:

Hemoglobin 11 g/dL

Mean corpuscular volume 72 μm3

Platelet count 300,000/mm3

Red cell distribution width 16% (N=13%–15%)

Which of the following is the most appropriate next step in diagnosis?

(A) Second complete blood count in 3 months
(B) CT scan of the abdomen
(C) Colonoscopy
(D) Esophagogastroduodenoscopy
(E) Sigmoidoscopy



49. A 56-year-old man has had the painful weeping rash shown for 2 days. He underwent chemotherapy for non-Hodgkin
lymphoma 1 year ago. His temperature is 36.7°C (98°F), pulse is 80/min, and blood pressure is 138/76 mm Hg. Examination
shows no other abnormalities. Which of the following is the most likely diagnosis?

(A) Herpes zoster
(B) Impetigo
(C) Pyoderma gangrenosum
(D) Syphilis
(E) Systemic lupus erythematosus

50. A 22-year-old man comes to the physician for a routine health maintenance examination. He feels well. He has had a painless
left scrotal mass since childhood. Examination shows a 6-cm, soft, nontender left scrotal mass that transilluminates; there are
no bowel sounds in the mass. Examination of the testis shows no abnormalities. Which of the following is the most likely
cause of the mass?

(A) Accumulation of scrotal adipose tissue
(B) Cryptorchidism of the left testis
(C) Dilation of the pampiniform plexus of veins around the testis
(D) Persistence of a patent processus vaginalis
(E) Torsion of the left testis

51. A 27-year-old nurse comes to the emergency department because of nervousness, dizziness, palpitations, and excess
perspiration for the past 3 hours. She has had similar episodes over the past 6 months. The symptoms improve following
ingestion of orange juice or soft drinks. She says that she has had a great deal of stress. She has been drinking two alcoholic
beverages daily for the past month; before this time, she seldom drank alcohol. Examination shows no abnormalities. Her
serum glucose concentration is 30 mg/dL. Intravenous glucose is administered, and the patient's symptoms improve. Which of
the following is the most appropriate next step in diagnosis?

(A) Liver tests
(B) Measurement of serum proinsulin and insulin antibodies
(C) Measurement of serum cortisol and ACTH concentrations
(D) Measurement of serum growth hormone and plasma somatomedin-C concentrations
(E) Measurement of serum insulin and C-peptide concentrations
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52. A 38-year-old woman comes to the physician because of a low-grade fever and generalized rash for 4 days. She is currently
receiving cefazolin therapy for chronic osteomyelitis. Her temperature is 38.2°C (100.8°F), blood pressure is 150/108 mm Hg,
and pulse is 100/min. There is a faint diffuse maculopapular rash. Examination of the back shows no costovertebral angle
tenderness. Cardiac and pulmonary examinations show no abnormalities. Laboratory studies show:

Leukocyte count 10,800/mm3

Segmented neutrophils 60%
Bands 8%
Eosinophils 4%
Lymphocytes 20%
Monocytes 8%

Serum
Urea nitrogen 20 mg/dL
Creatinine 1.6 mg/dL

Urine
WBC 12/hpf
RBC 8/hpf
RBC casts none
WBC casts rare

Eosinophils are found in the urine sediment. Which of the following is the most likely explanation for these findings?

(A) Acute tubular necrosis
(B) Fibromuscular dysplasia
(C) Interstitial nephropathy
(D) Polyarteritis nodosa
(E) Pyelonephritis
(F) Wegener's granulomatosis

53. A 25-year-old man is brought to the emergency department after being discovered semiconscious and incoherent at home. On
arrival, he is stuporous. His blood pressure is 105/70 mm Hg, pulse is 80/min, and respirations are 12/min. Examination shows
cool, damp skin. The pupils are pinpoint and react sluggishly to light. Which of the following is the most likely substance
taken?

(A) Alcohol
(B) Barbiturates
(C) Cocaine
(D) Heroin
(E) LSD

54. Three days after hospitalization for diabetic ketoacidosis, an 87-year-old woman refuses insulin injections. She says that her
medical condition has declined so much that she no longer wishes to go on living; she is nearly blind and will likely require
bilateral leg amputations. She reports that she has always been an active person and does not see how her life will be of value
anymore. She has no family and most of her friends are sick or deceased. On mental status examination, she is alert and
cooperative. She accurately describes her medical history and understands the consequences of refusing insulin. There is no
evidence of depression. She dismisses any attempts by the physician to change her mind, saying that the physician is too
young to understand her situation. She says, "I know I will die, and this is what I want." Which of the following is the most
appropriate next step in management?

(A) Discharge the patient after she has signed an "against medical advice" form
(B) Seek a court order to appoint a legal guardian
(C) Offer insulin but allow the patient to refuse it
(D) Admit to the psychiatric unit
(E) Administer insulin against the patient's wishes
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55. A 5-year-old boy is brought to the physician by his mother because of a 2-day history of a low-grade fever, cough, and runny
nose. His temperature is 38°C (100.4°F). Examination findings are consistent with a diagnosis of a common cold. The
physician refers to a randomized, double-blind, placebo-controlled clinical trial that evaluated the effectiveness of a new drug
for the treatment of the common cold. The mean time for resolution of symptoms for patients receiving the new drug was 6.4
days, compared with a mean time of 6.7 days for patients receiving the placebo (p=0.04). Which of the following is the most
appropriate interpretation of these study results?

(A) The findings are clinically and statistically significant
(B) The findings are clinically insignificant but statistically significant
(C) The findings are clinically significant but statistically insignificant
(D) The findings are neither clinically nor statistically significant

56. A 22-year-old man is brought to the emergency department 30 minutes after he sustained a gunshot wound to the abdomen.
His pulse is 120/min, respirations are 28/min, and blood pressure is 70/40 mm Hg. Breath sounds are normal on the right and
decreased on the left. Abdominal examination shows an entrance wound in the left upper quadrant at the midclavicular line
below the left costal margin. There is an exit wound laterally in the left axillary line at the 4th rib. Intravenous fluid
resuscitation is begun. Which of the following is the most appropriate next step in management?

(A) Upright x-ray of the chest
(B) CT scan of the chest
(C) Intubation and mechanical ventilation
(D) Peritoneal lavage
(E) Left tube thoracostomy

57. A 19-year-old man comes to the physician because of a 3-week history of malaise, generalized fatigue, swelling of his legs,
and dark urine. He has no known sick contacts. There is no personal or family history of serious illness. He takes no
medications. His temperature is 37°C (98.6°F), pulse is 82/min, respirations are 14/min, and blood pressure is 152/91
mm Hg. Examination shows 2+ pretibial edema bilaterally. The remainder of the examination shows no abnormalities.
Laboratory studies show:

Hemoglobin 10.4 g/dL

Leukocyte count 5000/mm3

Platelet count 250,000/mm3

Serum
Na+ 135 mEq/L

K+ 4.9 mEq/L
Cl− 101 mEq/L

HCO3 − 19 mEq/L
Urea nitrogen 68 mg/dL
Creatinine 4.6 mg/dL

Urine
Blood 3+
Protein 3+
RBC 5–7/hpf with dysmorphic features
RBC casts numerous

Serum complement concentrations are within the reference ranges. Renal ultrasonography shows no abnormalities. A renal
biopsy specimen shows a crescent formation in the glomeruli and immune complex deposition along the basement membrane.
The most appropriate next step in management is administration of which of the following?

(A) Oral azathioprine
(B) Oral lisinopril
(C) Intravenous fluids
(D) Intravenous furosemide
(E) Intravenous methylprednisolone



2 8

58. A previously healthy 17-year-old girl comes to the physician because of a 2-month history of exercise-induced cough and
nasal congestion. She plays field hockey and has noticed she coughs when running up and down the field. The cough is
nonproductive and resolves with rest. She has not had chest pain or palpitations. She takes no medications and does not smoke.
Her sister has asthma. The patient appears well. Her pulse is 68/min, respirations are 16/min, and blood pressure is 100/75 mm
Hg. Pulse oximetry on room air shows an oxygen saturation of 99%. Cardiopulmonary examination shows no abnormalities.
An x-ray of the chest shows no abnormalities. Spirometry shows an FEV1:FVC ratio of 90% and an FEV1 of 90% of predicted.
Which of the following is the most likely diagnosis?

(A) Asthma
(B) Chronic bronchitis
(C) Gastroesophageal reflux disease
(D) Postnasal drip syndrome
(E) Variable endothoracic upper airway obstruction

59. A 62-year-old white man comes to the physician because of an 8-month history of progressive pain and stiffness of his hands.
The stiffness is worse at the end of the day. He has a 1-year history of fatigue and increased urination. He has no history of
serious illness and takes no medications. His last visit to a physician was 10 years ago. He does not smoke or drink alcohol.
He is 185 cm (6 ft 1 in) tall and weighs 82 kg (180 lb); BMI is 24 kg/m2. His pulse is 84/min, and blood pressure is 136/82
mm Hg. Examination shows dark brown skin. S1 and S2 are normal. An S3 is heard at the apex. There is mild tenderness over
the second and third metacarpophalangeal joints bilaterally without synovial thickening. Heberden nodes are present over the
distal interphalangeal joints of the index and ring fingers bilaterally. Laboratory studies show:

Hemoglobin 16 g/dL

Leukocyte count 7700/mm3

Platelet count 332,000/mm3

Serum
Glucose 182 mg/dL
Albumin 3.4 g/dL
Total bilirubin 1.1 mg/dL
Alkaline phosphatase 52 U/L
AST 55 U/L
ALT 68 U/L
Hepatitis B surface antigen negative
Hepatitis C antibody negative
Rheumatoid factor negative

Which of the following is most likely to have prevented this patient's condition?

(A) Calcium supplementation
(B) Enalapril therapy
(C) Metformin therapy
(D) Methotrexate therapy
(E) Phlebotomy

60. A 32-year-old man who is a jackhammer operator comes to the physician because of pain and swelling of his right arm for 3
days. The symptoms are moderately exacerbated by exertion. Examination of the right upper extremity shows erythema and
moderate edema. Capillary refill time is less than 3 seconds. Which of the following is the most likely diagnosis?

(A) Axillary-subclavian venous thrombosis
(B) Deep venous valvular insufficiency
(C) Superficial thrombophlebitis of the basilic vein
(D) Superior vena cava syndrome
(E) Thoracic outlet syndrome
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61. A 4-year-old boy with asthma becomes limp during treatment with inhaled albuterol in the emergency department. Ten
minutes ago, he received intravenous methylprednisolone for an acute exacerbation, and he was alert and oriented at that
time. He received the diagnosis of asthma 2 years ago and has been admitted to the hospital for acute exacerbations eight
times since then. Current medications include albuterol and montelukast. He appears pale and gasps and moans as he
attempts to breathe. He responds to voice. His temperature is 36°C (96.8°F), pulse is 160/min and thready, respirations are
18/min, and blood pressure is 50/20 mm Hg. The skin is cold to the touch. Pulmonary examination shows poor air movement,
especially on the left. No wheezes are heard. The point of maximal impulse is 2 cm to the left of the midclavicular line in the
sixth intercostal space. A chest x-ray is shown. Which of the following is the most likely underlying cause of this patient's
hypotension?

(A) Adverse effect of albuterol
(B) Adverse effect of methylprednisolone
(C) Atelectasis of the left lung
(D) Decrease in cardiac output
(E) Severe bronchospasm

62. A 62-year-old woman comes to the physician for a routine health maintenance examination. On questioning, she has had
fatigue, constipation, and a 9-kg (20-lb) weight gain during the past year. She receives estrogen replacement therapy. Serum
lipid studies were within the reference range 5 years ago. She is 157 cm (5 ft 2 in) tall and weighs 77 kg (170 lb); BMI is 31
kg/m2. Physical examination shows no other abnormalities. Serum lipid studies today show:

Total cholesterol 269 mg/dL
HDL-cholesterol 48 mg/dL
LDL-cholesterol 185 mg/dL

Triglycerides 180 mg/dL

Which of the following is the most likely cause?

(A) Alcohol
(B) Diabetes mellitus
(C) Estrogen deficiency
(D) Estrogen replacement therapy
(E) Hypothyroidism
(F) Thiazide diuretic therapy
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63. A previously healthy 32-year-old man is brought to the emergency department after being found unconscious on the floor at
his workplace. On arrival, he is obtunded. He is intubated and mechanical ventilation is begun. Examination shows flaccid
paralysis on the right. A CT scan of the head shows a large evolving cerebral infarction on the left. Carotid duplex
ultrasonography shows dissection of the left carotid artery. After receiving intensive medical care for 6 hours, the patient
develops decerebrate posturing and becomes hemodynamically unstable. Vasopressor therapy is begun. A second CT scan of
the head shows a massive left hemispheric cerebral infarction with severe edema and herniation. The physician determines
that surgical intervention is not indicated because of the patient's poor prognosis. The patient's driver's license indicates that he
wishes to be an organ donor. The physician meets with the patient's family and informs them about the patient's prognosis, and
they are devastated. During the meeting, they say that they were unaware of his willingness to be an organ donor and agree
that he should not receive cardiopulmonary resuscitation. Which of the following is the most appropriate next step with
respect to organ donation?

(A) Arrange for the regional organ procurement organization to address the issue with the patient's family
(B) Delay further consideration of the issue until after 24 hours of aggressive care
(C) Delay further consideration of the issue until the family seems ready
(D) Initiate organ donation at this time

64. A 6-year-old boy is brought to the emergency department 2 hours after injuring his arm when he fell out of a tree. His mother
says that he is extremely active and likes to climb. During the past year, he fractured his right tibia after falling off a
trampoline and sustained a concussion after falling off his bicycle. She says that his teachers reprimand him frequently for
running wildly in the classroom, talking excessively, and getting out of his seat; he often forgets to turn in his homework.
His parents are currently divorcing. His father has a history of illicit drug use. The patient is at the 50th percentile for height
and weight. His pulse is 80/min, and blood pressure is 100/80 mm Hg. Physical examination shows a dislocated left shoulder,
healing abrasions over the elbows, and ecchymoses in various stages of healing over the knees. Mental status examination
shows a neutral affect. He says that he likes to run and climb trees. Which of the following is the most likely explanation for
these findings?

(A) Attention-deficit/hyperactivity disorder
(B) Conduct disorder
(C) Learning disorder
(D) Seizure disorder
(E) Age-appropriate behavior

65. A previously healthy 18-year-old man is brought to the emergency department because of abdominal pain and nausea for 6
hours. He has had decreased appetite for the past week. He takes no medications. He drinks one to two beers daily and
occasionally more on weekends. He does not use illicit drugs. His temperature is 37.8°C (100°F), pulse is 120/min,
respirations are 24/min, and blood pressure is 105/60 mm Hg. Abdominal examination shows diffuse tenderness with no
guarding or rebound. Bowel sounds are normal. Laboratory studies show:

Serum
Na+ 135 mEq/L
Cl− 98 mEq/L

K+ 3.8 mEq/L
HCO3 − 16 mEq/L
Glucose 360 mg/dL
Ketones present

Urine ketones present

Arterial blood gas analysis on room air shows a pH of 7.30. Which of the following is the most likely diagnosis?

(A) Acute appendicitis
(B) Acute pancreatitis
(C) Alcoholic ketoacidosis
(D) Diabetic ketoacidosis
(E) Lactic acidosis
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66. A 42-year-old woman comes to the physician because of a 1-year history of vaginal bleeding for 2 to 5 days every 2 weeks.
The flow varies from light to heavy with passage of clots. Menses previously occurred at regular 25- to 29-day intervals and
lasted for 5 days with normal flow. She has no history of serious illness and takes no medications. She is sexually active with
one male partner, and they use condoms inconsistently. Her mother died of colon cancer, and her maternal grandmother died
of breast cancer. She is 163 cm (5 ft 4 in) tall and weighs 77 kg (170 lb); BMI is 29 kg/m2. Her temperature is 36.6°C (97.8°F),
pulse is 90/min, respirations are 12/min, and blood pressure is 100/60 mm Hg. The uterus is normal sized. The ovaries cannot
be palpated. The remainder of the examination shows no abnormalities. Test of the stool for occult blood is negative. Which
of the following is the most appropriate next step in diagnosis?

(A) Barium enema
(B) Progesterone challenge test
(C) Colposcopy
(D) Cystoscopy
(E) Endometrial biopsy

67. A 15-year-old boy is brought to the physician because of fatigue since starting his freshman year of high school 3 months
ago. He often falls asleep during class. He urinates four to five times nightly and often has difficulty falling asleep again. He
has no history of serious illness and takes no medications. He is at the 20th percentile for height and above the 95th percentile
for weight and BMI. Vital signs are within normal limits. Examination shows a velvety, hyperpigmented, macular rash over
the neck and axillae. The remainder of the examination shows no abnormalities. Results of a complete blood count and serum
electrolyte concentrations show no abnormalities. Additional laboratory studies show:

Serum glucose 134 mg/dL
Urine

pH 5.5
Specific gravity 1.028
Glucose 1+
Ketones negative

In addition to dietary counseling, which of the following is the most appropriate initial treatment?

(A) Exercise program
(B) Increased fluid intake
(C) Cyclosporine therapy
(D) Insulin therapy
(E) Oral hypoglycemic agent

68. A 5-year-old girl is brought to the physician by her parents for evaluation of recurrent injuries. Her parents say that she
started walking at the age of 14 months and since then has always seemed clumsier and had more injuries than other children.
She has had increasingly frequent chest pain with exertion since starting a soccer program 3 months ago. She usually has pain
or swelling of her knees or ankles after practice. She has been wearing glasses for 2 years. Her 16-year-old brother has required
two operations for a severe rotator cuff injury he sustained while taking a shower, and she has a maternal cousin who died of a
ruptured aortic aneurysm at the age of 26 years. Today, the patient walks with a limp. She is at the 99th percentile for height and
50th percentile for weight. A midsystolic click is heard at the apex. The left ankle is swollen and tender; range of motion is
limited by pain. The joints of the upper and lower extremities are hypermobile, including 25 degrees of genu recurvatum,
thumbs that may be extended to touch the forearms, and flexibility at the waist, with palms easily touching the floor with
straight knees. Which of the following is the most appropriate next step in diagnosis?

(A) Skeletal survey
(B) Echocardiography
(C) Bone scan
(D) MRI of the shoulder
(E) Aortic angiography
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69. A 35-year-old woman comes to the physician because of two 12-hour episodes of dizziness over the past 3 months. During
episodes, she experiences the acute onset of rotatory vertigo and imbalance, decreased hearing, tinnitus, a sense of fullness of
the right ear, and vomiting. Examination shows a mild hearing loss of the right ear. Which of the following is the most likely
diagnosis?

(A) Acoustic neuroma
(B) Benign positional vertigo
(C) Brain stem transient ischemic attacks
(D) Meniere's disease
(E) Viral labyrinthitis

70. A previously healthy 15-year-old boy is brought to the emergency department in August 1 hour after the onset of headache,
dizziness, nausea, and one episode of vomiting. His symptoms began during the first hour of full-contact football practice in
full uniform. He reported feeling weak and faint but did not lose consciousness. He vomited once after drinking water. On
arrival, he is diaphoretic. He is not oriented to person, place, or time. His temperature is 39.5°C (103.1°F), pulse is 120/min,
respirations are 40/min, and blood pressure is 90/65 mm Hg. Examination, including neurologic examination, shows no other
abnormalities. Which of the following is the most appropriate next step in management?

(A) Obtain a CT scan of the head
(B) Administer sodium chloride tablets
(C) Administer intravenous fluids
(D) Immerse the patient in an ice water bath
(E) Obtain a lumbar puncture

71. A 27-year-old man comes to the physician for a routine health maintenance examination. He says he feels well and has not
had any problems. He has no history of serious illness. He occasionally takes acetaminophen for headaches. His brother had
kidney failure at the age of 32 years. There is no family history of liver disease. The patient does not smoke. He occasionally
drinks a beer or a glass of wine. He has never used intravenous illicit drugs. He has had 10 lifetime male sexual partners and
uses condoms consistently. He has been in a monogamous relationship for the past 3 years. His temperature is 37°C (98.6°F),
pulse is 72/min, and blood pressure is 118/70 mm Hg. Examination shows no abnormalities except for mild scleral icterus.
Laboratory studies show:

Hematocrit 44%

Leukocyte count 5000/mm3

Prothrombin time 11 sec (INR=1)
Serum

Na+ 141 mEq/L

K+ 4.2 mEq/L
Cl− 104 mEq/L

HCO3 − 24 mEq/L
Urea nitrogen 14 mg/dL
Creatinine 0.8 mg/dL
Bilirubin, total 3.0 mg/dL

Direct 0.2 mg/dL
AST 14 U/L
ALT 15 U/L

Serologic testing for hepatitis A and B is negative. Abdominal ultrasonography shows no abnormalities. Which of the
following is the most likely cause of these findings?

(A) Decreased conjugation of bilirubin
(B) Decreased excretion of bilirubin by hepatocytes
(C) Decreased intracellular storage of bilirubin
(D) Delayed uptake of bilirubin
(E) Hemolysis
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72. A 52-year-old woman has had dyspnea and hemoptysis for 1 month. She has a history of rheumatic fever as a child and has
had a cardiac murmur since early adulthood. Her temperature is 36.7°C (98°F), pulse is 130/min and irregularly irregular,
respirations are 20/min, and blood pressure is 98/60 mm Hg. Jugular venous pressure is not increased. Bilateral crackles are
heard at the lung bases. There is an opening snap followed by a low-pitched diastolic murmur at the third left intercostal
space. An x-ray of the chest shows left atrial enlargement, a straight left cardiac border, and pulmonary venous engorgement.
Which of the following is the most likely explanation for these findings?

(A) Aortic valve insufficiency
(B) Aortic valve stenosis
(C) Mitral valve insufficiency
(D) Mitral valve stenosis
(E) Tricuspid valve insufficiency

73. A 21-year-old woman comes to the physician for preconceptional advice. She is recently married and would like to conceive
within the next year. She does not eat meat, fish, or dairy products and wishes to decrease the risks of her diet on her baby.
Menses occur at regular 28-day intervals and last 5 days. She does not smoke or drink alcohol. She takes no medications. She
is 157 cm (5 ft 2 in) tall and weighs 50 kg (110 lb); BMI is 20 kg/m2. Physical examination shows no abnormalities. Pelvic
examination shows a normal appearing vagina, cervix, uterus, and adnexa. Which of the following is most likely to decrease
the risk of fetal anomalies in this patient?

(A) Adjusting diet to include more sources of protein during the first trimester
(B) Beginning folic acid supplementation prior to conception
(C) Calcium supplementation during the first trimester
(D) Iron supplementation during the first trimester
(E) Soy protein shakes throughout pregnancy and lactation

74. A 55-year-old man has had crushing substernal chest pain on exertion over the past 6 weeks. He had a myocardial infarction
2 months ago. He takes nitroglycerin as needed and one aspirin daily. He has smoked two packs of cigarettes daily for 30
years. Examination shows normal heart sounds and no carotid or femoral bruits. Treatment with a β-adrenergic blocking 
agent is most likely to improve his symptoms due to which of the following mechanisms?

(A) Decreasing myocardial contractility
(B) Dilating the coronary arteries
(C) Peripheral vasodilation
(D) Preventing fibrin and platelet plugs

75. A 72-year-old woman with advanced ovarian cancer metastatic to the liver is brought to the physician by her son because she
cries all the time and will not get out of bed. On a 10-point scale, she rates the pain as a 1 to 2. She also has hypertension and
major depressive disorder. She has received chemotherapy for 2 years. Current medications also include oxycodone (10 mg
twice daily), hydrochlorothiazide (25 mg/d), and fluoxetine (20 mg/d). She is 165 cm (5 ft 5 in) tall and weighs 66 kg (145 lb);
BMI is 24 kg/m2. Her temperature is 37°C (98.6°F), pulse is 110/min, respirations are 12/min, and blood pressure is 120/80
mm Hg. Examination shows a firm, distended abdomen with moderate tenderness over the liver. On mental status
examination, she is oriented to person, place, and time. She has good eye contact but appears sad and cries easily. Which of
the following is the most appropriate next step in management?

(A) Reassurance
(B) Assess for suicidal ideation
(C) Begin dextroamphetamine therapy
(D) Increase oxycodone dosage
(E) Restart chemotherapy



76. An obese 33-year-old woman has had four 12-hour episodes of severe, sharp, penetrating pain in the right upper quadrant of
the abdomen associated with vomiting but no fever. She has no diarrhea, dysuria, or jaundice and is asymptomatic between
episodes. There is slight tenderness to deep palpation in the right upper quadrant. Which of the following is the most
appropriate next step in diagnosis?

(A) Supine and erect x-rays of the abdomen
(B) Upper gastrointestinal series
(C) Ultrasonography of the upper abdomen
(D) CT scan of the abdomen
(E) HIDA scan of the biliary tract

77. A previously healthy 24-year-old woman comes to the physician because of a low-grade fever and a nonproductive cough for
7 days. She has been able to continue her daily activities. Her temperature is 37.7°C (99.9°F). A few scattered inspiratory
crackles are heard in the thorax. An x-ray of the chest shows patchy infiltrates in both lungs. Which of the following is the
most appropriate initial pharmacotherapy?

(A) Amoxicillin
(B) Cefaclor
(C) Ciprofloxacin
(D) Erythromycin
(E) Trimethoprim-sulfamethoxazole

78. For 8 weeks, a 52-year-old man with a 5-year history of type 2 diabetes mellitus has had deep burning pain in the ball of his
right foot and big toe when the foot is raised above chest concentration. He also has cramping in his right calf when he walks
more than 50 feet. He has smoked two packs of cigarettes daily for 30 years. Femoral pulses are palpable; pedal pulses are
absent. Which of the following is the most likely diagnosis?

(A) Aortoiliac stenosis
(B) Femoral popliteal stenosis
(C) Mononeuropathy
(D) Vasculitis
(E) Venous stasis

79. An 18-year-old primigravid woman comes for her initial prenatal visit at 16 weeks' gestation. She is not sure about the date of
her last menstrual period but says that the pregnancy probably occurred immediately after she stopped taking oral
contraceptives 5 months ago. Maternal serum α-fetoprotein (MSAFP) concentration is increased to 3 multiples of the median. 
Which of the following is the most appropriate next step in management?

(A) Repeat measurement of MSAFP concentration
(B) Triple screening for MSAFP, serum β-hCG, and serum estriol concentrations 
(C) Ultrasonography
(D) Amniocentesis for measurement of α-fetoprotein concentration 
(E) Amniocentesis for chromosomal analysis

80. Five years after being shot in the right thigh, a 21-year-old man comes to the emergency department because of a buzzing
sensation adjacent to the scar. At the time of the initial wound, he was discharged after 6 hours of observation with no
fractures or soft-tissue swelling. A loud murmur is heard on auscultation; there is a thrill. He has dilated varicose veins with
incompetent valves in the lower leg. Which of the following is the most likely diagnosis?

(A) Arterial spasm
(B) Arteriovenous fistula
(C) Deep venous thrombosis
(D) Occlusion of the superficial femoral artery
(E) Pseudoaneurysm
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Sample Questions

Block 3 (Questions 81-120)

81. An 82-year-old woman with a 20-year history of urinary incontinence has had a mild exacerbation of her symptoms over the
past 3 months. Urine loss generally occurs when she is carrying out daily activities such as shopping or driving and is not
affected by coughing or sneezing. She underwent appendectomy at the age of 24 years. She has one daughter. She takes no
medications. Pelvic examination shows an atrophic cervix without a palpable uterus or an adnexal mass. Laboratory studies
show:

Hemoglobin 13 g/dL
Serum

Na+ 140 mEq/L
Cl− 105 mEq/L

K+ 4.5 mEq/L
HCO3 − 25 mEq/L
Urea nitrogen 15 mg/dL
Glucose 120 mg/dL
Creatinine 1.1 mg/dL

Urine
Epithelial cells 5–10
Glucose negative
WBC 0–1/hpf
Bacteria occasional

Which of the following is the most likely cause of this patient's urinary incontinence?

(A) Detrusor instability
(B) Hyperglycemia
(C) Neurogenic bladder
(D) Obstructive uropathy
(E) Urinary tract infection

82. A 37-year-old man comes to the physician because of nonradiating low back pain for 3 days. The pain began after he worked
in his yard. He has not had any change in bowel movements or urination. He had one similar episode 3 years ago that resolved
spontaneously. Vital signs are within normal limits. Examination of the back shows bilateral paravertebral muscle spasm.
Range of motion is limited by pain. Straight-leg raising is negative. In addition to analgesia, which of the following is the
most appropriate next step in management?

(A) Bed rest
(B) Regular activity
(C) X-rays of the spine
(D) MRI of the spine
(E) Lumbar spine traction

83. A 19-year-old woman noticed a mass in her left breast 2 weeks ago while doing monthly breast self-examination. Her mother
died of metastatic breast cancer at the age of 40 years. Examination shows large dense breasts; a 2-cm, firm, mobile mass is
palpated in the upper outer quadrant of the left breast. There are no changes in the skin or nipple, and there is no palpable
axillary adenopathy. Which of the following is the most likely diagnosis?

(A) Fibroadenoma
(B) Fibrocystic changes of the breast
(C) Infiltrating ductal carcinoma
(D) Intraductal papilloma
(E) Lobular carcinoma
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84. A 67-year-old woman comes to the physician 1 month after noticing a nontender nodule on the back of her left hand. She
initially thought it was an insect bite, but it has grown in size over the past week. It bleeds when she picks at it. She has no
history of serious illness. She lives in a retirement community in Florida and frequently plays golf and tennis. Examination of
the dorsum of the left hand shows a 2.5-cm lesion. Photographs of the lesion are shown. Which of the following is the most
appropriate next step in management?

(A) Observation
(B) Topical application of fluorouracil
(C) Sentinel lymph node biopsy
(D) Cryosurgery
(E) Excision of the lesion

85. A 2-week-old newborn is brought to the physician because his lips have turned blue on three occasions during feeding; he
also sweats during feeding. He was born at 38 weeks' gestation and weighed 2466 g (5 lb 7 oz); he currently weighs
2778 g (6 lb 2 oz). His temperature is 37.8°C (100°F), pulse is 170/min, respirations are 44/min, and blood pressure is
75/45 mm Hg. A grade 3/6 harsh systolic ejection murmur is heard at the left upper sternal border. An x-ray of the
chest shows a small boot-shaped heart and decreased pulmonary vascular markings. Which of the following is the most
likely diagnosis?

(A) Anomalous coronary vessels
(B) Atrial septal defect
(C) Endocardial fibroelastosis
(D) Tetralogy of Fallot
(E) Total anomalous pulmonary venous return

86. A 15-year-old girl is brought to the physician 3 months after she had a blood pressure of 150/95 mm Hg at a routine
examination prior to participation in school sports. She is asymptomatic and has no history of serious illness. Twelve months
ago, she was diagnosed with a urinary tract infection and treated with oral trimethoprim-sulfamethoxazole. She currently takes
no medications. Subsequent blood pressure measurements on three separate occasions since the last visit have been: 155/94
mm Hg, 145/90 mm Hg, and 150/92 mm Hg. She is at the 50th percentile for height and 95th percentile for weight. Her blood
pressure today is 150/90 mm Hg confirmed by a second measurement, pulse is 80/min, and respirations are 12/min.
Examination shows no other abnormalities. Her hematocrit is 40%. Urinalysis is within normal limits. Cardiac and renal
ultrasonography shows no abnormalities. Which of the following is the most appropriate next step in management?

(A) Exercise and weight reduction program
(B) Measurement of urine catecholamine concentrations
(C) Measurement of urine corticosteroid concentrations
(D) Captopril therapy
(E) Hydrochlorothiazide therapy
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87. A 27-year-old woman, gravida 2, para 1, at 12 weeks' gestation comes to the physician for a prenatal visit. She feels well.
Pregnancy and delivery of her first child were uncomplicated. Medications include folic acid and a multivitamin. Her
temperature is 37.2°C (99°F), and blood pressure is 108/60 mm Hg. Pelvic examination shows a uterus consistent in size with
a 12-week gestation. Urine dipstick shows leukocyte esterase; urinalysis shows WBCs and rare gram-negative rods. Which of
the following is the most appropriate next step in management?

(A) Recommend drinking 8 oz of cranberry juice daily
(B) Oral amoxicillin therapy
(C) Oral metronidazole therapy
(D) Intravenous cefazolin therapy
(E) Intravenous pyelography
(F) Cystoscopy

88. A 47-year-old man comes to the physician 12 hours after the sudden onset of a severe occipital headache and stiff neck. He
has not had any other symptoms and has no history of severe headache. He has hypertension and gastroesophageal reflux
disease. Current medications include hydrochlorothiazide and ranitidine. He is oriented to person, place, and time. His
temperature is 36.7°C (98.1°F), pulse is 100/min, and blood pressure is 160/90 mm Hg. Range of motion of the neck is
decreased due to pain. Neurologic examination shows no focal findings. Which of the following is the most likely diagnosis?

(A) Cluster headache
(B) Meningitis
(C) Migraine
(D) Subarachnoid hemorrhage
(E) Tension-type headache

89. A 72-year-old man comes to the physician because of a 7-month history of leg weakness and dry eyes and mouth. He also
has had a 10.4-kg (23-lb) weight loss over the past 4 months despite no change in appetite. He has smoked one and a half
packs of cigarettes daily for 50 years. He drinks 4 oz of alcohol daily. He has peptic ulcer disease and emphysema.
Medications include cimetidine, theophylline, and low-dose prednisone. Examination shows mild ptosis. He has a barrel-
shaped chest. Breath sounds are distant. There is moderate weakness of proximal muscles of the lower extremities. Reflexes
are absent. He has difficulty rising from a chair. Sensory examination shows no abnormalities. An x-ray shows a
hyperinflated chest and a 3 x 4-cm mass in the right hilum. His neurologic findings are most likely due to a lesion involving
which of the following?

(A) Muscle membrane
(B) Parasympathetic nervous system
(C) Peripheral nerve
(D) Presynaptic neuromuscular junction
(E) Sympathetic nervous system

90. A 65-year-old man who is quadriplegic as a result of multiple sclerosis is hospitalized for treatment of left lower lobe
pneumonia. His temperature is 38.1°C (100.5°F), pulse is 95/min, respirations are 12/min, and blood pressure is 120/80 mm
Hg. He appears malnourished. Rhonchi are heard at the left lower lobe of the lung on auscultation. Examination of the heart,
lymph nodes, abdomen, and extremities shows no abnormalities. There is a 1-cm area of erythema over the sacrum with
intact skin and no induration. Neurologic examination shows quadriparesis. Test of the stool for occult blood is negative.
Which of the following is the most effective intervention for this patient's skin lesion?

(A) Frequent turning
(B) Use of wet to dry dressings
(C) Whirlpool therapy
(D) Broad-spectrum antibiotic therapy
(E) Surgical debridement



91. A 45-year-old woman has a 2-week history of increased anxiety, abdominal discomfort, irritability, and difficulty
concentrating; she was robbed at knifepoint in a parking lot 3 weeks ago. She takes levothyroxine for hypothyroidism and
uses an over-the-counter inhaler as needed for exercise-induced asthma. Her blood pressure is 140/80 mm Hg, and pulse is
100/min. Examination shows dry skin and hair. She is cooperative but appears anxious, glancing around quickly when a loud
noise is heard outside the office. Leukocyte count is 12,000/mm3, and serum thyroid-stimulating hormone concentration is
5.0 μU/mL. An ECG shows sinus tachycardia. Which of the following is the most likely diagnosis? 

(A) Acute stress disorder
(B) Agoraphobia
(C) Generalized anxiety disorder
(D) Hypothyroidism
(E) Panic disorder

92. An 87-year-old woman is brought to the physician by her son because of progressive memory loss over the past 2 years. Her
son says that she repeats herself frequently and has been forgetting to take her routine medications. She takes
hydrochlorothiazide for mild systolic hypertension and levothyroxine for hypothyroidism. She had vulvar cancer 10 years
ago treated with wide excision. Her blood pressure is 138/78 mm Hg. Physical examination is within normal limits for her
age. Mini-Mental State Examination score is 23/30. Laboratory studies, including serum vitamin B12 (cyanocobalamin),
thyroxine (T4), and thyroid-stimulating hormone concentrations, are within normal limits. A CT scan of the head shows mild
volume loss. Which of the following is the most appropriate pharmacotherapy?

(A) β-Adrenergic agonist 
(B) Cholinesterase inhibitor
(C) Dopamine agonist
(D) Prednisone
(E) Selective serotonin reuptake inhibitor

93. A 37-year-old woman, gravida 5, para 4, at 34 weeks' gestation comes to the emergency department because of vaginal
bleeding for 2 hours. She has had no prenatal care. Her second child was delivered by lower segment transverse cesarean
section because of a nonreassuring fetal heart rate; her other three children were delivered vaginally. Her pulse is 92/min,
respirations are 18/min, and blood pressure is 134/76 mm Hg. The abdomen is nontender, and no contractions are felt. There
is blood on the vulva, the introitus, and on the medial aspect of each thigh. The fetus is in a transverse lie presentation. The
fetal heart rate is 144/min. Which of the following is the most likely diagnosis?

(A) Abruptio placentae
(B) Amniotic fluid embolism
(C) Latent phase of labor
(D) Placenta previa
(E) Ruptured uterus
(F) Ruptured vasa previa

94. A previously healthy 14-year-old girl is brought to the physician because of a 2-day history of fever and pain and swelling of
the right knee. She remembers injuring the knee while playing soccer last week, but she was able to finish the game. She has
no history of rash or joint pain. Her sister has inflammatory bowel disease. The patient's temperature is 39°C (102.2°F), blood
pressure is 110/80 mm Hg, pulse is 95/min, and respirations are 20/min. Examination of the right knee shows swelling,
tenderness, warmth, and erythema; range of motion is limited. Which of the following is the most appropriate next step in
management?

(A) X-ray of the right knee
(B) Gastrointestinal series with small-bowel follow-through
(C) Nuclear scan of the right knee
(D) MRI of the right knee
(E) Antibiotic therapy
(F) Arthrocentesis
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95. A 77-year-old man is brought to the physician because of a 12-hour history of word-finding difficulty and weakness and
sensory loss of the right arm and leg. He has no history of similar symptoms. He has type 2 diabetes mellitus, hypertension,
and atrial fibrillation. Current medications include metformin, lisinopril, and aspirin. He is alert. His pulse is 80/min and
irregular, respirations are 16/min, and blood pressure is 170/90 mm Hg. He follows commands but has nonfluent aphasia.
There is moderate weakness and decreased sensation of the right upper and lower extremities. Deep tendon reflexes are 2+
bilaterally. Babinski sign is present on the right. His serum glucose concentration is 162 mg/dL. Which of the following is the
most appropriate next step in diagnosis?

(A) Carotid duplex ultrasonography
(B) CT scan of the head
(C) EEG
(D) Lumbar puncture
(E) Cerebral angiography

96. A 62-year-old man comes to the physician because of a 2-month history of progressive fatigue and ankle swelling. He had an
anterior myocardial infarction 3 years ago and has had shortness of breath with mild exertion since then. Current medications
include labetalol and daily aspirin. He has smoked one-half pack of cigarettes daily for 30 years. His pulse is 100/min and
regular, respirations are 20/min, and blood pressure is 130/75 mm Hg. There are jugular venous pulsations 5 cm above the
sternal angle. Crackles are heard at both lung bases. Cardiac examination shows an S3 gallop. There is edema from the
midtibia to the ankle bilaterally. Further evaluation of this patient is most likely to show which of the following findings?

(A) Decreased pulmonary capillary wedge pressure
(B) Impaired contractility of the left ventricle
(C) Prolapse of the mitral valve
(D) Thrombosis of the superior vena cava
(E) Ventricular septal defect

97. A 19-year-old college student comes to the physician because of vaginal irritation and pain with urination for 5 days. Two
weeks ago, she had streptococcal pharyngitis treated with amoxicillin. She has been sexually active with two partners over the
past year; she uses condoms for contraception. Her last menstrual period was 1 week ago. Her temperature is 37.2°C (99°F),
and blood pressure is 90/60 mm Hg. Pelvic examination shows erythema of the vulva and vagina and a thick white vaginal
discharge. The pH of the discharge is 4. Which of the following is the most likely cause of these findings?

(A) Bacterial vaginosis
(B) Candidiasis
(C) Chlamydia trachomatis infection
(D) Escherichia coli infection
(E) Neisseria gonorrhoeae infection
(F) Trichomoniasis

98. A 67-year-old woman comes to the physician because of easy bruising for 4 months. She has a history of lung cancer treated
with radiation therapy 6 months ago. She has a 2-year history of hypertension treated with a thiazide diuretic and an
angiotensin-converting enzyme (ACE) inhibitor. Examination, including neurologic examination, shows no abnormalities
except for multiple ecchymoses. Her hemoglobin concentration is 13 g/dL, leukocyte count is 5000/mm3, and platelet count is
35,000/mm3. A serum antiplatelet antibody assay is negative. Which of the following is the most appropriate next step in
diagnosis?

(A) Bone scan
(B) CT scan of the abdomen
(C) CT scan of the chest
(D) Bronchoscopy
(E) Bone marrow aspiration
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99. A 65-year-old woman has a 6-month history of progressive irritability, palpitations, heat intolerance, frequent bowel
movements, and a 6.8-kg (15-lb) weight loss. She has had a neck mass for more than 10 years. 131I scan shows an enlarged
thyroid gland with multiple areas of increased and decreased uptake. Which of the following is the most likely diagnosis?

(A) Defect in thyroxine (T4) biosynthesis
(B) Graves' disease
(C) Multinodular goiter
(D) Riedel's thyroiditis
(E) Thyroid carcinoma
(F) Thyroiditis
(G) Toxic adenoma
(H) Triiodothyronine (T3) thyrotoxicosis

100. A 52-year-old man comes to the physician with his wife because of a 1-year history of excessive daytime sleepiness. He does
not think the symptoms are problematic, but his wife is concerned because he sometimes falls asleep on the sofa early in the
evening when guests are present. He also once fell asleep while driving at night and drove off the road, narrowly avoiding
injury. His wife says that he has always snored loudly, and over the past year, he has had episodes of choking or gasping for
breath while sleeping. He is 178 cm (5 ft 10 in) tall and weighs 105 kg (231 lb); BMI is 33 kg/m2. His pulse is 76/min,
respirations are 14/min, and blood pressure is 150/76 mm Hg. Physical and neurologic examinations show no other
abnormalities. Which of the following is most likely to confirm the diagnosis?

(A) 24-Hour ambulatory ECG monitoring
(B) Multiple sleep latency test
(C) Polysomnography
(D) CT scan of the head
(E) Laryngoscopy

101. A 22-year-old woman comes to the physician in October for a follow-up examination. She feels well. She has a 2-year history
of type 1 diabetes mellitus controlled with insulin. She had a normal Pap smear 3 months ago and saw her ophthalmologist 6
months ago. Her 67-year-old grandmother has breast cancer. She is 168 cm (5 ft 6 in) tall and weighs 57 kg (125 lb); BMI is
20 kg/m2. Her hemoglobin A1c is 6.2%, and fingerstick blood glucose concentration is 118 mg/dL. Which of the following
health maintenance recommendations is most appropriate at this time?

(A) Begin running for exercise
(B) Dietary modification for weight loss
(C) Human papillomavirus testing
(D) Mammography
(E) Influenza virus vaccine
(F) Supplementation with vitamins C and D

102. A 47-year-old woman comes to the physician because of persistent nonproductive cough for 6 weeks. She has not had fever or
weight loss. She has hypertension treated with enalapril for the past 3 months. She does not smoke. There is no history of lung
disease. She weighs 54 kg (120 lb) and is 163 cm (64 in) tall. Her temperature is 37°C (98.6°F), blood pressure is 130/80 mm
Hg, pulse is 70/min, and respirations are 12/min. Examination and an x-ray of the chest show no abnormalities. Which of the
following is the most likely mechanism of this patient's cough?

(A) Decreased plasma renin activity
(B) Decreased serum angiotensin II concentrations
(C) Increased serum angiotensin I concentrations
(D) Increased serum bradykinin concentrations
(E) Increased serum histamine concentrations



103. A 42-year-old woman comes to the physician because of an 8-week history of intermittent nausea and abdominal pain that
occurs 20 to 30 minutes after eating. The pain extends from the epigastrium to the right upper quadrant and is sometimes felt
in the right scapula; it lasts about 30 minutes and is not relieved by antacids. The last episode occurred after she ate a
hamburger and french fries. She has not had vomiting. She is currently asymptomatic. She is 165 cm (5 ft 5 in) tall and
weighs 104 kg (230 lb); BMI is 38 kg/m2. Examination shows no other abnormalities. Which of the following is the most
appropriate next step in management?

(A) Abdominal ultrasonography of the right upper quadrant
(B) Upper gastrointestinal series with small bowel follow-through
(C) CT scan of the abdomen
(D) Endoscopic retrograde cholangiopancreatography
(E) Elective cholecystectomy
(F) Immediate cholecystectomy

104. A 4-year-old boy is brought for a follow-up examination. He has a history of chronic recurrent otitis media and recently
completed a 10-day course of antibiotics. His vital signs are within normal limits. Examination shows clear ear canals and
intact tympanic membranes; a brown, irregular mass is visualized behind the tympanic membrane. Which of the following is
the most likely explanation for these findings?

(A) Epithelial tissue proliferation
(B) Lingual papillae loss
(C) Middle ear effusion
(D) Midface hypoplasia
(E) Nerve entrapment
(F) Olfactory hair cell degeneration
(G) Semicircular canal edema
(H) Tympanic membrane rupture

105. A 67-year-old woman has had fatigue, dry skin, brittle hair, swelling of the ankles, and cold intolerance for 1 year; she has
gained 9 kg (20 lb) during this period. Her pulse is 55/min, and blood pressure is 150/90 mm Hg. She appears lethargic.
Examination shows dry skin and a nontender thyroid gland that is enlarged to two times its normal size. There is mild edema
of the ankles bilaterally. The relaxation phase of the Achilles reflex is greatly prolonged. Which of the following is the most
likely diagnosis?

(A) Chronic lymphocytic thyroiditis (Hashimoto disease)
(B) Defect in thyroxine (T4) biosynthesis
(C) Graves disease
(D) Multinodular goiter
(E) Riedel thyroiditis
(F) Thyroid cyst
(G) Thyroid lymphoma
(H) Thyroiditis

106. A 10-year-old boy is brought for a follow-up examination 2 days after he was seen in the emergency department because of
hives, hoarseness, and light-headedness. His symptoms began 15 minutes after he was stung by a bee and lasted
approximately 60 minutes; they resolved before he was treated. He has been stung by bees three times over the past year, and
each reaction has been more severe. Examination shows no abnormalities. Which of the following is the most appropriate
recommendation to prevent future morbidity and mortality from this condition?

(A) Avoid areas known to have bees
(B) Avoid wearing colorful clothing outside
(C) Carrying diphenhydramine tablets
(D) Carrying self-injectable epinephrine
(E) Seek immediate medical attention following any future sting
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107. A previously healthy 17-year-old girl comes to the emergency department because of a 5-day history of progressive lower
abdominal pain, fever, and malodorous vaginal discharge. Menarche was at the age of 12 years, and her last menstrual period
was 2 weeks ago. She is sexually active with one male partner and uses a combination contraceptive patch. Her temperature
is 37.8°C (100°F), pulse is 90/min, respirations are 22/min, and blood pressure is 110/70 mm Hg. Abdominal examination
shows severe lower quadrant tenderness bilaterally. Pelvic examination shows a purulent cervical discharge, cervical motion
tenderness, and bilateral adnexal tenderness. Her hemoglobin concentration is 10.5 g/dL, leukocyte count is 13,000/mm3, and
platelet count is 345,000/mm3. A urine pregnancy test is negative. Which of the following is the most appropriate
pharmacotherapy?

(A) Oral azithromycin
(B) Vaginal clindamycin
(C) Intravenous penicillin and vancomycin
(D) Intramuscular ceftriaxone and oral doxycycline
(E) Intravenous oxacillin and metronidazole

108. A 32-year-old woman, gravida 2, para 1, at 8 weeks' gestation comes to the physician for her first prenatal visit. She
delivered her first child spontaneously at 34 weeks' gestation; pregnancy was complicated by iron deficiency anemia. She has
no other history of serious illness. Her blood pressure is 100/70 mm Hg. Examination shows no abnormalities.
Ultrasonography shows a dichorionic-diamniotic twin intrauterine pregnancy consistent in size with an 8-week gestation.
This patient is at increased risk for which of the following complications?

(A) Abruptio placentae
(B) Fetal chromosome abnormality
(C) Hyperthyroidism
(D) Preterm labor and delivery
(E) Twin transfusion syndrome

109. Four days after undergoing open reduction and internal fixation of a fracture of the right femur sustained in a motor vehicle
collision, a 47-year-old man continues to have agitation and confusion despite treatment with haloperidol. He has mild
hypertension. Other medications include acetaminophen, atenolol, and prophylactic subcutaneous heparin. His temperature is
37.2°C (99°F), pulse is 98/min, respirations are 24/min, and blood pressure is 168/98 mm Hg. During the examination, he is
uncooperative and refuses to answer questions. Neurologic examination shows tremulousness and no focal findings. He is
oriented to person but not to place or time. A CT scan of the head shows no abnormalities. Which of the following is the most
likely cause of these findings?

(A) Adverse effect of medication
(B) Alcohol withdrawal
(C) Fat emboli
(D) Sepsis
(E) Subdural hematoma

110. A sexually active 20-year-old woman has had fever, chills, malaise, and pain of the vulva for 2 days. Examination shows a
vulvar pustule that has ulcerated and formed multiple satellite lesions. Nodes are palpated in the inguinal and femoral areas.
A smear of fluid from the lesions establishes the diagnosis. Which of the following is the most likely causal organism?

(A) Chlamydia trachomatis
(B) Haemophilus ducreyi
(C) Neisseria gonorrhoeae
(D) Streptococcus pyogenes (group A)
(E) Treponema pallidum
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111. An 18-year-old man is brought to the emergency department 10 minutes after he sustained a stab wound to his chest. On
arrival, he is unresponsive to painful stimuli. His pulse is 130/min, respirations are 8/min and shallow, and palpable systolic
blood pressure is 60 mm Hg. He is intubated and mechanically ventilated, and infusion of 0.9% saline is begun. After 5
minutes, his pulse is 130/min, and blood pressure is 70/40 mm Hg. Examination shows a 2-cm wound at the left sixth
intercostal space at the midclavicular line. There is jugular venous distention. Breath sounds are normal. The trachea is at the
midline. Heart sounds are not audible. Which of the following is the most appropriate next step in management?

(A) Chest x-ray
(B) Echocardiography
(C) Bronchoscopy
(D) Pericardiocentesis
(E) Placement of a right chest tube

112. A 42-year-old man comes to the physician because of malaise, muscle and joint pain, and temperatures to 38.4°C (101.1°F)
for 3 days. Three months ago, he underwent cadaveric renal transplantation resulting in immediate kidney function. At the
time of discharge, his serum creatinine concentration was 0.8 mg/dL. He is receiving cyclosporine and corticosteroids.
Examination shows no abnormalities. His leukocyte count is 2700/mm3, and serum creatinine concentration is 1.6 mg/dL;
serum cyclosporine concentration is in the therapeutic range. A biopsy of the transplanted kidney shows intracellular inclusion
bodies. Which of the following is the most appropriate next step in management?

(A) Increase the dosage of corticosteroids
(B) Increase the dosage of cyclosporine
(C) Begin amphotericin therapy
(D) Begin ganciclovir therapy
(E) Begin heparin therapy

113. A 25-year-old woman comes to the physician because of a 2-month history of numbness in her right hand. During this period,
she has had tingling in the right ring and small fingers most of the time. She has no history of serious illness and takes no
medications. She is employed as a cashier and uses a computer at home. She played as a pitcher in a softball league for 5 years
until she stopped 2 years ago. Vital signs are within normal limits. Examination shows full muscle strength. Palpation of the
right elbow produces a jolt of severe pain in the right ring and small fingers. Sensation to pinprick and light touch is decreased
over the medial half of the right ring finger and the entire small finger. The most likely cause of these findings is entrapment
of which of the following on the right?

(A) Brachial plexus at the axilla
(B) Median nerve at the wrist
(C) Musculocutaneous nerve at the forearm
(D) Radial nerve at the forearm
(E) Ulnar nerve at the elbow

114. A previously healthy 27-year-old man comes to the physician 4 weeks after noticing three nontender lesions on his penis. He
says they have not changed in size. He is sexually active with multiple male and female partners and uses condoms
inconsistently. He takes no medications. He drinks two to five beers on social occasions. He occasionally smokes marijuana.
His temperature is 36.9°C (98.4°F). There is no lymphadenopathy. Examination shows three sessile, flesh-colored lesions on
the shaft of the penis that are 10 mm in diameter. On application of a dilute solution of acetic acid, the lesions turn white. The
remainder of the examination shows no abnormalities. Which of the following is the most appropriate next step in
management?

(A) Topical ganciclovir therapy
(B) Oral acyclovir therapy
(C) Oral doxycycline therapy
(D) Intramuscular penicillin therapy
(E) Cryotherapy
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115. A 20-year-old man has had frequent upper respiratory tract infections over the past 4 years. He has daily purulent sputum and
has noted decreased exercise tolerance over the past 2 years. He and his wife have been unable to conceive because of his
low sperm count. Scattered expiratory wheezing and rhonchi are heard throughout both lung fields. An x-ray of the chest
shows hyperinflation. Spirometry shows a decreased FEV1:FVC ratio. Which of the following is most likely to confirm the
diagnosis?

(A) Arterial blood gas analysis
(B) Examination of sputum for eosinophils
(C) Sweat chloride test
(D) Sputum cytology
(E) Bronchoscopy

116. A 27-year-old man is brought to the emergency department by his sister because of increasing confusion for 10 hours. He is
unable to answer questions. His sister states that he recently saw a psychiatrist for the first time because of hearing voices; he
was prescribed a medication, but she is not sure what it is. She says that he has a history of excessive drinking, and she thinks
that he has also experimented with illicit drugs. He appears acutely ill. His temperature is 39.1°C (102.3°F), pulse is 124/min,
and blood pressure is 160/102 mm Hg. Examination shows profuse diaphoresis and muscle rigidity. His neck is supple. The
abdomen is soft and nontender. Mental status examination shows psychomotor agitation alternating with lethargy. His
leukocyte count is 15,600/mm3, and serum creatine kinase activity is 943 U/L. Which of the following is the most likely
explanation for this patient's symptoms?

(A) Amphetamine intoxication
(B) Bacterial meningitis
(C) Delirium tremens
(D) Neuroleptic malignant syndrome
(E) Sepsis

117. A 27-year-old woman comes to the physician because of a 3-year history of chronic diarrhea and intermittent, crampy, lower
abdominal pain. The pain is usually relieved with defecation and does not occur at night or interfere with sleep. She says she
is frustrated by her symptoms and has stopped traveling because of her frequent, urgent need to use the bathroom. She has no
history of serious illness and takes no medications. Her temperature is 37°C (98.6°F), pulse is 70/min, respirations are 14/min,
and blood pressure is 120/80 mm Hg. The lower abdomen is mildly tender to palpation; there is no rebound tenderness or
guarding. The remainder of the examination shows no abnormalities. Results of laboratory studies are within the reference
ranges. Test of the stool for occult blood is negative. Antigliadin antibodies are not present. Which of the following is the
most appropriate pharmacotherapy?

(A) Nefazodone
(B) Nortriptyline
(C) Phenelzine
(D) Sertraline
(E) Venlafaxine

118. A 57-year-old man comes to the emergency department because of cramping in his hands and feet and numbness and tingling
around his lips and in his fingers; these symptoms occurred intermittently for 6 months but have been progressively severe
during the past 2 weeks. He also has had a 13-kg (30-lb) weight loss and bulky, foul-smelling stools that do not flush easily.
He has a 10-year history of drinking 8 to 10 beers daily. He has been hospitalized twice for severe abdominal pain 4 and 6
years ago. His pulse is 80/min, and blood pressure is 105/65 mm Hg. He appears cachectic and chronically ill. The abdomen is
nontender. Deep tendon reflexes are 4+ bilaterally. Chvostek and Trousseau signs are present. His serum calcium
concentration is 6.5 mg/dL. Which of the following is the most likely diagnosis?

(A) Hypomagnesemia
(B) Hypoparathyroidism
(C) Osteomalacia
(D) Vitamin D deficiency
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119. A 37-year-old woman is brought to the emergency department 45 minutes after she was found unconscious on her apartment
floor. Her coworkers became concerned when she did not arrive for work. On arrival, she is unable to provide a history. Her
pulse is 96/min, respirations are 12/min, and blood pressure is 124/58 mm Hg. Examination shows erythema, warmth, and
induration of the upper back, buttocks, and posterior thighs. Her serum creatine kinase activity is 10,300 U/L. Urine
toxicology screening is positive for opiates and cocaine. Urine dipstick is strongly positive for blood. Microscopic
examination of the urine shows pigmented granular casts and rare erythrocytes. This patient is at increased risk for which of
the following conditions over the next 24 hours?

(A) Acute respiratory distress syndrome
(B) Acute tubular necrosis
(C) Cerebral edema
(D) Cerebral hemorrhage
(E) Cocaine-induced cardiomyopathy

120. A study is conducted to assess the effectiveness of a new drug for the treatment of type 2 diabetes mellitus. A total of
1000 patients with type 2 diabetes mellitus are enrolled. Patients are randomly assigned to receive the new drug or standard
treatment. The alpha and beta values for calculating probability are 0.05 and 0.20, respectively. Results show that the new
drug is significantly better than standard treatment. If this study had been performed in a population of only 500 patients,
which of the following would have been most likely to increase?

(A) Chance of a type I error
(B) Chance of a type II error
(C) Power of the study
(D) Sensitivity of the study
(E) Specificity of the study



Answer Sheet for Step 2 CK Sample Questions

Block 1 (Questions 1-40)

1.____ 9.____ 17.____ 25.____ 33.____
2.____ 10.____ 18.____ 26.____ 34.____
3.____ 11.____ 19.____ 27.____ 35.____
4.____ 12.____ 20.____ 28.____ 36.____
5.____ 13.____ 21.____ 29.____ 37.____
6.____ 14.____ 22.____ 30.____ 38.____
7.____ 15.____ 23.____ 31.____ 39.____
8.____ 16.____ 24.____ 32.____ 40.____

Block 2 (Questions 41-80)

41.____ 49.____ 57.____ 65.____ 73.____
42.____ 50.____ 58.____ 66.____ 74.____
43.____ 51.____ 59.____ 67.____ 75.____
44.____ 52.____ 60.____ 68.____ 76.____
45.____ 53.____ 61.____ 69.____ 77.____
46.____ 54.____ 62.____ 70.____ 78.____
47.____ 55.____ 63.____ 71.____ 79.____
48.____ 56.____ 64.____ 72.____ 80.____

Block 3 (Questions 81-120)

81.____ 89.____ 97.____ 105.____ 113.____
82.____ 90.____ 98.____ 106.____ 114.____
83.____ 91.____ 99.____ 107.____ 115.____
84.____ 92.____ 100.____ 108.____ 116.____
85.____ 93.____ 101.____ 109.____ 117.____
86.____ 94.____ 102.____ 110.____ 118.____
87.____ 95.____ 103.____ 111.____ 119.____
88.____ 96.____ 104.____ 112.____ 120.____
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Answer Key for Step 2 CK Sample Questions

Block 1 (Questions 1-40)

1.
2.
3.
4.
5.
6.
7.
8.

E
C
H
D
B
D
A
A

9.
10.
11.
12.
13.
14.
15.
16.

A
C
D
D
C
D
A
B

17. D
18. B
19. B
20. D
21. B
22. D
23. B
24. A

25. C
26. B
27. F
28. B
29. B
30. F
31. A
32. G

33. F
34. E
35. F
36. E
37. C
38. A
39. D
40. E

Block 2 (Questions 41-80)

41. E 49. A 57. E 65. D 73. B
42. A 50. D 58. A 66. E 74. A
43. A 51. E 59. E 67. A 75. B
44. A 52. C 60. A 68. B 76. C
45. A 53. D 61. D 69. D 77. D
46. F 54. C 62. E 70. C 78. B
47. B 55. B 63. A 71. A 79. C
48. C 56. E 64. A 72. D 80. B

Block 3 (Questions 81-120)

81. A 89. D 97. B 105. A 113. E
82. B 90. A 98. E 106. D 114. E
83. A 91. A 99. C 107. D 115. C
84. E 92. B 100. C 108. D 116. D
85. D 93. D 101. E 109. B 117. B
86. A 94. F 102. D 110. B 118. D
87. B 95. B 103. A 111. D 119. B
88. D 96. B 104. A 112. D 120. B
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